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Note : Answer all questions. All questions carry equal marks.
|. Prove or disprove the following :
(i) The subspace generated by the subset S = {(x,y) : x*> + y> = 1} of the
vector space/ IR? (IR) is a circle.
(i) The dimension of the linear sum of two subspaces w ={(xy,2)} :x+y~-
22=0} and w, = { (x,y,z) : x =y =z} of the vector space IR* (IR) is 3.
(i) If W] and W2 are subspaces of three dimensional vector space v such
that dim Wl =1, dim W,=2and W, .z W, thenV = W oW,
(iv) The coset of the subspace-
W = {(x,y) : 2x + 3y = 0} of the vector space IR? (IR) determined by
a=(1,1) e IR?is W+a= {x,y} : 2x+3y=5}.
OR
(a) (1) If {a,b} isalineraly independent subset of a vector space V (CT).
then prove that {a, b, ia, ib} will be linearly independent subset
of V (IR).
(ii) Prove that the subset S = {(1,0,0), (1,2,3), (1,4,9) generates the
vector space IR? (IR). ,
(b) If W and W are two subspaces of a vector space V over a field F such
that V=W ® W._ and {X, Xy,..., x_} is a basis of W , then prove that
[W2 +X, Wy, + X, -, W, + x_} will be a basis of\//Wz.
- ¢ Prove or disprove the following :
- () IfT: V, =V, bealinear transformation where dimV, > dim V,, then
there exists a non - zero vector x in v, such that T(x) =0, where O, is
.. Lerovectorin V.,
() IfT: IR? - IR and S : IR? - IR are two linear transformations such
. thatKerT=KerSandl T=1I S,thenT=S. .
(i) If T . V>V, isa linear transformation such that rank T = 2 and dim
(iv):’;ﬂ? 3, then nullity of the transpose of will be 2.

:V > Visalinear operator such that TS =T, then ker TN lmT‘
1S a singleton.

(a) Le OR | ions , where
tT):V, >V, andT,: V, - V, be linear transformations .
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OR
o . . i find
V..V, and V, are finite dimensional vector Spaces over a filed. Ty, | dioint of a linear operator on an inner px:oducl Space and
prove that rank (T, 0T,) > rank T, + rank T, - dim V. The, (@ Define o e operator T : € > € given by
(b) Define annihilator of a non - empty subset otla vector space. If W bey the a Jz)] =(x+iy—2Z ix—y+Z X +Yy +iz). V(x,y,z) € ¢
space of the vector space IR” (IR) spanned by subset | T [x.y.2) ioen vectors of a linear operator on a vector
aibshuce P i ihi Define eigen values and eig ] !
5 Wt =) G L% 21}, Shen i abiasis of e anvuillator ofw-,t ® > Find eigen values and eigen vectors of the linear operator T :
3. Prove ordisprove the following : . ;‘ space. M. defined by
() 1tis not possible to find two non-square real matrices A and B syg| M,->M, -
that A.B and B.A both are defined and A.B. But B.A = 0. . a b ~ 2c a+c¢ v a eM,
(i) If A is a 6x6 matrix such that rank A=5€thmmnkol'adj adj Awiubel_. c dlI7{b-2¢ d [ |c d
(iii) If A is an n-square matrix such that A* =0, then I -A is invertible, . . £ 2x2 real matrices.
(iv) It is possible to construct 3x3 real matrices A and B such that I Where M. is the vector sPace.O
0 -2 0 5. Prove or disprove the following :
00 .
AB-BA=0 13 (i) Real matrix [] glis diagonalizable.
. OK (ii) Let A be a diagonalizable n-square real matrix having 0 and 1 its only

(a) Write the condition under which a system of m non-homogeneous

linear equations in n unkowns written in matrix form A.X.=B is
(i) inconsistent

(ii) consistent with unique solution and

(iti)Consistent with infinite solutions, and hence find the values of A
and u for which the following system of linear equations over
filed IR is (i) inconsistent (ii) consistent with unique solution and

3 t
(1) Consistnet with infinile solutions : \‘ (a) IfAisareal matrix, then show that all the eigen values of A'. A ‘::ne non-
X+2y+32=53x-y+22=12,3x-y+dz=p negative real numbers. Deduce that there exits a real symmetric matrix
3 4 <l | B such that B:=A'A.
X A= (b) Reduce the equation
(b) Express the matrix A={2 7 -3| asa product of elgmema:y e s2yv220

eigen values. If the null space of A has (Li‘mension r. then the
characteristic polynomial of A will be A" (1-A)™". ] S0
(iii) If f is a biline ar form on a real vector space V such that f [(x,y ,
eV, then f is a skew-symmetric. )
(iv);he bilinear form f of a real quadratic form q over a vector space V is
; given b)'f[(x,y)]=q(X+y)6;z1 xX)-q@):x.yeV

— 520 to standard form by a suitable orthogonal change of variables and
4. Prove or disprove the following :

identify the conicoid represnted by it.
(i) If a and b are two linearly inde

endent vectors of an inner produ R,2011
space (V. < >) such that llall = 2[:inddllblll = 3.l then f< a,b >el =p60d j MATHEMATICS (SECOND FOrE )

(i) If a subspace W of a finite dimensional inner product space V over IR
is invariant undera s

i Marks : 50
ymmetric linear transformation T : V — V, then Time Allowed : Three Hours] | Maximum Ma

W is also invariant under T. Note: Attempt all the question. Each question carries 10 marks.
(iii) Eigen values of linear operator T on [R2 which takes the circle {(x.y):

1. (a) Whendo we say that an infinite series n};‘an converges and has llhe fsu:\
’ > i iti converges if and only if the
¥+yi= 1) othe cllipse (x’y):x_z"’;_z =lrareaandb. S? Prove that a series of positive terms T2

i sequence of its partial sums is bounded above.
(I A s an n-square real skew-symmetric matrix such that A? = -In OR
fenniseven, () Test the convergence of the series
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® :z;(n 1) (o) 1f Fand 2 are bounded and integrable over (2. b]. Prove that fg given by
2 (f2) (x) =f(x) g (x) is also integrable over [a.b] and if further. f is

@) 1+x +T+T+""‘(x >0) differentiable over [a, b], prove that

[ b
[ e = e(b)en(6)- e~ [ F(xJe: (x)x

=1
(b) Prove that the series Z?divexgesif—m<p.<_l 4
=l where @' (x) = g (x) forevery x € [a.b).

OR OR
(") Test the convergence i .
e 1) v 1 of the sexies If f is integrable over [a. b] then show that for each € > 0, there is a
¥ x Sy (=0 partition p_ of [a. b]. for which for each partition p of [a. b] which is a
2 (a) Prove thatif the sequés i arementotfe |y
sequence {a; + ... +a } is bounded and the sequence > f(i_jx.\j -Xj— 1)—] f(x)dx|<e
{b_} be monotonically decreasing and converging to zero then the =1 i Ee i iti
= or every choice of §e [xj_l, xj] where p is the partution
series Z‘anbn converges. Pra=x <x < <x =b ©ginx
n= B
OR 4. (a) Test the convergence of the integral 0,[ dx
; -1 n+l —n (0] < A o
(a9 Test the convergence of the series 2( r)x (I +l) . (2) Define absolute convergence of an integral _f f(x)dx. If a function f
< n =
(b) Define absolute and conditional convergence of infinite series. Prove is bounded in [a, ) and Jg(x)dx converges absolutely. Prove that
that ev?labsoluwly convergent series is convergent. Prove that | jg(x)dx converges absolutely. s
E) (_l 2 A . R o X
b # is conditionally convergent if 0<p < |. (b) Test the convergence of the integral J —— 3% where a > 0.
a1 0f p a2 2
OR [ State the test used. (a oS )
' OR
dx

1

! , (b") Test the convergence of | ——.
0 ,’[x(l -x) )

S. (a) Prove that a subset A of a metric Space X contains each of the boundary

points of A if and only if each point of the complement A’ of Ainx isan

@© @O
(b’) If the tw i a i
o series E n and .Elbn co:verge to the sums A and B |

respectively and i |
pe: Lively also the series %Cn converges to C where |

C.= k}-::oak by_y then prove that C = /n\-B

f
b — interior point of A'. oR
3. function fis | b . '
W e on[ablprovethar [ f(x)dx < [f(x)dx. - (a) Find all the interior points, boundary points. and the mnﬂlmgﬁ
the quantities abo 2 Ca W points of the set Q of all rational numbers in the metric space IR of 2
respectively. ve are lower and upper integrals of f over (a, b] I ﬁ rl;ln;persRWhat are the exterior points of the set Z of all integers in
) ineR. o
= OR § (b) If A denotes the union of A with the set of all accumulation points o‘f :ﬁ
(@) Eval i ? E prove that the complement (A) of A in X is equal to the st ©
uate the integral L[xz —Jde h ‘ ' interior points of the complement A’ of Ain X,
<y. ) where [y] denotes the largest integer | OR it Prove thata
B (b Define a complete metric space and give an example 9ff atd Ay is
= subspace Y of a complete metric space X is complete i
' aclosed subset of X.
‘
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Time Allowed : Three Hours) [ Maximum Marks : 5
Note : Answer all questions. Marks are indicated against each part. Symbols
have their usual meaning.
1. (a) Show that the work done by its tension T in a string, in a smal)
extension from length 0to ¢ +30is-T 3 0. 2
OR
Explain the general rule for deciding whether a given equilibrium position
of abody is stable, if the force of gravity is the only external force acting
on the body. 2
(b) A telegraph wire is made of a given material, and such a length ¢ is
stretched between two posts, distance d apart and of the same height, as
will produce the least possible tension at the posts. Show that ¢ = (d/A)
sin hA, where A tanh A =a. 4
OR
A uniform string of weight W is suspended from two points at the same
level and a weight W' is attached to its lowest point,. If a and 8 are now
the inclinations to the horizontal of the tangents at the highest and
lowest points, prove that (tana/tanf) =1 + (W/W"). 4
(c) State and prove the principle of virtual work for a system of coplanar
forces acting at different points of a rigid body.
OR

A smooth cone is placed with vertex downwards in a circular horizontal
hole. Prove that the position of equilibrdum with the axis vertical is
unstable, if it is the only possible position of equilibrium. 4

2. (a) Establish the relation :

F(t)= m(l)% + A(u-V),, for the motion of a particle of varying mass
m (t) and velocity v under the force F(t), matter being emitted at a
constant rate A with velocity g. 2
OR
Explain, what do you understand by "terminal velocity" of a body
falling under gravity in a resisting medium.
(b) A particle, whose mass is m. is acted upon by a force my (x + a%/x")

towards the origin. If it starts fro t at a distance a, show that it will
ammive at the origin in time ng‘i:;u i 4
: R

A particle moves along the axis of x starting from rest at x = a, for an

interval t, from the beginning of the motion the acceleration is — pX,
for a subsequent interval t, the acceleration is px, and at the end of this

interval the particle is at the origin; prové that tan (tu/;) tan h
lz U= I 4
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i << m is attached to the end of an elastic string of

©A heﬂv)igr?;}ft ‘gt?c‘)as-cﬁoTher end is fixed at 0. The particle is let fall
naurs { at 0. Show that part of the motion is simple harmonic. %nd

; fmm'?’;;e g@at depth of the particle below O s cot? (82),0< :
| ;}[};Ltlhen the modulus of eIas:i)c&ty of the string is - mg tan“v.

i T ici i hed to double its
:sht elastic string (modulus of elasticity A)is stretc ¢
‘\ Q;ﬂ and is tied to two fixed points distant Za.apartf $ pgrc'le m
" m. tied to its middle point. is displaced in the line of the andgrel g
adistance equal to half its distance from the fixed pomtsim:i eased.
Find the time of acomplete oscillation and the maximum velocity acquired

i 4
in the subsequent moton. ;
| 3. (a) Provethat®= vpit. oR
| Prove tﬁat the acceleration of a point moving in a curve with uniforT
speed is . ) _
®) A particl?rioves along acircler=2a cosf in such a way lh.at its
acceleration towards the origin is always zero. Show that its transv ersal4
‘ acceleration varies as the fifth power of cosec 6.
OR

If the angular velocity J§ wofa pam'cls: about the origin is conrsatgim;
and the rate of change of acceleration is directed wh_ol!){ along the rad l:
vector, prove thatr=acosh ot + bsinhot, whe::e. initially, the paruc j
is at a distance a with velocity ob along the radius vector. -
(c) Using vector method. obtain radial and transversal accelerations of j
particle moving in a plane cu(;\l':
A point moves in a plane in such a way that f(s (angent‘ial and r_lorma!
accelerations are always equal, and its velocity varies as

1S

cxp(lan' . s being the length of the arc of the curve measured

from a ﬁxe(ci point. Find the path. . . 4

4. (a) A particle is movingona smooth curve under gravity and its velocity
varies as the arcual distance from the highest point. Prove that the curv:
must be a cycloid.

OR
Define a cycloid and prove the relation : $= ,’ (_Sa_\') - 2
(b) A particle moves under gravity ina vertical circle, sl,dll_\g down the
convex side of a smooth circular arc. If its initial velocity is that due to
afall to the starting point fromaheighth above the centre, show that 1;
wiii fly off the circle when at a height %-h above the centre.

B
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A heavy particle, hanging verticall
extensible string of length I, is struck

to it a velocity 2,’(g£’); prove that the

Show that a cycloid can be a free
point by a constant force parallel
generating circle, this circle being
5. (a) State the Kepler's laws of planetai

Show that the motion of a particle under a central forc

OR

2

ve elapsed.

ry motion.

y from a fixed point by
by ahorizontal blow whi
string becomes s|
particle has risen to a height 4 € above that fixed point.
(c) A particle starts from rest at 3\
axis is vertical and vertex do
through half the distance measured
thirds of the time of descent will ha

e cusp of a smooth cycloidal
wnwards; prove that, when
along the arc to the v

a ligh[ in
chim

4
arc Whost
Uhas falle,
Cnex, two.

4

path for a particle acted on at each
to the corresponding radius of the
placed at the vertex.

4
2

e takes place ina

plane.
. o . h? dp
(b) Obtain the following differential equation : —5——=ftotheorbitofa
r
particle moving under central attractive accelgration f. 4

OR

Find the law of force to an internal point under which a particle will

describe a circle.

4

(c) A particle moves with a central acceleration 1 (P- c*r) towards the
origin being projected from an apse at distance ¢ with a velocity

3

OR

2
[—F)CJL show that its path is the curve x*+y*=c". 4

A particle moves under a central attractive force varying inversely as
the fifth power of the distance from the centre of force. It is projected

from an apse at a distance a with a velocity equal to /5 times of that

which would be acquired in falling from infinity. Show that the other

apsidal distance is a/2.

++++

4

ack whep the |
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(Part-1I) Exam., 2012 }

(Three Years Degree Course)

MATHEMATICS (FIRST PAPER)
(Linear Algebra) )

i arks : 50
Allowed : Three Hours] [Maximum Marks

. er all questions. Marks allotted to each question are indicated

Note : Answ
against it.
1. (a) D::ﬁnc subspace generated by a subset of a vector space. Find the

equations of the subspaces of IR}(IR) generated by
@S, ={(1.1,2), (2,3,5).(3.5.8)}
(i)S, = {(2,2,4).(3.3,6)} - g
‘obtai i ion of the linear sumn of the subspaces generz
:Is;) obu;mslhe dimension 10 R
y S,andS,. -
(b) If W is a subspace of a finite dimensional vector space V, prove that
i ) =W ® W' Is W'unique?
there exists, a subspace, W' of V such that V
) 3Ya+1V;
Justify your answer. e+l

OR )
(a) Define lincarly dependent and linearly independent vectors of a vector
space. Let {a. b. ¢} be a basis of IR} (IR) and d = aa + Bb + yc. (‘1. B.
v. €IR. Then prove that {a-d, b - d, ¢ - d} will be a basis of IR’ (IR)

ifandonlyifa+B+y =1 I-&:
(b) If W is a subspacc of a finite dimensional vector space V over a ficld.

prove that : el

dimV/W =dim V - dim W, +

and hence find the total number of cosets of W in V when W is a
subspace of V over the field Z/3 and dim V = 5, dim W=3.
L (a) Let M, be the set of all 2x2 real matrices. If T : M, - M, is lincar

M2 4
transformation defined by T(A)=A.B-B.A, VA eM; and B= U‘ 20

<

then find (i) Ker T (ii) Im T and (iii) Trace of T. 1V/242+1%
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(®) Define the transpase of a linear transformation and

‘ ‘ nnihilatg ind ¢
(Mvt\" — a.hsd: £ 2 vextor space. and prove that - ol (o) Find & :
V) ranspose of a hincar transformation is
(@) The annihilator of a non-empty  subset
. mhs;ucc of the dual space of the vector space.
(m ker}'}g! of the transpose of a linear transformatj
anmitulator of the image of the
OR

B.A./B.Sc.(Part II) Mathematics - 2012 59

asis of the solution space of the following system of linear

over the field of real numbers : 5

squations
o u-v=0.

alines . h )
nﬂrtmmfoﬂmmm 2‘+Z_u+v_0‘x+z

of a vector Space is 4 6x+y+4l+V=0

. (2) Using Gram-Schmidt orthonormalization process orthonormalise th:
linear transformati o IS the basis . :
sormaton I+l+ig (1.0, 3). (2. 2.0 3. 1. 2] of IRR).

of a Skew-Hermitian matrix corre-

IS

a) (1) Define a linear transformati . . b) (i) Prove thattwo eigen vectors :
transformation s .\,0_ W3t|0n" I ¥, V, is a linear ©) sponding to two distinct eigen values of the matnx are orthogonal.
T! \ .~ 1on and W is a subspace of V. then prove tha (i) If A and B are two squarc matrices of the same order such that A
- (W) will be a subspace of Vi is Skew-Hermitian and A.B = B, then prove thatB=0. 3+2
@ LaT:Vv - V. be a surjective. linear transformation. Suppose OR . U
that dim \'l =12 djm\":. =8and W be a subspace of V. such (a) If S = {x,. X, ....xn) is an orthonormal subset of an inner produ
o ) that dim W = 3. Then find the dimension of T'CW). 2 24 space (V. < >). then for x e V prove that
At znne dual space of a vector space and prove that the dimension of n 2
_ dual. space of a finite dimensional vector space is equal to the Z|< XX; >P =I|x H
dimension of the vector space. 144 e
3. (2) Define row-space matri < -
matrix : of 2 x. Find a basis of the row-space of the if and only if S is a basis of V. S
:’ 2 4 6 0 (b) Define cigen value of a square matrix. Let A = [a“] be an n-square
! 1 0-1 real matrix such that Ia;jl <m, V; =1.2......n and 2 an eigen value of
A= -2 -3 -3 1 A. Then prove that
-1 -2 -2 2 |kl$mn , ' 1+4
4 6 4-6 . .
. 5 43 5. Find the matrix of the quadratic form-
o B (X, X, X;) = 2X X, + 4% X, 42X, X 00
Hence obtain the rank of A. 143+1 X o ’ o
(b) Define adjoint of a square matrix and prove that IR*(IR) relative to the ordered basis
(i) If A is an n-square non-singular matrix, then ((1.1,0). (1,0. 1). (0.0, 1) of IR* (IR). . 10
adj adj A = (IAl)"2. A , OR '
(ii) If A and B are non-singular matrices of the same order, then Reduce the following equation in standard form by suitable orthogonal
d | A g eq
adj (A.B)=adj B . adj A 14242 change of variables
OR . 4442+ 4y2-2x- 14y -222+33=0
(2) Define trace of a square matrix. [f A and B are mxn and nxm matrices, and tell the nature of the surface represented by it. 8+2

respectively, over a field, then prove that A.B and B.A have the s'n¢
trace. Hence prove that similar matrices have the same trace. 143+l

)y -
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MATHEMATICS (SECOND PAPER), 291, i RS
Time Allowed : Three Hours] prove that the series X = _1_ * —5_ B

— | Maximum Margs -
Note : Autemnpt all the five question. Each questio 4

rees if and only if x e (-1, 1]
: n carries 10 marks, Convert

a
(2) IT an infinite series of positive e Yu_i < b
- ; Tms 2u, is a Convergent serj Za : bsolutely Convergent series and nbe a
prove that clTxu" =0 eS.thqf (p) Let & n be an abs y 8 =
= (1 \/" Convergent series Converging to zero then prove that their Cauchy
Deduce that the series Z(—] diverges. A : product series will converge to zero.
n=| n OR »
OR sin nx y
jes f Z'_ for positive values
ITa>0.B >0, then test the Convergence of the series : Test the Convergence of the series Tor a=l " >
f x.
.24, @D @+])  @+D)Qa+1)Gatl) ° x
B+l B+ (@B+1) B+DE@B+DHER+1) 3. (a) Iff:[a,b] > Risacontinuous map on [a. b] and G(")zjf(“)d“' then
haid a
(®) Use Cauchy’s Condensation test. to show that the series 1 prove N
P
Converges for p > 1 and diverges if p <1 a=z "logn) @) D,G(x)=f(x) where D, = di‘x-andalso @) Fb)-Fea) = | Fexd.
OR where f : [a, b] > R is a primitive of f. 2
Show that the series : OR
» (l )p (13 )p ( 135\ State and prove the change of variable theorem of integration and
il H|—| H=—]| +-eee...
2 24 2.4.6) x/2
apply it to integrate 2 in2
Converges if p > 2 and diverges if p < 2 PPy gral I(x sinxcosx + xsin” x)dx
0
z u - (®) If fis positive and monotinically decreasing in[1. «]. Show that the
2. (a) If n is an absolutely Convergent series, then prove that the series
n=| o
of positive terms and the series of negative terms of Zu,, are both sequence {A,}, where Aq f(l)+f(2)*'"-“’f(")‘jf(“)d* IS
1
o
‘ Convergnt. Also prove that if Z Un is conditionally convergent then
o o o=l convergent. Deduce the convergence of {l + - + l+._.+ P, log n}.
the series of its positive terms and the series of its negative terms % 2 3 n
both divergent.




62 ! Shilpi Unsolved Paper

4.

OR
b b
lfjf(”dx e It»(x)dx both exist and ¢( . :
4 f x) keeps the same Sigy

positive or negative throughout the interval of integration, then sh
s o

that :here exists a number p lying between the infimum and su
of { over [a. b} such that premun

b b
j'ﬂxwu)dijwx)dx
A

a

(a) If ¢ be bounded and monotonic in[a,] and tends to ‘0] as x tends

5, (a) Let X be a non-empty setand R is the

X
to . Also let jf(x)dx is bounded for ¥x >a, then prove thal
a

j f(x)$(x)dx is convergent.

OR

@

2
Show that JS“‘ x“dx is convergent
a

(b) If f and g are bounded and integrable function on [a + € , b] and a'is

the only point of discontinuity such that im fx)

X—a

= ¢, where (s
o

. b b
non-zero finite, then prove that and jf(x)dx and J g(x)dx both eith¢

a a
converge or diverge together.

B.A./B.Sc.(Part II) Mathematics - 2012/ 67

OR
al2

P

Show that IS‘" xlog sin xdx js convergent.
0

set of real numbers. If 2 magpang

: 0 whenx=
d:X-X—»Rlsdeﬁnedasd(x.y)z whenx y2'cr 7z. v £ A,
] whenx#y .

then show that (x.d) is @ metric space. Give its name. Also sncw uial

the functiond : RxR—=>R defined by d(x.Y) = ’XZ - )’2‘

for Vx,y €R; is not a metric on R..
OR

. -

Prove thet IntA ulIntBcInt(AUB) where Int A is the s& of al

interior points of set A. Give an example to show that equality dees

not hold in general.

(b) Define closure of a set in a metric space (X. d). If closure ofasetAim

X be denoted by A , then show that
() A=B»A=B _where A and B are subsets of X.
(ii)ﬁ — N. where N is set of natural number. Considered as a subset
of the usual metric on IR.
OR
Prove thatevery closed subspace of a complete metnc space s

complete.

_
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vhose resistance vanes as
— V

Time Allowed : Three Hours] ‘ [ Maximum Marks : 5, if parlide starts from rest.
Note - Answer all questions. Marks are indicated against each part. Symbojg
have their usual meaning.
I (a) A hemisphere rests in cquilibrium on a sphere of equal radiug
Determine whether the equilibrium is stable or unstable when the ﬂai
surface of the hemisphere rests on the sphere. ) at the end of ime L.
OR © A particle s projected verti
5) a velocity just sufficient to carry

B.A./B.Sc.(Part 1I) Machemalics - 2012/ 65

gravity (supposed constant) in aresisting medium
the square of the velocity. Find the motion
4

.OR
cal rain drop. falling freely. receives in each instant an increase

times its surface at that instant. Find the velocity
’ 4

A sgheri
of volume equal to A

cally upwards from the earth surtace with
it to infinity. Prove that the time it

Show that for a common catenary x = ¢ log(y *

2 w2 f \3/2
(b) S}’uow that the length of an endless chain which, will hang over a takes in reaching a height his 3 —g_ { a J .
circular pulley of radius 'a' so as to be in contact with two third of the

FSs

Y OR
3 4

41:} where a is the earth's radius.
One end of an elastic string is fastened at A and to the other end

. 3
circumference of the pulley is-3{————=+
log(2 + J3)

OR

A heavy body rests on a fixed body. Determine the nature of rastened at A and to the other end fastened a particle heavy enough to

equilibrium. 4 siretch the string to double its natural length a. Show that is the particle

(c) State and prove the principal of virtual work for a system of coplanar is dropped from A, it will descend adistance (2 + Jg; 2 before coming

forces acting on a particle. 4 1o rest §
OR '

1) A particle is moving along a plane curve. Determine the radial and

Two equal uniform rods, AB and AC, each of length 2b are freely . :
transverse components of rate of change of acceleration of the particle. 2

joint as A and rest on a smooth vertical circle of radius ‘a’. Show that,

if 20 be the angle between them, then- a cosf = b sin’0. 4 OR
2. (a) A particle is moving with S.H-M. of amplitude 'a’ and periodic time Prove that the angular acceleration of the direction of motion of a
T. Prove th J'T/Zdl— 2n’a’ ) ~ - _vdv_vdp 5
' Prove that = point moving in a plane s b ds pz ds Z

(i
OR ) b) A point starts from origin in the direction of the initial line with velocity
A particle is projected upwards with velocity U under gravity i

(supposed constant) in a resisting medium whose resistance varies 3 | 5 and moves with constant angular velocity W about the origin and

the velocity. Prove that the greatest height received by the particle is | .
with constant negative radial acceleration of magnitude f. Show that

2
AL v 2 the rate of growth of the radial velocity is never positive. Also obtain

—+—log——, i i i t
2 5 v U where V is the terminal velocity. the polar equation of the path. 4
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4.

OR

A particle moving in a planc describes the equiangulas spiral r <

exp (8 cot ). I1 the radius vector to the particle has a constant an N

velocity. show that the resultant acceleration of the pan;de ,::kl:

and angle 2a with the radius vector and is of magnitude L. where

1S the speed ' '
(¢) A parucic. projected with a velocily u, acted on by a force which

produces 2 constant acceleration f in the plane of the motion-inclineq

at a constant angle a with the direction of motion. Obtain the intrinsic
equaticn of the curve described.

OR

A point moves in a plane curve se that its tangential acceleration is

constant and the magnitudes of tangential velocity and normal

acceleration are in a constant ratio. Show that the intrinsic equation
of the path is of the form

s= AY? +BY+C A 4
(a) A particle is constrained to move along the arc of a smooth cycloid in
a vertical plane, placed with the vertex downwards and axis verticle.
Prove that the motion is simple harmonic and the periodic time is

independent of amplitude. g 2
GR )

If motion _of. a particle starts from rest from cusp of a sn;ooth cyclpid
whose axis is vertical and vertex is downwards, then

2
ds g 2 ’ - )
= | ==21(42)* - .
( m) ™ [(42)? - 3]
(b) A particle is projected from the lowest point o'f a smooth vertical
circle with velocity v and moves on tﬁq inside of the circle. Find the

condition under which the particle will describe the complete circle-4

B.A./B.Sc.(Part II) Mathematics - 2012/ o7

OR
A particle is projected from the lowest point inside a smooth sphere
of radius "2’ with 2 velocity due to 2 height h above the centre. Find
the point at which the particle will leave the sphere.. 4
() A particle 1s projected with velocity V from the cusp of a gmootb
inverted cycloid down the arc. Show that the time of reaching the

\%

V2
. a
veriex is 2| —
[g)

OR

If a particle slides down a smooth cycloid stasung from & point whose
arcual distance from the vertex is b, prove that its speed at any Wme 1S

27‘b . 21“ . N ) N

Tsm —T— , where T is the time for compiete oscillation af the

particle. 3
2

5. (a) For acentral orbil. prove that

‘ OR
Ifin a central orbit the velocity at any points is imversely propartomal
to the distance of the point from the centre of force. show that the
path is an equiangular spiral. 2
() Show that the only law for a central attraction for which e velogity
in a circle at any distance is equal 10 the velodity acquinay ia fuling
from infinity to the distance is that of inverss cube. A
' i OR

- &
Lo o R . :
The velocity at any point in a cqntral orbit nsk:\}, of what it woukd
. J

be for a circular orbit at the same distance. Show that the central to:ce

k! .
varies as ——rz":*' and that the equation of the orbitas

P
<o

N 2 2_ .
- =a" ! cos(n? - 1)0)
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(c)

-A particle moves undex a central repulsive force my/(distancey
is Pfojcaf‘d from an apse a a distance_ ‘2’ with velooiy V o
the equation (o the path is - ~Sh0wm‘
r cospl = a, and that the angle 6 described in imes t is

| \Y
-1 p
—tan'| —
P ( a (}where
2_pralV?
an2
4

: OR
A particle descri i r
o patle desc b(e: an elllp's»e undcr.a force p/(distance)2 towards th
o o projected with velocity V from a point distant :
centr orce, show that its periodic time is rim

2x [2 V2 312

W

4

rom

: Note :

Y

MATICS (FIRST -PAPER)
(LinearAlgebra) :

o each question are indicated
'

B.A
VATHE

Answer all questions. Marks allotted t

againstit.
|, (a) Show that the vector space IR

W, = ((x,y,2):X,y.Z € IR and x-y+

3(R) is the linear sum of its subspaces
z=0}andW, = ((x.y,2):x.y.z€R

f W, and w,? Justify your

X VA
=l:T s R the direct sum o
441

and‘z’ 1

answer.

(b) Define maximal linearly inde
S ={a,,a,...- a)isa subset of a vector sp:
prove that the following statement are equivalent :
I :Sis linearly independent and S generates V.

1 : S is a maximal linearly independent subset of V.
a jbe a linearly independent subset of a vector

pendent subset of a vector space. If
ace V over a field F. Then

1 +4

(@) Let S;= {a,,a,0
space V over a field FandaeVbutaglLg.
Then show that the set S = {2,21 +%2.2)
A e F will be linearly independent.

(b) If W, and W, are Lwo subspaces of a finite dimensional vector space

V over a field F, then prove that
dim (W, +W,)= dim W +dim W-dim(W,n W,). 5
2. (a) Definckernel of a linear transformation . Find a linear transformation
T-IR* - IR3 such that Ker T and 1,.T are respectively spanned by
{(1,1,1,1),(1,0,0,1)} and {(1,1,0),(1,0.1)}. 1+4
(b) Define transpose of a linear transformation and prove that the rank of
the transpose of a linear transformation is equal to the rank of the

linear transformation. OR B+

IR? is defined by T (xyzW)=

2.4) eIR*, thenfind (i) abasis
243

(@) 1f a linear transformation T:IR* -
(X-y+z+u, X +22-u, X+y+3Z-30) V (X, ¥»
of Ker T and (ji) a basis of I T-
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(b) Define the annihilator of a non-empty subset of a vector space anq
prove that the sum of the dimensions of a sub-space of 5 i

. o . Dite
dimensional vector space and its annihilator, is equal to the dimension
of the vector space.

1
3. (a) Define trace of a square matrix . If A is a real matrix such that u;:
(A.A") =0, then prove that A=0. 142

(b) Define determinantal rank of a matrix. If A is an n-square matrix of
rank n-1, than prove that th% rank of the adjoint of A is 1. 143

(¢) Can we express (1,4.5) €IR"(IR) as a lincar combination of (1,1,2),
(2,3,5) and (3,5,8) in R If yes, in how many ways ? 3

OR

(a) Define non-singular matrix. Prove that an n-square matrix is
non- singular if an only if the rank of the matrix is n.

(b) If A and B arc two matrices associated with the linear transformation
T: R>— R? relative to ordered bases X = {(1.1,0),(0,1,1),(1,0,1)}
and Y = {(\.1,1).(\,2.3),(1.4.9)}rcspectivc|y. then find a matrix
C such that B = C.A.C. 3

(©) Find the value of k for which the system of linear equation

kx+y+z=l,x+ky+z=k,x+y+kz=k’ovcrthcﬁeldofreal
numbers does not have a solution. 4

4. (a) Define the orthogonal complements st of a non -empty subset S of
aninner product space. If {(1,1,2,0),(1,1 ,0,3)) generates the subspace
W of Euclidean space IR*. then find an orthonormal basis of W 144
(b) Define eigen values and eigen vectors of a lincar operator on a vector
space. Find eigen values and corresponding eigen-vectors of the linear
operator T on a vector space IRy [x] of all real polynomial of degree at

most 2, given by
T(a°+alx+a2x2) = (3a0-2al)-(2ao-3a|) x +4a,x?V (a,+ax + azxz)
€IR, [x]. OR 1+4
(a) () Define adjoint of a linear operator. Find the adjoint of the linear
, operator T, on M_ (F) (set of all nxn matrices over the field F)
given by T,(X) =AXvXeM, (F),
where A is a fixed matrix in M, (F). 1+2
If T* is the adjoint of a linear operator T on the inner product
space (V,< >) over the field of complex numbers, then prove that
rank of T* = rank of T.

(i)

(F)) If S is a real skew-symmetric matrix such that S2+ I = 0, then
(i) Prove that § is an orthogonal matrix of even order and -

e o

B.AJB.Sc.(Part 11) Mathematscs - 2613 71
.. ghow that there are non-zero vectors X and Y which ase ertcg
i 4 satisfy the refations
sX+Y =0,8Y =Xand X'X=Y'Y.
= ] ) _3

- -

A=f2 1 -6 diagonalizable ?If ves. find 2 rra-x P
-1 -2 0
such that P'. A . Pis adiagonal matrix. -

(»  Reduce the quadratic form q (x. y. ‘1.") = x?Sy’-dz’Qxy-dn on R
(R) to canonical fom by ax?+py?+yz” by congruent regucticn
and find the transformation rclation between (x.y.z) and (x.y .2 ane
tell the index and signaturc of the quadratic form. Ielel

OR

5.(a) Is matrix

tad

-
-

ili cC a0 be unigucly
Prove that every bilinear form on a real vector spa cczm»l iquely
@ cxpressed as (rhyc sum of a symmetric and skewsyonmesrc bilinear
forms. )
(b) Reduce the equation
22x2-12xy +17y>-112x + 92y +178 =0 } N
into sland}:'lrd from by suitable arthogoaal st.mmrért:k e hsgﬁ;
orthogonal change of vadables ard tell the maure ot o'z QT § re
represented by it

MATHEMATICS (SECOND PAPER), 2013

Note : Attempt all the five question. Each questioq carmsy IJ(J x:mr.k..\. . ‘
1. (a) Prove thal a necessarey and sufficient condinan focth cumyagence
! @

vl

U — Ol
of the scrics 2 l,“n is that corresponding t i artmary chivs
n=0 . e

positive number there exists a positive nterger N sozh that
N+p

Z“V <& for all positive integral valuse of p.

v=N+1 OR
Prove that the infinite series :

el is copvergentif p>1. amd divergentil
| L L L nP

psSlL

(b) Prove that a series Z Ua of positive terms is convergent of divergent

B n=0
according as
l-iﬂmn(‘ T —l]>l:or<l
u, +1
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OR

Test the convergence of the infinite serics

20T 3 44, 555
+—t et
2! 3! 4! S!

ies' and give
n-1|
z(_” Un is convergent (u

X +

2. (a) Define ‘alternating sex
<

N ZOV") if
n=|

@ w20, Vo1 and iy .'.'.'.‘lun=0

OR
State and prove Riem

ann's rearrangement Theorem for
convergent series,

(b) Ifthe series Z“n

is convergent and {(Va)
n=()

th

0
atconverges 1o zero then show that the serics Z daV

a condilionally

) . .
n=0 'S AMonotonic sequence

" isconvergent,
n=(

et 4 4
. . "+ )"y
Henee or otherwise, show that the series 2 , ’

n=2

OR

x ™
If one of two series Za,, unde

n=( n=(0)

the other is convergent and their sums are A
o

show that Cauchy product serics Z

n=0
n

............ +ab, = Z“""k by-kVn20;
1 (a) State and prove Fundament

OR
N b
If Jf(x)dxu,,d ij)dx both exist
L]

a
Tcn prove that there exists 13 e[u,blsuch th
4 ]

Jf(ué»(x)dx tb(:l)ff(x)dx + ¢(l))jf(x)dx
a ' 4

at

T losn } is convergent,
8

n is absolutcly convergent while

and B respectively then

I, where ¢ = ab+ab +
n 0 n 1 -1

IS convergent and its sum is AB.
k=0

al Theorem of Intergral Calculus.

and ¢ is monotonic in [a,b]

anexample . Prove thyg the serigg

I

B.A./B.Sc.(Part Il) Mathematics - 20127 T3

- function f:(a,b]— R is bounded and Riemann integrable in (a,b],
(b) [Fa function =

4. ()

(b)

. . able in (@bl
hen prove that |f| is also bounded and Riemann m};:g:ab;a in [a,b].
Al is is not necessarily true.

: cenverse of this is no
Also, show that the cen A

i i and the set of its points of
jon f is bounded in [a.b.] an of its p
:]f . rl:lllnllfltjll?;m [a,b] has only a finitc number of limil points thcn
isco a, : .
is Rieme ble in [a,b].
s that fis Riemann integra . .
Flr:)r:/:c or otherwisc, show that the function [ defined by

1
l <—,n=0123,....
f(x) =§—|whcn <X on

2n+l

is Riemann integrable in [0,1]. i

- crges if and only
Show that the improper intcgral J“x" llogxdx converges if an y

0
if n>0. OR i inicers]
Discuss the convergence of the following

d;m(l +2) itive rcal numbers.
j dX, \where m, n & p are positive re:
1+xP
0

s vd monotonic in
- is bounded and
sal-valued function ¢
If a rcal-va .

g .
[(X)P()dx s
i ]dndjf(x)dx is convergent then prove llmjl(‘)b(\) 1s
vw ¢
' OR ‘
convergent.

\ 3 b -GS g‘ C ol d P mpe "“Lg al
qldl(: Illl(l (‘,Qlﬂhhﬁh lll(‘ test |0| convergence M an impru ! CT cRr

Jf(x)dx

. Le e 2 MEINC SPACe.
5 (a)' l;cl'mc‘mclric space’ and give an example. Let (X.d) be ametne

Define o on XxX by 7 )
o (x,y) = min{Ld(x,y)}V(x.y) € XxX
Show that ¢ i$ a metric on X .
. ° l hy . .
Is 6,: XxX — IR defined N
als stiic on X7 bxy
= max(1,d(x,y)) also a met
o(x,y) N

intersection of a
. cove that the intersection ©
Define ‘open set' in a metric space. PKW.L that l“ic spuce, Give and

: O 1 - SN .
finitc number of open sets is an open setin "“f wmber of open sets
example to show that intersection of an infinite ¢
{ $

need not be open.
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(b) Define' closed set’ in a metric space

4 and give an example Prov
a metnc space, a closed ball is a closed set. Show i,
the converse of this is not necessarily true.

OR

¢ tha;
by an example lhlal

Define ‘Cauchy sequence’ in a metric s

- - pace and give .
that in a metric space, every Cauchy give an example,

sequence is bounded. Sh g

an example that the converse of this is not necessarly true. by
MATHEMATICS (THIRD PAPER), 2013

Note :

1.

N

(?Q) Explainthe general rule for deciding whether

(b

(c

)

~—

~

Answer all questions. Marks are indi inst e
el uciua] it are indicated against each part. Symbols
X agiven equilibn iti
of abody stable or unstable in case the force of :anit;(i]: :.lf:: Ic:unlr; g;)(s;non
force acting on the body. OR T m:;l
Slatpfﬁnciple of virtual work for a system or coplanar forces actip
at different points of a rigid body . Zg
A heayy str‘u}g of uniform density and thickness is suspended from
fWo given points in the same horizontal plane. A weight, on n® that of
the stmng. is attached to its lowest point. Show that if 0.¢ are the
:nc_hn:mons to the vertical of the tangents atthe highest and lowest
points of the string. tan ¢ = (1+ n)tan® . - 4
s OR
The extremities of a heavy string of length 2¢ and weight 2¢w.are
attached to two small rings which can slide on a fixed horizontal wire.
Each of these rings is acted on by horizontal force equal to £w . Show
that the distance apart of the rings is 2¢log (1 ++/2). 4
Two uniform rods AB and AC, smoothly jointed at A, are in equilibrum
in a vertical plane. B and C rest on a smooth horizontal plane and
middle points of AB and AC are connected by a string. Show that the
w

tension of the string is ;0B + ;anC’ Where W total weight of the

rods and B and C are the inclinations to the horizontal of the rods AB
and AC. 4
Show that in the position of stable equilibrium, the potential energy
of the body is minimum. 4
Define simple harmoriic motion and explain the terms periodic time,
frequency and amplitude of the motion. 2
OR
Explain the term "terminal velocity" of a particle falling under gravity
ina resisting medium. 2

(b) A heavy particle is attached to an extensible string to a fixed point

from which the particle is allowed to fall freely ; when the particle
in its lowest position the string is of twice its natural length. Provf
that the modulus is four times the weight of the particle.

- @

B.A./B.Sc.(Part 1) Mathematics - 2013/ 7=

OR

cle is projected vertically upwards in a nmdmrrm‘ E}’_.u

hich varies as the square of the velocity. It has a kinetic

when it passes Lhe same
K2

point on the way down. show that its loss of cnergy Is K+k,

A heavy parti
resistance of W . fthe
cnergy k in its upward path at a given point ;

where

hich its energy approaches in its downwards course. 4

s split into two parts of masses m, and m,
hich generates Kinetic energy E. Show that
ove in the same line as before, their

k isthe limittow
A body of mass (m+m) i
by an internal explosion w
if after explosion the parts m
ZE(m, + mz) 4
m; —my °
OR - - -~ . -
Show that a particle executing S.H.M. requires one-sixth of its pcnpd
to move from the position of maximum displacement to One 1n W hich
the displacement is half the amplitude. - 4
A particle describes an equiangular spiral r=ae™ with a constant
velocity . Find the components of the velacity along the radius vector

and a perpendiculartoit. OR _ )
A particle is moving in a parabola with uniferm angular velocity gbogx
the focus : prove that its normal acceleration at any pomnt 1s

proportional to the radius of curvature of its path at that point. 2

relative speed is

g

(b) A points moves in a plane in such a manner that its tangential and

normal accelerations are always equal, and its velocity varies as exp

1S )
(lﬁn ! —)‘5 being the length of the arc of the curve measured from a
c g g

fixed point. Find the path. OR 4
If arod, which always passes through the origin, rotates with uniforgn
angular velocity ' while one end describes the curve r=a+ be®.
show that the radial acceleration of any paint of the rod is the same at
every instant and the radial velocity is the same at every point at 2

given instant. 4

() A point moves along the arc of a cycloid in such a manner that the

tangent at it rotates with a constant angular velocity. Show that the
acceleration of the moving point is constant in magnitude. 4

A small bead slides with a constant speed v on a smaoth wire beat in
the form of a cardioid r=a (1+cos @ ).Find 0 and prove that the radial
acceleration is constant. 4

‘-
-

A
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N

W)

®)

()

(a)

(b

-

©)

Find the intrinsic cquation s = dasin W of » cycloid
. .

. 2
Prove that tor a particle movir i
e 0 \g under gravity on the arc

cycloid, whese planc is vertical and vertex lowest lhocru:‘mmh

independent of the arc described. T Penad

Ifa pamclc starts from rest at a given point of a cycloid wi, its ¢

vertical and vertex downwards, prove that it falls through 1/q 6[11:;:‘
¢

vertical distance to the lowest point in the time 2

where a is the radius of the generating circle.

A hcavy p;\niclhc sliflcs down a smooth cycloid starting from res al
the cusp, the axis being vertical and vertex downwards. Prove that the
magnitude of the acceleration of the particle is cqual to g at every
point of its path, and that when it arrives at the vertex the pressur
on the curve is equal to twice the weight of the particle. 4
A particle is hanging from a fixed point O by meas of a light string of
length a. There is a small smooth nail at O' in the same horizontal line
with O at a distance b (<a) from O. Find the minimum velocity with
which the particle should be projected from its lowest position in
order that it may make a complete revolution round the nail without
the string becoming slack. OR 4
A particle, attached (o the end of a light inextensible string of length
¢, whose upper end is tied to a fixed point O, describes a circle ina
vertical plane. Determine the motion. 4
Show that in cvery central orbit the sectorial arca, swept out by the
radius vector of the particle, increases uniformly per unit of time. 2

State Kepler's laws of planetary motion. ) R
Find the differential equation to the path of a particle moving m:
plane under a central attractive acceleration .

OR
Find the law of force towads the pole under which the curve r'=a" cos
nO can be described. Discuss clearly the case when n =-2.

A particle moves under a force p{3au® - 2(a2 — b2)u’},a > b, andis

. . u
projected from an apse at a distance (a + b) with velocity y—~ .Shoj
that it orbitisr=a +b cos 9. OR ) o "
A particle is projected from a point (a,0) with a ve}locxty ,/(u)l: gf
right angle to the radius vector under an accelcration to the po

4

2
m —a it =3
agnitude M T+ 3 J.Shownhal the orbitis r2(2+cos\/(3)9)

B W

=—/B.Sc. (Part-11) Exam., 2014 ]

MATHEMATICS (FIRST PAPER) |

A./B.Sc.

(Three Years Degree Course)

(Linear Algebra)

fme Allowed : Three Hours)

Note : Answer all questions. Mark

|. (a) Define basis o

(b) If W is a subspace of a finite dimensional vecto

(a) Define linearly dependent and linearl

|
|

[Maximum Marks : 50
s allotted to cach question asc indicated

against it. ‘ |
H ]
f a vector space. Prove that a maxim.: linearly

pace is a basis of the vector space.1+4

r space V, prove that

independent subset of a vectors

dim V/W = dim V-dim W.
OR

y independent vectars af a veator

i in 1
space over a field . Let S = (a, ayeees a lbea linearly independen

subset of a vector space V overa field Fand a e V but a ¢ L, Then
1+4

(b) IfW,= {x.y:z) : x,y,z€ R and y+2z= 0) and W, = ((xy2):x.y. 2

€R and x+y+z = 0)are two subspaces of the vector space R(R)

then find

(i) abasis of W, 1+1+11p+ I
(i) a basis of W,

(iii) a basis of W, ~ W,and

(iv) a basis of W +W,.
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-~

(2) Let M, denote the vector space of 3>3 matrices over the field of g 3 (@ Ifa linear transformation associated with z wuar= pat=7 o w6n-

. ingular, then prove that all the linear transfermac : ¢k
pumbers. A ) Jofs ) singu sformaticos ssce:atet wil
mepT My My edby T(A)=A-AVAey, the matrix will be non singular. -

prove that T is hinear transformation. Find a basis of Ker T g (b) Find the inverse of the matrix

hence find the pullity of T and rank of T. Lintlin+14 b3

R A=[(2 3 4

& Prove or disprove the following : 346

O T R ->ReadT,: R’> > IR are two linear transformation and hence write A™ s the | of elementary TR e
such that Ker T = KerTzand ImTl= lmTr then T1=T2. . lin ox

(a) Define row -rank and determinantizl -rank o 2 Tatriy nd’ Jrose DA

(W 12V, = V;isa linear transformation such that /(T)=2'snd diny row-rank of a matrix is equal to the deferminantial R 3i e namL.

et Fep

\_ = 5. then the nullity of T'will be 3. I ) a1
(1:1)1f W 15 2 subspace of R* (R) spanned by subset (b) Define adjoint of a square matmix. If Aisa x 1 @22 mamr:s, net
prove that adj adj (Ap>2A. -3
4. (a) Using Gram _Schmidt orthonormalization process ortnonormalize De
ordered basis {(0,1, 1) (1,0,1),(1,1 0)} of R} R).

OR (b) Define adjoint T* of a linear transformation T on an inner proguss

S ={(23.-2.1). (4, 2.-1.3), (2,-5,4.3),(4.10,-7,1)},.then dimension of

the annihilator of W will be 2. - 2

space (V, <>)and prove that
Ker ('I*o'l’i: Ker Tandhenocpmvemalp('l"o'r):p(T): A(ToT*).3
OR

(2) Lt M, denote the vector space of 2 x 2 matrices over the field of red

numbers. A linear transformation T : M, —» M, is defined by

T A= . ~ 2 1 ) |
S A [l 3} +then find 1T, Ker T (@) (i) Prove that eigen values of a Hermitian Matrix are all real . 3
e - 24241 (b) (ii) Prove that eigen vectors of a Hermitian matrix corresponding to distinct
5

%) (1) Find dual basis to the or basis eigen valuies of the matrix are — ;
. . mmemc matrix of odd order
X=1(01-23)/0).-1.1)(2-4,7)} of Rr? (IR). 3 b.(l) Prove that the determinant of a skew-sy ‘

1) Prove that a non -ze70 linear functional on a vector space V i injective is zero. ‘ N
P (i) If A is real skew -symmelric matrix such that A+l =0

1f and fﬂ,l)’){ dimV =1. 2
that A is of even order.
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1 2
S5.(@) (i) Prove that the matrix ‘:0 1] is not diagonalizable
. ) 2

(i) Prove that cvery real quadratic form q on a vector space

determines a unique symmetric bilinear form fs on V given by

1
Loy =2lakx+y)-qx) -qy)LVxy e V. 3

(b)Reduce the equation 2y*+ 2zx + 4y + 4 = 0 to standard form by ,
suitable orthogonal change of variables and identify the conicoid
represented by it. 441

OR

(a) Reduce the quadratic form
q(x,y.z)=x? —2yz + xzon IR (R ) 10 canonical form

l,x'z + Azy'z + 1.31'2 by congruent reduction and find the

transformation relation between (x,y,z) and (x',y",z"). Also find the

index and signature of the qudratic form. 3+1+1

(b)If A is a real symmetric matrix, then prove that there exists a real

symmetric matrix B such that B =A. 5

MATHEMATICS (SECOND PAPER), 2014

Time Allowed : Three Hours] [ Maximum Marks : 50
Note : Amempt all the ﬁve question. Each question carries equal marks.

1. (a) Let }: Yy and }:l n be two series of positive terms such thal
o= ’

li Un
I:T*"'T =L If ¢is finite and non-zero then prove that the two sefies

L
are either both convergent or both divergent. Test convergence o,
f.‘ - 20
es ¥ :
n=I1 4!’! I

B.A./B.Sc.(Part 11) Mathematics - 2014/ 101
OR

Test convergence of serics

224%6° 4
4
345678

o, Test convergence of series .

22 2241
2 4 <2 7
$—X =X
X 34 3456

(b) State Cauchy's condensation te

OR
Test convergence of series
l-(»i |4—l—+‘—
x+x 2+x 23+ (x>0).

- v
2. (a) Provethatifaseries Zl Up js absolutely convergent amd s =, © ©
n=|

o -

o

a rearrangement of S Uy then X 0 also absalutely comvergent
n=1 u=l

o

Z U,
and has the same sumas -, =.

OR

Define a conditionally convergent SCTies giving an example . Prove

hd b Y
that if a series 2 Un is conditionally convergent then it can be
n=1

rearranged to converge to a real pumber @ .
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-
3.

(b) Prove that if {bn} is positive monotonic decreasing sequence
and

series X U s conve :
- ent then se Ty ;
o=l ® nes %0 by is also convergent.

Test convergence of series :

1 1 1 1

49 a3 2s 234
. 4’5 437

OR
. o
Let be “El n be an absolutely convergent series and X Va be a
n=1

convergent series converging to zero. Then prove that their Cauchy

product series will converge to zero.

(a) Define a step function giving an example.

Evaluate

2
[x2 +1]Jdx,
-2
Where [y] denotes largers integer less then or equal to y.

OR
If f:[a,b] — R is bounded function and r be a real number such that

r b
a<r<b,if J; f(x)dx andj f(x)dx exist, then prove that
r

b b . r b
L f(x)dx exists and L f(X)dx=Lf(x)dx+J.r f(x)dx .

®) If If :[a, b] — R is a bounded and integrable function,then prove th-at

function Af: [a,b]—)R is also integrable where 4 is a fixed real
number.

|

B.A./B.Sc.(Part 1) Mathematics - 2014/ 18

J‘ OR
/ Define primitive of a function and state and prove theorem on change of
/ variable of integration.
| 4. (a) Discuss convergence of J:e_x x" " dx, xisreal.
OR
Show that Jm sinx dx is not absolutely convergent.
o onotonic for x >a and L”_"_,w #(x)=0apd

() Iff(x)is bounded and m

5.(a)

X .
I f(x)dx is bounded for x> then prove that rf(x)¢(x)dx is
a a

convergent. OR

If f, g are positive bounded and integrable functions on [a+ € ,b]and

. im £ _ ¢
'a’ is the only point of discontinuity such that x—a+0 2(x) =% where
b

b.
¢ is finite and non-zero then prove that j f(x) dx and I g(x) dx
a a

both either converge or diverge together.
Let X be a non-empty set and d a metric function on X define function

d(x,y) '
d, : XxX - Rby di(xy)= T+d(x ,y)lR is set of real numbers.

Show thatd, isa metric function on X.

OR
Define open and closed sets in a metric space. Prove that in a metnc
space arbitrary union and finitc intersection of open sets is open.

(b) Define closure of a setin a metric space . Let (X, d)) and (Y, d,) be

two metric spaces,and f: X —> Y bea function , then prove that fis

continuous iff f(A)c f(A), forall AcX.

OR
Let (R,d) be a metric space, d being usual metric on R then prove

that every Cauchy sequence in IR is convergent in R.




i—

M8/ 3htlp) Unsalved Papir BAJB.Sc.(Part 1) Mathematics - 2614/

Caag o of 3 chomfrs 079,74

MATHEMATICS (THIRD PAPER), 2014 oK

- A SONE. of lengih 2, forems the shonexr
| woper B wincs @ negel
lime Allowed - Three Huunl | Manmum Mmk of four unifor 1043, cach of lengs b 22k WO e
4 8 S wraBa TSI
B l nd M gether . If one of the rods be supponel L 2 horizotia
nswer all questions. Marks are indicated against cach part, Symbo ; o '
- .. ‘ | |
have their usual meaning, | o

— ya

(a) Inthe case of common catenary prove that prove that tension of the sinng 5. byén -3

cties v @ns b, Wi
mlmc'nthSHMh@num anl v,

weah FF
L P 2,2 . (a) Apointina a strzig s %, how thax the pesicd

w's its distances from the centre &
where Tis the tension at any P, T, the tension at the lowest point C, w the
weight per unit length and s the length of the arc CP of the catenary. 2

[

motion is . 27
OR ‘

. OR

Prove that the work donce is stretching an elastic string is equal to the | medium . If the 12%

)

' i " nder gravity ina resisting
extension produced multiplicd by the mean of the, initial and final A particle is falling U

locity.
oo 2 | resistance be mkyv?, find the terminal ve .
(b) Oneend of and elastic string in fixed and 1o the other enec
string 10 double iis natural leag@o

(b) A uniform chain, of length 27 and weight W, is suspended from two " «chhe
. i enough 10 sire’

points. A and B, in the same horizontal line. A load P is now suspended aparticle heavy : 1 s {our lims=s Ils pAlnsE

a. The string is drawn vertically down till its i

from the middle point D of the chain and the depth of this point below icle returns 10 this poist it

gth and then let go. Show that the

AB i found to be h. Show that each terminal tensions is len
4r e
2,2 a —
'Y,.’,w'.'_‘f_ time J'(‘B‘L 3)
2 h 2ht g
OR OR
, o . wards the carth s soriace
Derive the Cartesian equation of the common catenary. 4 A particle is projected vertically up fen ot the e
. . . it 1o infinity. Prove tha B¢ =
(¢) A uniform rod, of length 2/, is attached by smooth rings at both with a velocity just sufficient to carry 1t0 infinity

ends to a parabolic wire, fixed with its axis vertical and vertex

i . .1 l?.a
downwards. and of latus rectum 4a. Show that the angle 9 which the ! takes in reaching @ hight b is _3_ ? (\
rod makes with the horizontal in a slanting position of equilibrium 1S

Ripd )
h\ _pwiﬂ!‘:lt
4+ — .

3 -~

the earth's radius .

2a
given by cos’ 0 = ~ and that, if these position exist, they are stable. 4

|

B e
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(<)

(c)

Amudccfmmsisprvjmdwnhvdodlyu!minchrmc
ammmmammmukm
, the
veloaity Shmth:mdm:mmwﬂ]agzmmakcanangleammuu
1 2ku .
huumdxraumr 1+ sma
g
OR
A partcie 15 projected vertically upwards with velocity V in a mediug
whose resistance vanies as the square of the velocity. Prove that the
veloary v when the particle has described distance x is given by

:g_ \:¢k:
_k: = ?T where k is the terminal velocity. 4
VP
Prove that €=—-
2
OR

Powe tha if the tangennal and normal accelerations of a particle
j:s:r:mg a plane curve be constant throughout the motion, the angle
¥ (rowgd whach the direction of motion turns in time t is given by
v = A log (1+Bu 2

) I¥ the raciial the transverse velocities of a point are always proportional

to each other and this holds for acceleration also, prove that its velocity

will vary as some power the radius vector. 4
OR

Find the t‘tgald and normal components of acceleration of a particle

moving in the plane carve. 4

A particle moves In 2 calenary (s = c tan ¥ ), the direction of ils
acceleration & amy pownt makes equal angles with the tangent and the
normal (o the path a the point. If the speed at the vertex where ¥ =0
be u. show (hat the velocity and acceleration at any other point arc

B A/B.Sc.(Part IT) Mathematics - 2014/ vy

OR
Apoimmﬁomtheuig'nild:dimd’lkiﬂ:llm‘mh
velocity f/w, and moves with constant anguiar velocity w about the angm.
and with constant negative radial acceleration-{ Show that the rate of
growthofthemdiavelodlyisnevaposmwbmmndsmtﬁ:ﬁﬁim
and prove that the equation of the path is wir =f(1-e?) 4

(a) What is a simple pendulum ? If the angle of swing is small, show that

the motion is simple harmonic. 2

OR

A particle moves under gravity on the arc of a smoath cycloid whose
plane is vertical and vertex lowest. Prove that the period is independent
of the arc described. 2

(b) A particle moves under gravity in a vertical circle. sliding down the

convex side of a smooth circular arc. If its initial velocity is that due

to a fall to the starting point from a height h a’bove the centre. show

that it will fly off the circle when at a height -3 above the centre. 4
OR

A particle is free to move on; smooth vertical circular wire of radms

r. It is projected from the lowest point with velociry just sufficrent ©

carry it to the highest point. Show that the reaction between the paracie
leos(\lg +v6) s
13

p a particle slides down the arc of a smooth cyctosd

and the wire is zero after a time

(c) Starting from cus

whose axis is vertical and vertex lowest | prove that the time occupiad

n |a
. P N
in falling down the first half the vertical height 185 ‘E
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OR
Tw icle
Vo particles arc let drop from the cusp of a cycloid down the cy
rve of

an interval of tinie (; i i 2
ic (; Prove that they will meet in a time 27/— + L

2 4
5. (a) A particle moves in aellipse under a force which is always directed
towards its focus. Find the law of force
OR 2
Prove that in every cental orbit the linear velocity varies inversely as
the perpendicular from the centre upon the tangent to the path. 2
(b) Find the (p,r) equation of the path of a particle moving in a plane
under a central attractive acceleration. \ 4
_ 6&\ \
A particle describes the curve r cos n@ = a" under a force P to the
pole. Show that P is proportional to r»"3, 4
(c) A particle moves with a central acceleration which varies in versely
as the cube of the distance; if it beprojected from an apse at a

distance a from the origin with a velocity which is /2 times the
velocity for a circle of radius a, show that the equation to its path is

rcOSJ—E-za 4

OR
A particle moves with a central acceleration 4 (5 —c*r) being

rojected i i
proj from an apse at a distance ¢ with a velocity ‘/—2_371:02;

h .
show that its path is the curve x? + y4 —ct 4

B.A./B.Sc. (Part-II) Exam., 2015

(Three Years Degree Course)
|

MATHEMATICS (FIRST PAPER) |

(Linear Algebra) ,)

| Time Allowed : Three Hours]

Note : Answer all questions. Marks allotted to each question

[Maximum Maris : 5.
are indicaiec

against it.
(a) Define a vector space.
zero vector of V, Prove that
(i) a@=0V ae€F,
(ii) 0a =0V «a ev,
(iii) a(-a) = —(aa) = (-2}

vaeFand VaeV
(b)(i) Prove that the set of non-zero vecters @ ;. @ RN of 2 vector

space V over F is linearly dependent if some @ ;. 2 <k < n. isa linear
combination of the vectors preceding it - 2
(ii) Show that the vectors (1.2. 1), (2. 1. 0). (1. -1. 2) from 2 basis of
R’(R)
OR
each sub-space W, of a finite dimensional
W, such that V is the direct
5
r space V(F), Prove that the set V/W of
an arbitrary element of V. s a vecto:
. ddition and scalar multiplication

Let V be a vector space over F and 6 e tne
1+l +1+17;

(a) Provethat corresponding to
vector space V(F), there exists a subspace
sum of W, and W,. :

(b) If Wisa subspace of a vecto
all cosets W + a, where a is
space over F for the vector
compositions defined as follows :
(W+a)+(w+|3)=w+(u+p‘)iva. B\iv.and .

a(W+a)=W+aa, ac Fand va eV -

(a) L(et \Y gn)d W be vecloY spaces over the field F and let The 3 lincy
transformation from V into W. Suppose that V is finite dimensiona
Than Prove that .

rank (T) + nulity (T) = dim V. _ A ok
(b) Prove that any two finite dimensional vector spaces V and W daimn-

N s the Al
over the same field1 are isomorphic if and only it they ha e :
dimension.

<

4__-—
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OR . (a) Prove thatan n x n matrix is diagonalizable if and only if it possesse

(@) Define ranges space. null space of a linear transfromation T - v | nlinearly independent eigenvectors. 5
Show that range of T is a subspace of W and null space '0”7’.“'- | (b) Which of the following quadratic forms are congruent with each other?
subspace of V. 1+ 2? as Why?

(b) Find the dual basis of the basis 2 | (i) x*+y*+ 22+ xy

) B = {(1,-1,3),(0,1,-1), (0.3.-2)} for R? (R) s (i) xytyz+ax,
3. (a) Reduce the matrix (iii) x2+2y%+ 22243xy. 1+ 41+,
1 4 3 2 OR
a=|1 2 3 4 )
2.6 75 § =5
to normal form and find its rank . 5 (a) Show that the matrix —j —12 is diagonalizable . Also find

4.

(b) LetV = R andT:V — V be a linear transformation defined by
T(abc)=(a+c,-2a+b,-a+2b+c),
Find the matrix of T with respect to the basis.
{(1.0,1),(-,1,1,1),(0,1,1)} 5
OR - : \
(a) Show that the equations
X+y+2z=6,x+2y+3z =14, x + 4y + 7z =30 are consistent and solve
them. : b
(b) Define adjoint of a square matrix and prove that
adj (AB) = (adjB) (adj A). 1+4
(a) Define inner product on a vector space V(F), Let V(C) be the vector
space of all continuous complex-valued functions on the unit interval

the transforming matrix and diagor:al matrix; . . . 5
(b) Show that a real quadratic form ax“+bxy+cy" in two variables X,y
\ is positive definite if and only is 2> 0 and b% - 4ac <0

“\ MATHEMATICS (SECOND PAPER), 2015

[ Maximum Marks : 50.
Each question carries equal marks.

/

Time Allowed : Three Hours] .
Note : Attempt all the five questions.
Symbols used have their usual meaning.

0<t<l Iff{t), g(t)e V, let us define © : s . Test the
i If g—f 4 ‘1. (a) Let S ap be a convergent series of positive real numbers.
f (1), g(t)= J t)g(t) dt . =1
(F(V, g®= | f&® . . ey
Show that (f{t), g(t)) is an inner product on V(c). . 1+4 convergence of n§7“ ? nl;.‘ 1+a, n=l1+23,
(b) If @, B are vectors in an inner product space V, prove that 2 +3 OR
@ Jor Bll <o+ ”B" i dition for a series of
t condition
. 2 2 2 State and prove a necessary and sufficien
) P = 2o + P o
positive real numbers t0 be convergent. N
o8 . h rgence of a series of positive real
' the convel
(a) State and prove Bessel's inequality for an inner product space 1+4 (b) State Raabe's test for )
(b) Dcﬁpc eigenvalues and eigenvectors of a square matrix A. Prove that O‘E (nx) for x> 0.
the eigenvectors corresponding to distinct eigenvalues of a matrix arc numbers. Test the convergence of I -_n‘.

linearly independent 1+4

_“ ‘_‘
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OR

State Cauchy's integral test for the convergence of a series of positive
% 1
real numbers. Test the convrgence of =~ ——
o n=2 nfog(fogn)
2. (aY/State leibniz's test for convergence of an alternating series. Prove
® (-1 n
nE [ I that is a conditionally convergent series.
OR
Define an absolutely convergent series. If {a } is a sequence of real
(e ¢]
numbers such that {n’a_} is convergent, prove that the series z la"
n=

is convergent.
[o o]
(b) Prove that k§ lsin kx has bonded partial sums. for each real number x.

. 3 © (] 1 \sinnx
Determine all real numbers x for which nzl ]+E+ ---------- +—;

n
convergent.
OR
Define Cauchy product of two series of real numbers. Show by an example
that Cauchy product of two convergent series need not be convergeqt
3. (a) When do we say that a bounded function f:[ab]> IR is Rie:éann
integrable ? .
Prove that the function f: [0, 2] — [R defined by
f(x)= {] i 0<x< L s Riemann intergrable and find its integral.
2 if l<x<2,
OR
Define a step function and its integral. If fand g are Riemann integrable
functions on [a,b] such that f (x) < g (x) for all x in [a.b]. prove that

b b
I f(x)dx < Jg(x)dx.
a a /

(b) State and prove second mean value theorem for integrals.
OR
Let f : (a,b] — R be a Riemann integrable function. If F is an
antidervative of f on [a,b], prove that

b
If(x)dx = F(b) - F(a).
a

B_AJB.Sc.(Part IT) Mathematics - 2015/ 113

2
L (2 Testtheconvcrgenocnfmfgg-ysf;—‘c'hdx 2nd J" Ex
j ; .

X

OR

Determine real values of a and B for which mzerprzl

n

J‘Zsina x cosPx dx, is convergent -
o -
(b) State Cauchy's criterion for convergence of improper mE=gas of

first kind. Test the convergence of Jﬂ e " dx
0
OR

State and prove Dirichlet's test for convergence of rmproper mEz 2 <

5. (a) Define a metric space, with an example. If d is a metric on a st S

prove that |d(x.y) - d(z.y)| € d(x,z)for all x.y and z nS

OR
Prove that any finite set in a metric space is a closed set Is {1} =
open set in IR, with usual metric ? Support your answer

(b) Define a closure point of set in a metric space. Prove thatapoimi o =

a closure point of a set A in a metric space if and only if ther= = 2
sequence in A converging to p.

OR
Define a complete metric space. Prove that any discrete metric spacs
is complete. 1s subspace of a complete metric space is completz 7

Support your answer.

| MATHEMATICS (THIRD PAPER), 2015

Time Allowed : Three Hours] [ Maimum Marks : 50

Note - Answer all qum’tjons. Marks are indicated agamit&“h part Symbols

have their usual meaning.

l(a)(i) Show that the work done by the tension T in a srng 1.3 sl

extension from length ¢ o (+5¢ is (-T¥¢)

____4



ﬁ—-——————

118/ Shilpi Unsolved Paper 2015

15 A Berntinesss e i
( :hhum\\phgn rests in equilibrium on a fixed sphere of equal rag;

\\ oW N g . . .u l ;

wht“ lth the cq}nhqun 1S unstable when the curved, ang i

en the flat, surface of the hemisphere rests on the \*phcrL: S(;blc

s : +4

a' N ” a ™ (N v o
(@)(i) Explain the concept of stable and unstable equilibrium position witl
ith

=

the help of a example.
i s e i i@
(11) A square of side 23 is placed with its plane vertical, between two
smm‘»th pegs which are in a horizontal line and at a distance d Show
that it will be in equilibrium when the inclination of one of its edges

- . - l o
to the horizon is either r / 4 or 5 sin '@?-d%)/d?) 2+4

(b) Establish the cartesian equation of a common catenary. 4
OR )

(b A uniform chain of length ¢. is suspended from two points A,B in the

same horizontal line. If the tension at A is twice that at the lowest

point, show that the span AB is %fog(z + ‘/5) 4

OR
(a) One end ofa elastic string whose modulus of elasticity is A and whose
natural length is a, is tied to a fixed point on a smooth horizontal
table. and the other is tied to a mass m lying on the table. The particle
is pulled to a distance where the extension of the string becomes b,

and then let go ; describe the motion and find the period of one
complete oscillation. 4

OR

(2") Discuss the simple harmonic motion of a particle. Also, describe how
such a motion can be represented geometrically. 4

(b) A machine-gun of mass Mo stands on a horizontal plane and contains
the ammunition of total mass m, which is fired horizontally at a uniform

rate with constant velocity u relative to the gun.The coefTicient of
sliding friction between the gun and the plan is p. Explain the method
employed to deal with changing mass problems and show that if the

total ammunition is fired in time T, the velocity of the gun is then u

log (1+m/M0)-pgT. 6

B.AJB.Sc.(Part II) Mathematics - 2015/ 115

| OR
(b)) A particle moves in a straight Jine under the action of an attractive

force varying inversely as the square of the distance from a fixed
6

‘/ point. Discuss the motion.
3. (a) Find the tangential and normal components of (i) velocity, and (11)

rate of change of acceleration, of a particle moving in a plane. 6
OR
(@) (i) Prove that the acceleration of a point moving along a curve in

a plane with uniform speed is p(w)?.
(ii) Define the angular velocity w of a particle moving in a plane

Also, establish a relationship between w and the velocity v of
2+-4

the paticle.
«—(b) A particle is acted on by a force parallel to the axis of y whose

acceleration (always towards the axis of x) is p / y?.and when y =
a, it is projected parallel to the axis of x with constant
velocity f(2p /a) . Find the equation of the path described by the
particle. 4
OR
(b') A particle is acted on by a force parallel to the axis of y whose acceleration
is Ay, and is initially projected with a constant velocity 3/} parallel

to the axis of x from a point where y = a: prove that it will describe
4

a catenary.
4. (a) A heavy particle, hanging vertically from a fixed point by a light

inextensible string of length ¢, is struck by a horizontal blow which
imparts to it a velocity u; discuss the motion of a particle. 6
OR
(") A heavy particle is attached to a fixed point by a fine inextensible

string of length ¢; the particle is projected horizontally from the

33 : .
lowest point with velacity {'*{“T _Determine the point. whees

the particle after leaving the circular peth cut it again. o

g
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sinla/ gy, |

(b) Ifa particle starts from rest at a given point of a cycloid with jts gy
‘ ais
verticle and vertex downwards, prove that it falls through <

n

vertical distance to the lowest point in the time. Yare)

where a is the radius of the generating circle. 4 { First Papel'
(b) A particle oscillates in a com(:)ite cycliod fro — ks st
that the velocity v at any point P is equal to u:n CUSPI {0 cusp. Prove hmc :3.00 Hours | ISR
velocity V at the vertex along the lanZen tat P ¢ resolved part of the \ote : Answer all questions. All questions cary equal sata,
' 4 | (a) Let S be a gererating set confaining n elemues -t a

5.(a) (i) Explain the term "Velocity for a circle of radius r = a". vector space V over a field F. Prove thal o lmeain

(i1)Find the law of force to an internal point under which a praticle will independent subsct T of V contains al mos? u < menls.

describe a circle. 244 | OR .

OR |~ Determine the subspace ol IR* generated by

(a)(i) Explain the term" velocity from infinity to the point r=a". 2 +4 S={(x,y.2) € IR?:y= x°} and give a basis of this
(ii) Find the law of force towards the pole under which the curve subspace.

(b) LetVbeafinite dimensional vector space over a field F-.
Let w and w, be subspaces of V. Prove that

dim(w, + W) =dimw; +dimw, —dim(w; "W»)

r" =a" cos n@ can be described.
(b) A particle move under central attractive acceleration [= p/(distance)’]

being projected with velocity V from a point distant R. Show that its

path is a rectangular hyperbola if the angle of projection is OR
Let  w ={(X},X2,X3,X4) € IR %) = 2% +x; =
s =1 - 2;1 - 4 and w, ={()‘,2)‘,_3x,4)~):)»e IR}. i’mvelhalw,dml
“\/( Vio R - W, are subspaces of IR* amd IR? is a direct sum of
OR wjand wj.

(b) A particle describe an ellipse under a force p/(distance)’ towards . (a) LetV,,VyandVj be finite dimensional vector spaces
the focus: if it was projected with velocity V from a point distant R overa field F. Let T,:V, - Vy and Ty:Vy = V; be
from the centre of force, show that its periodic time is : linear transfonmitions. Prove that 1,07y : Vv, = Vi na

m [ 3 XZ_J’; y lincar transformation and rank (T,0T,) < min {rank
Ju[R u (T)), rank (12)}-

OR

o e
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(b)

(b)

State and prove Fundamental Theorem of vector spa
homomorphisms. =

Let V, and V, be finite dimensional vector spaces over
a field and T:V, -V, be a linear transformation,

Define the transpose T' of T. Prove that =
prly at rank (TY) =

OR
Let V be a finite dimensional vector s
pace overa field F.
Let V** denote the dual of the dual space V* of V. Prove
that for each ve Vv, the map fv:v* 5 F defined by

fv(@) = @(v)(p € V*), is a linear transformation and
the map

0:V - V ** defined by
0(v) =fv isanisomorphism.

2 0 -1
Let A_(l 1 _l)GMzu(lR) and T:IR3 > IR?

be the linear transformation associated to A with respect
10 the standard ordered basis of IR? and IR?. Determine
a basis of Ker T.

OR
Let F be a field and V be a vector space of dimension n
over F. Let B be an ordered basis of Vand A € Mn(F).
Prove that A is non-singular if and only if the linear
transformation T : v — V associated to A with respect
to B, is non-singular.
I.et A be an n-square real matrix such that A2=A. Prove
that there exists a non-singular matrix P € Mn(IR) such
that "' AP is in normal form.

OR

Determine whether following homogeneous system has
anontrivial solution over IR:

(a)

(b)

BSc.(Pert -1t Wanerz- -,

3x+5y-4z=0,
-3x-2y+4z=0,
6x+y-8z=0.

If yes, describe the solution space.
Use Gram-Schmidt process to orthonormalize the bzsis
(1, 1,1), 0, 1,-1), (2, 1, 1,)} of IR’.

OR

Let (V,<,>) be a finite dimensional inner product space.
Prove that an or thonom al set {V]. Vo, - Vo] i5 27
orthonormal basis of v if an only if for each

VEV, ”V"2 = gl("’ i )lz

Let V be a finite dimensional complex inner product
space. Prove that a linear transformation T on V s
unitary if and only if for any orthonormal basis {v. V2.
vy V3 OF V, {T(V}), T(Va), - T(Va)} is orthonormal
basis of V.
OR
L=t T be a linear transformation ona finite dimensicnal
vectore space V overa field F. Let S= (Vi ¥ = Wyl BE
a set of eigenvectors corresponding o &St
eigenvalues of T. Prove that S is lineariy independer.

Let A € Mn(C) be a Hermitian mamiv Prove Tt hert
exists an n-equare unitary matriz U sach dar UPAL =2
diagonal matrix.

OR

TICIR IS L AP Ak

Prove that

4 - 3 U, T [1: SRR N SR
2x,5yp +3x Y2t Nyt AN

on IR3. Find the matiy o dha amm o \\\g .
ordered basis {(1. 1.ON (L A 0N G LA eliR

>
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(b)  Reduce the quadratic form
M 9y
q((X.¥y)) =2X7 +2xv 42y +2X -2y —4 10 nermal
form. Also tind th- .+ uix of'the transiormation and rank
ofq.
OR

the quadrics IR3

3x2+2y’ +32° —2+2x-2=0.

MATHEMATICS

Second Paper, 2016
(Analysis)

Classify in represented by

Time : 3.00 Hours ] [ M.M. 50

Note : Attempt all the questions. Each question carries equal
marks. Symbols have their usual meaning.

1. (a) Provethatan infinite series of positive real numbers is
convergent if and only if the sequence of its partial sums
is bounded above.

OR .

oD

Let Zan be a divergent series of positive terms and

n=I

{Sn Jaz denote the sequence of its partial sums. Test the
\

a
convergence of the series Z_n
=l °n
State and prove Cauchy's condensation test for the
convergence of an infinite scries of positive terms.
OR

(b)

)

Let Z n and an be series of positive terms

n=| n=|

2 (a)

convexgent series is covnergent; Show tha the seri

—_—

(®)

8.5c. (Part - ) Mathematics, 2016/ 5

.. a,,+l<b +1
satisfying a, b,

, for all N€N. lebn i

n=1

convergent, then prove that Z 3, is also convergent.

n=l |

v+ 1
Test the convergence of Z
pr n’ +n?

Define absolutely convergent series and conditionall
convergent series. absolute

_] n+l A l‘
3n—2 _is conditionally convergent. éq,\\ oy
n=l. "\
OR —

Let Zan be a conditionally convergent series of real
n=1

numbers. Let/ € IR. Prove that there isa rearrangement

ibn ofzan suchrthat an_ /

n=| n=l n=1 -
Let {a, }Jn-j beasequence of real numbers wh@af

sums form a bounded sequence. Let {b,)am %
monotonic decreasing sequence of nonnegaﬁt:e r::
numbers which converges 10 0. Prove that the sé

“~

~

Zanbn is convergent.
o=t OR




7*-——-* .
B.Sc. (Part - II) Mathematics, 201617

6 / Shilpi Unsolved Psper {
L ‘g)/ et fand g be positive and Riemann integrable functions

¢
on [a, x] forall x >asuch that lim ﬁ= L0 <1<,
X—>»

(L)
State Merten's theorem. Find Cauchy product Z Cn of (x)
o g(X

n=0

R - Show that ff x)dx i i i
he series Za" nd an wheres, =b, = forall (x)dx is convergent if and only i

n=0 n=0
XX i
o . fg( )dx is convergent. Q/
nand |r|<1.Show that ch is absolutely convergent OR
n=0 ’
. and find its sum. ’ Prove that the improper integreal ff(x)dx is
3. (8 Define a partition of an interval [a, b], Let . .
convergent if and only if for any ¢ >0 there exists

h:[a,b] > IR be a step function associated with a 5
&> a asuchthat IJ f(x)dx|< €, wherever t|,t; >3
a

partition P of [a, b]. Define f h(x)dx and show that | .
(b) Determine values of m and n, for which

)\
value of f h(x)dx does not change if P is replaced by Il x™ (1= x)""dx is convergent. ! o\ S\%
A 0
its refinement. ‘ OR
OR ; Examine the convergence of
Let fand g be bounded real valued functions definedon | ol
[a, b]. Prove that 1 o X % and
‘f_ . = . \ 1+Xx
(f +8)x)dx < f f(x)dx + f g(x)dx
. , ) (ii) rx“"e"‘dx,neN
(b) If a function f is Riemann integrable over [a, b], then e [

‘5' @) Let X 9 be a metric
| p(x,y)= 1 d(:('i)y) ,X,y € X, then prove that (X.p) is
+ )

a bounded metric space-
OR

\

\

| i family of
the union of an a{bntrary y

l A ic space is an open

subsets in a metrt
I

= &

o

B i AR

show that |f] is also Riemann integrable over [a, b] and

lff(x)dxlsflf(x)ldx.

OR
St.ate and prove a necessary and sufficient condition for
Riemann integrability of a bounded function

f:[a,b] > IR.

oper
et e
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(b)

intersection of an arbitrary family of open
open? Support your answer. pen subsets also
Let (X, d) be a metric space. Define closure cl(A)ofA,

where A c X . LetA and B be subsets of X. Show that

c|(AuUB)=c|(A)ud(B). Show that
cl(A N B) =cl(A) N cl(B). does not hold in general,
OR

Let {a,}, and {b,}7_, be convergent sequences ina
metric . =
space (X, d) such that M3, =8 554

li = i
im b, =b, where a, b e X, Prove that nh_a d(a,, by)

n—w

=(a, b).

MATHEMATICS

Third Paper, 2016
(Mechanics)

Time : 3.00 Hours ] [M.M. 50
Note : Answer all questions. Marks are indicated against each part.

1.

(@

®)

Symbqls have their usual meaning.

Establish the intrinsic equation of a common catenary.
Also prove that for a common catenary,

x = ¢ log (sec y + tan y). 3+2
Show that the length of an endless chain which will hang
over a circular pulley of radius a, so as to be in contact
with two-thirds of the circumference of the pulley is a

{;,ﬂ
log2+v3) 3|
OR

LT

B.Sc. (Part - Il) Mathematics, 2016/ 9

@) (S)?;za?danme the principle of virtual work fora system
b()dy'p orces acting at different points of a rigid
(b") A uniform rod of length / is attached b i
4 y smooth rings at
both ends to a parabolic wire, fixed with its axis vertical
and vertex downwards, and the latus rectum 4a; show
M the angle 0 which the rod makes with the horizontal
in a slanting position of equilibrium, is given by

25_2a —
cos” 0= ik and that if this position exists, it is stable.

2. (a) Defineasimple harmonic motion. I it periodic? A point
in a straight line with S.H.M. has velocities vjand v,
when its distances from the centre are x; and x,. Show

’ 2 _ 2
— Xj —X
. .o AL =22
that the period of motion is Vv

1a+%at+3

(b) TwomassesM and M are attached to the lower endofan
elastic string whose upper end is fixed and are hung at
rest. M falls off; show that the distance of M from the

. A g
upperandofthesmngatnmetls a+b+ccost ‘(E) ,

where a is the unstretched length of the string, b andcthe

distances by whichit would be xtended when supporting

| MandM reSpectivel())'.R

| i ity v at the earth's
y ‘ to the velocity v at

| (@) Ifhbethe height due to the velocty v &t R

, SU sing its attrac ons 1 th
mnd?:;) height when the variation of gravity 1S
1 !
taken into account, provethat T~ "¢ 5
whereristhe earth's radius.

- ,
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(b)) Ifaparticle is projected with velocity V along a smooy,

3. (a)

)

(@)

(b))

4. (a)

horizontal plane in a medium whose resistance per unit
mass is 1 times the cube of the velocity, show that the
distance it has described in time t g

1 e 2 )
“—Vw(' +2uV ) =1} and that its velocity, then is

\'

Ja+2uv3t) 5

Find the radial and transverse components of
velocity and acceleration of a particle moving in a plane
curve. 5
A point P describes, with a constant angular velocity of
OP, an equiangular spiral of which O is the pole. Find its
acceleration and show that its direction makes the same
angle with the tangent at P as the radius vector OP makes

with the tangent.
OR

Prove that if the tangential and normal accelerationofa |
particle describing a plane curve be constant throughout. |

the motion, the angle W through which the direction of

motion turns in time t is given by y = A log (14Bt) . 5
If the radial and transverse velocities of a point are

acceleration also, prove that its velocity will vary as

some power of the radius vector.

A particle is projected from the lowest point with
velocity u and moves along the inside of a smooth
vertical circle of radius r. Prove that-

(i) When u? <2gr, the particle oscillates on each

side of the lowest point,
(i) When u? > 2gr but < 5gr, the particle leaves the
circle and describes a parabola,

S.
always proportional to each other and this holds for |

|

(b)

(@)

(b)

(a) Fora central orbit prove that

(b)

B.Sc. (Part - 1)) Mathematics, 2016/ 11

(i) When u? > Sgr, the particle makes complete
revolutions.

A particle is projected with velocity V from the cusp of a

smooth vertical cycloid down the arc. Show that the time

of reaching the vertex is

2‘/£tan“'(——4agj 4
g \"
OR

A particle is free to move on a smooth vertical circular
wire of radius r. It is projected from the lowest point with
velocity just sufficient to carry it to the highest point.
Show that the reaction between the particle and the wire

is zero after a time

JE log(\/—S_ +6). 5
g

es down a smooth cycloid starting
the axis being vertical and vertex
t the magnitude of the
t every point of

A heavy particle slid
from rest at the cusp,

downwards. Prove that
acceleration of the particle is equaltoga

its path.

vz{(_)}
7/ e

2 and v is the velocity at any point of the
r

» <
|~

]

where U=

icle moving underac : N
;: g?:jlected in a direction p_erpendlcular to

i in falling to the point of
:th the velocity acquired i = 4
;‘:(c);:;t\iv(;n from the centre. Show that its path & |
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(2] e[ A THMaNIos Y )
—| =cos”| —|.
Ar (2) | EMATICS (FIRST PAPER)
5 OR f Li
erive the differential equati (Linear Algebra)
: quation to the path :
mov . pathofa
ing under a central attractive force. pesticle fime : Three hours) (Max i
aximum Marks : 50

(b) A panicle i j
IS pr o;ected at nght angl
es at a d.Smme \
1 a Note: Answer all questions. All questions carry equal marks. Symbols

u |
nder a central force F'_ with the velocity from infing used have their usual meaning.
Show that the orbif is nity. 1. (a) Let V.be afinitely generated vector space over a ficld F. Prove that V
contains a basis over F.
"3 03 ok

r2 =a2¢ =3
S ——0. )/, N
O (4] @/rwg that W= {(x,.\Lx,x{x,_)E [R’x1+x3+x, ——O}is a

N s . .
subspace of R”. Determine dim; and a subspace U of R’ such that

°
R* =W o U.

(b) Let V = 7 ,x]denote the vector space (over 7,) of all polynomials
over Z1,inindeterminate X.
Let S= {x" +x"ine Nu{O}} and W=<S>. Prove that

dim,, V/W=2.

ver a field F. Prove that. .

dimg (W, + W,) = dim; W, +dim; W, — dim; (W, N W,)

mation between two vector spaces
ample of two distinct lincar

OR
and W, be subspaces of a finite dimensional vector spacc \

2. (a) Defincthe kernel of a linear transfor
over the same field. Give an €x
transformations from R*to IR* which hae thesame Kernel and image.

()a'/gé/éﬁnc an isomorphism between {wo vector spaces over the same

~Tield. Prove that two finite dimensional vector spaces overa field Fare
isomorphic ifand only if they have same dimension. '
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. 3 AJB.Se. (P
) Define the annihilz ) X C (PART-1ly MATIIF 147, 7
gl Dac[r:r ll"norofd non-empty subset of a vector spy, , (a) Let' V be a finite dimensional HEMATICS. 2017 015
. minc  the annihilator of e “Coverg T:V—=Vbeali o TS e e
S=1{(x.y.7 ey — Subsey $ ¥ © alinear transformation, Define 1* g o
{ v.2)€ IR :xy= l} of the real vector space IR? provetarmnk (=i @M | e ‘.
OR .
(b’) Let V be anon-zero finite di i o
/ ite dimensional vector s prod.
space over a field (a') Let W be the
. —_— be H . : SUb ' ’ .
T: V=V bealinear transformation such that T"=0 but T=-1 n i -
=0 fo by {(1.2..-1).(2.LL-1)}.

sjomc n € N.n > 1. Prove that there exists non-zero VeV such
\/.T v .TZ n-] o g % i [ha
. 1 (v).T*(v),... T (V)} is linearly independent over F.
3. (a) Let Fbe afield and A.B € Mn(F),A = B. Prove that A and B

ar

Let v=(3.2,L.1)€ R*. Determine the orthogonal projection of v on
W and the perpendicular length of v from W.
(b) Let AeM, (IR)and B=A"A.

similarif and only if the i
'y are matrices i
e e N ofth'c same linear transformatio Prove that all eigenvalues of B arer non-negative and rank (B)=rank
spect to different choice of ordered bases of Fr. A). |
N OR o

(a') Define an clementary matrix. Write (b)) Let T: R’ — IR? be the linear transformation associated to

I 1 1 1 2 1
A=l0 -1 —1{eM,(R)

A=]0 -2 3[eM,(R)

with respect to the standard ordered basis of R®. Determine all one

as a product of elementary matrices
(b) Define row reduc ‘ i
uced Echelon form of a matrix over a field. Let dimensional T-invariant subspaces of R’.

-1
5. (a) Definca quadratic formona finite dimensional vector space overa

1 2
A=|2 1 0 eMJ(IR)
30 1

field. Prove thata quadratic formqon R® is uniquely associated with

bilinear form on R"is uniquely associated with a

Find -si : .
Ech SRIEy R e, ({R) such that P. A is in row reduced | a symmeine .
chelon form. - "4 ‘\ symmetric bilinear formon R".
OR ‘
' OR

(b") Fi . .
) Find the values of a for which the following system of linear equations |
’ \

over IR is consistent :
; e it to determine \he number of

| (a') State Sylvester's Jaw of inertia. Us

| distinct congruence classes of nxn real symmetric matrces.

| .

\‘/ : ‘
‘ ) 24, -
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(b) Classify the curve in IR? represented by lim {n (UiL__ ,} _ ,II logn — | (\/\—\/\

f(xoy)=2x" —dxy -y’ +4 = 0. i

P
OR ; =
| . | then what is the nature of Y U, ?Justify the answer. | ..
(b) L z f'be the lsxléncur formon [R* defined by =t —
? Np NG Xy (Y Y Y, (b) Test the convergence of the following series : S ]
F.nd— 2x,y, = 3IX,y, +4x,y, + Xy, + 2X,Y, ot 22,2 s Px' 44 \ - ,/( .
i ETH T+T+ for x > 0. [ = Y=gy
(1) Symmetric and skew symmetric parts of f; " Test the convergence of the following series - ———a
= -
(1) The matrix of f with respect to the ordered basic 3 3 36 , 369 , 36912 ,
M =x+— X X +..,x>0.
{(I.I.O).(l.—I.O).(l,l‘l)} of R 7 110 7.10.13 7.10.13.16
: , e e T —
MATHEMATICS (SECOND PAPER)_2017 (a) If the series Z;an of real numbers is convergent and {V_}:'l is
| (ANALYSIS) B e
monotonic sequence that converges to zero, then prove that Za_v_ is
Time : Three hours] [Maximum Marks : 5( S — =l o

Note : Attempt all questions. Each question carries equal marks. Symboli

> 1
convergefit. Also show that Z" sin n0 is convergent for all real
-~ = o=l

have their usual meaning.

values of 0.
I. (a) State and prove 'D' Alembert's Ratio Test' for the Convergence of 2 OR 3
- ‘)rovc that by a suitable rearrangement of the terms of a cimgxiuonally
) ies, i iven number a.
i U, iti convergent series, itcan t be made to converge to any given n a
scries Z; of positive terms. SompEgd s made
= . [(b) If Zau and Zb. are absolutely convergent and their sums are A
| 0=0 0=0

. . cvel ve that the Cauchy's product series
Prove that the series ZU.. of positive terms is convergent or divergent and B respectively, then pro

according as ‘ icn e =Eatb._‘\7’n > 0, is absolutely convergent and its
n=0 k=
; U [ . >
lim{n|— _1|-1I}logn>1 . sumis AB.
“—"‘{ Unol J } g 0r<| Vs OR
If for this series, 7



e
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(b) State and prove ‘Dirichlet's Theorem' for the convergence of the

an i 3 N xS X7 i . xZn«‘rl
X=X——F+———+..= —1 -
3 5 7 N=o( ) 2n +1 xS improper integral f d)(
Prove that
OR
~ Zn+2
tan -t X = _l_ l 1 A
( ) ; n+1 1+ 3 + 5 +..+ Ml Show that ﬁ Sin XJdX is convergent.
3. (a) Stateand prove a necessary and sufficient condition for the Riefian 5. (a) Let! bethesetofall absolutely summable sequences of real numbers i.e.
integrability of a function f:[a,b]— RR. . N . &
OR ( =(x=(xn)n='€IR :§lxnl<ooj,N

If f:[a, b] — R is monotonic in [a, b] then prove that it is Riemann being the set of all natural numbers. For
integrable over [a, b]. - o .
, x=(x,) _jand y=(y,) _ €L,

(b) State and prove 'Bonnett's form of Second Mean Value Theorem' of (Jo=r 209 =0

Integral Calculus. l \ y X
et

OR - — a=l
A function f is defined in [0,1] as follows :

’\ =0 , Show that d, is a metricon /.

OR
Let (x, d) be a metric space. Prove that -

1 .
f(x)= F= where — 1 —<x<—, for (i) The null space ¢ and the whole space x are closed in X;
¥ 3 (i) Union of a finite number of closed subsets in X is a closed set in X:
r= 132,3,....andf(0)= 0' and
(iii) Intersection of any collection of closed subsets in X is a closed set in
Show that d 3
X exists and is equal to — X.

4"

{ every convergent sequence is a Cauchy sequence ina
4. (@ Let 0<a<b<oo Show that the improper integral () Firove. el cvegy e i

metric space. Is the converse of this true ? Justify the answer.

fb dx \ \ oR
» (x —a)" converges if and only if n<]1. Let (X, d) be a metric space and A be a subset of X. Define the
A ofA. Show that-
Hence or oth = =
erwise, examine the convergence of J, 3173 (l + xz) i x=X
Bk (i) ACBCX=ACB

Sh S, ANB

ow that j; X'¢ " dx is convergent if and only if n>-1. (i) ANBC AND

Show by an example that in (iii), inclusion may be proper.
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MATHEMATICS (THIRD PAPER)-2017 (

Prove that the parabola ¥?= 4ax can be described under a constant
(MECHANICS) ¢ )
Time : Three hours] (Maximum Marks : 5 orce parallel to the axis of y, and a force proportional toy parallel 1o }
Note : Answer all questions. Symbols have their usual i . the axis of x. ‘.i *:’/\}
: . meaning. Each %//M ,
3 '
question carries equal marks. OR @o\%
. " "on " " " . ‘
1. (@) Explainthe terms "sag", "span” and "parameter" of acommon catenary.  (b") Find the curve described by a moving particle having a constant
If PN be the ordinate of an int P oft P
- y point P ofta catenary and NL the acceleration in direction inclined at a constant angle to the tangent.
perpendicular from N to the tangent at P, then show that NL=c and ‘
PlL=s . (a) Giveageometrical representation of simple harmonic motion.
B OR One end of an elastic string of length / and modulus of ¢leasticity A is
\/Q*D{nc a common catenary and prove that for such a catenary tied to a fixed point on a smooth horizontal table, and the other is tied
— s=c sinh[i] ) to a mass m lying on the table. The particle is pulled to a distance
¢ - where the extension of the string becomes |, and then let go. Discuss
(b) A hemisphere rests in equilibrium on a fixed sphere of equal radius; the motion. Also, find the period of one complete oscillation.
\§,/ show that the equilibrium is unstable when the curved surface, and OR
- stable when the flat surface, of the hemisphere rests on the sphere. o )
OR Explain the term "terminal velocity” of a particle moving in a resisung
" ! ) )
(") Two equal uniform rods, AB and AC, each of length 2b are freely medium and find an expression for it if the resistance varies as the
jointed at A and rest on a smooth vertical circle of radius a. If 20 be the welody
angle between the rods. Then prove that b sin’ = a cos®. ’ o v uowards in a medium the
@J}(Using vector method, obtain tangential and normal accelerations of a| A heavy particle is projected vertically up

Pl maIgio s piatie Alne. resistance of which varies as the square of the velocity. It has akinetic
OR

. . ; 3 . a given point; when it passes the same

(a)Y’A particle moves in a catenary (intrinsic equation s= c tan ¥ ), and the | cnergy k in its upward path ata given p %
direction of its acceleration at any point makes equal angles with the | oint on the way down, show that its loss of energy is (k+ k)’
tangent and the normal to the path at that point. If the speed at the | P

. S ichitse approaches in its downwards
vertex be u, then show that the acceleration at any other point equals wherek, is the limitto whichits energy app!
V2 " - :
—u’e® cos? y. SCM T \Pg,o,)'\?, Y course
. oM
\x (701 o
AL A~
A G

i e inside mooth
4. (a) A heavy particle slides under gravity down the msndgv ofas
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1) MATHEMATICS, 2017/23
| ' . article i i

circular tube of radius b held in a vertical plane. If it starts from, the )J#p moves with a central acceleration (e -a'r) towardsthe
R, (2bg_) then find the pressure s origin and is projected from an apse at a distance a with a velocity

. . & 172

curve at the point where . in the subsequent motion, the venicle ~ (21/3)""a’ , then prove that its path is the curve X' +yt =gt

component of the acceleration is a maximum,
OR

(a) A particle is hanging from a fixed point 0 by means of a light in

OR

)‘)/Kpanicle moves under a central attractive force varying inversely as

extensible string of length a. There is a small smooth nail at 0, in the the fifth power of the distance from the centre of the force. It is
same horizontal line with O at a distance b (< a) from 0. Find the projected from an apseat a distance b with a velocity equal to /5 times
minimum velocity with which the particle’should be projected from its .
lowest position so that it may make a completly revolution round the aftiaRhich would begguisedn fwtingifromentiniy. Findthecihet
nail without the string becoming slack. apsidal distance.
(b) A particle falls down a cyclid under its own weight. If it starts froma " '
point on the cycloid whose height above the vertex is h, with a velocity
due to a fall through h, then show that it will attain the same heightas|
it started from, first in time [Sﬂ/{2 2gh }] . where s denotes the
arcual distance between the vertex and the point of start.
OR
(b") A particle is allowed to fall down the arc of a smooth cycloid
s=4asiny , whose axis is verticle and vertex upwards. It starts with|
a negligible velocity from the highest point. Find the height of the/|
/ point above the base of the cycloid where the particle leaves the curve.

(a) Establish the (p,r) equation to the path of a particle moving in a plane \

wixhccnln‘alaltracliveattmcti(ﬂﬂ-/}j / Or ) 1
o — =

—— |

() Prove that a particle moving under a central attractive force varying ‘ :

) \
inversely as the square of the distance from the centre of the force

always describes a conic type of orbit.



. CThree-Year Degree Course]
MATHEMATICS (Paper : First)
(Linear Algebra)

Time : Three Hours] [Maximum Marks - 30

Note : Answer all questions. All questions carry equal marks. Symbols

used have their usual meaning”

1. (a) Provethatthe union of two subspaces of a vector space is a subspace
of the vector space if and only if one of them is contained in the
other. Give an example to show that the union of two subspaccs of
a vector space may not be a subspace of the vector space.

OR

(@) Define a subspace of a vector space. If W is a subspace of IR’
generated by {(L. 1.-2).(0.—1. 1).(3.-2.—1)} then find the dimension
of another sub-space W' of IR? such that IR'=W @ W'

(b) Let W be a subspace of a vector space V over a field F. If V is finit
dimensional, then prove that

dim (V/W)=dimV-dimW
: OR

(b’) Let W be the subspace of V=M (IR) consisting of the diagonal
matrices in M, (IR). Find a basis of V/W.

(a) State and prove the fundamental theorcm of vector space
homomorphisms.

rJ

OR

(a') Define rank and nullity of a linear transformation, Let T be a linear
operator on a finite dimensional vector space V such that rank
(T*)=rank (T). Prove that range (T) ~ Kemel (T)=0.

(b) Define the transpose of a linear trasformation. Prove that the rank of
the transpose of a linear transformation T between finite dimensional
vector spaces over the same ficld is equal to the rank of T.

OR —  —

(b") LetV,and V, be vector spaces over the same i'cld FandT:V 5V,
bea Gubjucmc lincar tran~formation. Suppose that W is asuh:pacc
of V, of dimension 2. I dimV = 7 and dimV =5. then find

VodimTY(W). |

—
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(a)

(@)

(b)

(b

4. )

(a')

(b)

b

Find the inverse of the matrix :

113
A=[2 3 4
3406
and write A" as the product of elementary matrices.
— OR e
Reduce the matrix :
2 3 -1 -
1 -1 -2 -4
A=
31 3 -2
6 3 0 -7

1o normal form-and find its rank.
Define the adjoint of a square matrix. If A and B are non-singular
matrices of same order over the same ficld F. Then prove that
adj(AB) = (adj) B (adj A).
OR
Let the rank of the coefficient matrix of a non-homogeneous system
of m linear cquations in n variables be p. If the system is consistent,
the show that the number of linearly independent solutions of the
system is n-p+l.*
State and prove the Bessel's incquality for an inner product space.
Use Gram-Schmidt process to orthonormalize the basis
1(1.0.1).(1,0,-1).(0.3,4)} of IR? with the standard inner product.
Let W be a suspace of a finite dimensional inner product space V.
Prove that V=W W*.
OR
1)efine cigen values and eigen vectors of a square matrix. Prove that
cigen values of a Hermitlan matrix are rcal.
et n be a Positive integer and let V be the vector space of all square

matrices of order n over the field of real numbers. Show that the |

~quation fiA.B)=n trace (AB)-trace(A) trace (B) defincs a bilinear
form { on V. Is { symmetric ? Support your answer.
OR

ﬁ

BA. )
A /B.SL‘. (PART-”I) MAT”EMATICS-.WI&/ 27
2 1 |
IfA=|1 2
I

|
(@)
21 . then find an orthogonal matrix P such (hat p-
AP isa diagonal matrix. -

(b) grove 'that every quadratic form q on a real vector space V
etermines a unique symmetric bilinear form f on V given by :

|
Ssxy)=3lalc+y)-a(x)-90)] veyev.
(b") Reduce the equation:

 X2-72—4xy +.4yz +6 =0 to standard form by suitable orthogonal
change of variables and identify the surface represented by it.

MATHEMATICS (Paper : Second)- 2018
_(Analysis)

Time : Three Hours) [Maximum Marks : 50.
Note : Attempt all questions. All questions carry equal marks. Symbols
used have their usual meaning.
1. (a) Prove that the scries
< |
T
is convergent for p > 1 and divergent forp < 1.
g ,

Let Zu" be a series of positive terms and lim nlog "

n-1

Prove that the series 2“.,

n=|

n+l

is convergent or divergent according as 1 >1orl <1 respectively.
Test the convergence of the following series

21 22 41 22 42 62
l+'3_z’+3_z'*?f+'3—2’§7+_77

(b)

Test the convergence of the following series :

(i) ey

M \r) g '}/\ -

L —————————CE WO
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2.

(a) State and prove Leibnitz's test for convergence ofan altemating series
OR
Prove that if the terms of an absolutely convergent series an
rearranged. the series remains convergent and its sum is unaltered.
(b) Show that the sum of the series

I 11 v 11 11
l-———4+————-= +
2 436 8 5 510

is half the sum of the scries

377(a) Letfand gbe bounded real valued functions defined on [a,b]. Prove™

y

4

Prove that ZSi“’C‘
k-1

-

has bounded partial sum, for eath x e'lR. Determine all real numben:

R 1 1 \sinnx
x for which 2 ""5*' ---------- |7, isconvergent.
n-1

that ['(f +g)(x)de <] £ (x)ax+[ g(x)ax .
OR
Prove that a bounded function f :[2.b] & R which has only a finite
number of points of discontinuity in [a.b] is Riemann integrable in (2.b]-
(b) State and prove the fundamental theorem of integral calculus.

. , OR
If I_ f(x)dx and L (x)dx both exist and d(x) keeps the same
sign throughout the interval of integration. prove that there existsa
number p lying between the bounds of f such that

[} £(x)0(x) s =[] o(x) e

= COSX

(a) Test the convergence of the integral L T
X

OR

ﬁ

B.A/B.Sc. (PART. -111) MATHEMATICS.201 8/29

Let ¢ be bounded and monotonic in [a.2] and Jet f f(x)dx

be convergent. Then prove that L “1(x)8(x) is convergent.

(b) Show that rim_x

" dx is convergent.

OR
Show that the integral J:I'_l (1 —x)" e

is convergent if m>0. n>0.

5. (a) Define a metric space. Let (X.d) be a metric space and let M be 2

Md(xy)
1+d(xy)
Prove that (X, d*) is also a metric space.

OR
Let (X, d) be a metric space and let A be any subset of X, Let |
denote the interior of A, Prove that
(1) % isan open set.
(i) o isthe largest open set contained in A,
(iii) Ais open if and only if 4 =A.
Prove that a subset of a metric space is closed if and only if ‘ts
complement is open.

positive real number. Let d'(xy)= Vryex

(b)

OR
Define a convergent sequence in a metric space, prove that a convergent
sequence in a metric space is bounded and its limit is unique.

MATHEMATICS (Paper : Third)-2018
(Mechanics)

Time : Three Hours]
Note : Answer all questions.

[Maximum Marks : 50
Each question carries equal marks. Symbols

their usual meaning.
- (a) haSvt:te i;lc principle of virtual work and enumerate the forces that

may be omitted in forming the equation of virtual work giving the
reasons for their omission.
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sl

(b)

OR

A smooth sphere of radius rand weight w rests in a horizongg)
circular hole of radius a. Astring is wrapped once round the sphedre
about the hole and then pulled tight. What must be the tension ip
the string so that it may just raise the sphere ?

\ heavy string of unifor density and thickness is suspended from
SN gi\':n points in the same horizontal plane. A weight, one nth
that of the string. 1s attached (o its lowest point: show that if 0.9
oe the inclinations o the verticle of the tangents at the highest and

the lowest points of the string. tan¢ =(1+n)tan®

OR
Two rods. each of length 2a have their ends united at an angle q .
and are placed in a verticle plane on a sphere of radius r. Prove that

2r
the equilibrium is stable or unstable according as sin @ >o0r < Y
Using vector method. obtain radial and transversc components of
acceleration of'a particle moving in a plane curve.

\ point moves on a curve with constant tangential acceleration so
that the magnitudes of a tangential velocity and the normal

acceleration are in a constant ratio: find the intrinsic equation of the
curve.

If a rod. which always passes through the origin, rotates with
uniform angular velocity . white one end describes the curve

r=a+be", show that the radial acceleration of any point of the

rod is the same at every instant and the radial velocity is the same
at every point at a given instant of time.

OR .
A_point describes a path with an acceleration which is ?l\va)’S
directed towards a fixed point O, and varies dircctly as the @stnngc
from it Initially. it is projected from a point A with a velocity V in
a direction at right angles to OA. find the path of the particle.

4
a
A particle. whose mass is m. is acted upon by a force 'HH("*;‘.\'}

towards the origin. If it starts from rest at a distance a, show that it
n

T

will arrive at the origin in time 4

(@

ﬁ

B.A/B.Se. (PART-111)
OR

MATHEMATICS 2015,

It h be the height due arth’s surta
i S N§

Supposing 1ts attraction constant and H the corresponding height
when the v

to the velocity v at the e

ariation of gravity is taken into account. prove that

h o 2;. where ris the earth’s radius

A body is attached to one end of an inextensible string, and the
other end moves in a verticle line with simple harmonic motion of
amplitude a making n complete oscillations per second. Show that

the string will not remain tight during the motion unless

n’ <[g/(4ar"):|
OR
A particle moving in a straight line is subject to a resistance which
produces the retardation kv?, where v is the velocity and K is a
constant. Show that v and to (the time) are given in terms of's (the

u

A= “’:;/"-“' . where u is
| + ksu u 2

distance) by the equations }" =

the initial velocity.
A heavy particle. hanging vertically trom a fixed point by a hight
incextensible string of length 1, is struck by a horizontal blow which

imparts to it a velocity 2J(g!): prove that the string becomes

2
slack when the particle has risen to a height 3

above the tined

point.

OR
A heavy particle is placed at the highest P"im of 'n sTrToQ\h \f\r::‘:l:
ircle of radius & and is allowed o slide d9\\n starting A
e e ible velocity. If the particle leaves the circular path, find the
:‘x:til:i‘:::m: of th-c parabola subsequently described.
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Part-11) Examination. 2019
Q‘hrn-ym Degree Course |

MATHEMATICS (FIRST PAPER)
(Linear Algebra)

(b)) Show thatacyeloid can be a free path fora particle acted on g cach
point by a constant force parallel 1o the corresponding radiys of the

generating circls, this circle being placed at the vertex

OR

N
Time : Three Hours})

A particle is allowed to fall down the arc of a smooth cycloid

[Maximunr Marks : 50
Note : Attempt all the questions. All questions carry equal marks, Symbols

v hase axis is verticval and vertex upwards. It starts with a negligible . .
= uscd have their usual meaning.

velocity from the highest point. Prove that it will leave the curve,

1. (a)

which it has fallen through half the verticale height of the cycloid.

i,éﬂ‘ ~ Obtain the law of central attraction for which the velocity in a circle

&l any distance is equal to the velocity in falling from infinity to
that distance. —

OR
A particle. subjected to a force producing acceleration p (r o
towards the pole, is projected from the point (a,0) with a velocity
equal to the velocity from infinity at an angle cot” 2 with the initial
line. Show that the equation to the path is r= a(l + 2sin6)

Obtain the differential equation to the path of a particle moving in

2 plane under a central attractive acceleration f. Also, explain the

4TS “apse’ and 'apse lines'

OR |
. . K
A particle describes an ellipse under a force (distancc)z towards

the focus. If it was projected with velocityV from a point distnnti

1 from the centre of force, show that its periodic time is :

27‘[2 pr N
b

+2a) ;

8

Show that the vector space R’ over R is the sum of its

subspaces

WI={(x.y.e)e?‘:x+2y+-:—=0’ and

W= {(A‘- y.=)eR’ :iI = % = ﬂ Is this sum a direct sum ?

Justify your answer

OR
Let I"be a vector space over a field Fand S ={v,. v,....v,} bea
subset of " with each v, # 0(1 <i<n). Prove that S is linearly
dependent over Fifand only if 3k(2 < k <n) such thatisalinear

_combination of V,. Vy,eee V.
/ﬂy)%t Determine the dimension of the subspace I of R' generated by

(@)

S=(1.1,2,0).(1.-1.2.0).(0. 1,2, 1)
OR
For the subspace W= {(xl.xz.x,.x‘)e R' X+, =0 x+x, = 0} of
the vector space R* over R .give a basis of the quotient space R* /W .
Define the Kemel of a linear transtormation. _Lel l’|.and b, be
vector spaces over the same field and T:1, =1, bealineartrans-
formation. Let W be a subspace of I'. Prove that
T-(RW)) = KerT +W.
OR h
nite di i vec aces over the
d V. be finite dimensional vector spaces over
L ¥ \(é a[;‘ -V"—) V.. T,:V, =V, be linear transtormations.
iamceﬁ:’ha.t ;' nITl-V|'—> l}‘ is a lincar transformation and
rov 17N : »
l,a,,k(r o T,y < mintrank(T). rank(T,)}.
2
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(b)  Definc the dual space of a vector space. Iind the dual basis of th :
' c
dual space of R* relative to the ordered basis § = {(1,1,0).(1,2 0)
(L1 hyof k. ®

) OR
l?glmc thu annihilator of a non-empty subset of a vector space. [f
I”is a lnnnlt{ dimensional vector space over a field F and W i.s
subspacc of 1, then prove that : i
dim W+ dim W° - dim V.
where WW° is the annihilator of W,
(a)  Define the row-rank and the column-rank of a matrix. Prove that

for any ficld /- and Ae M, . (F). (row-rank)(A) = (column-
rank)(A).
OR

y(‘c an clementary matrix. Write
[ |

A={2 -2 1 |e M,(R) asa product of elementary matriccs.

0 0 2 e
y]{cﬁnc the row reduced Echelon form of a matrix. Let
P -1 2 0 S
A= 2| ; | —0| 1 e M, (R). Find a non-singular_matrix
= 2 e o

Pe M,(RM@EW_@IM form.
. OR ’

Define adj(A). the adjoint of a matrix A€ M, (F). where Fisa
ficld and prove that A. adj (A) = det (A) 1_= adj(A). A.

%a)

Let'S = {(1. 1. 0). (1. 3. 0). (1. 1. 1)} € R". Use Gram-Schmidt
Process to orthonormalize S.
OR

:;e[ I"be a finite dimensional inner product space and 7' e V.
G that there cxists a unique yel such that
I'(x)<x, v>Vxel,

B.Sc. (Part-11) Mathematics - 2019/ 35

(b) Let F be a field and A€ M,(F). Define the trace of A. If
Be M, (F) is similar to A, then prove that A and B have same
trace. Is the converse true ? Justify your answer.
OR
Let A€ M (C). ProvethatifA is Hermitian, then each eigen value
~of A is real. Is the converse true ? Justify your answer.
2) Let V be a vector space of dimension ne N over a field F. Let
T:V =V be a linear transformation. If 7 has n distinct eigen
values, then prove that T'is diagonalizable. Is the converse truc ?

Justify your answer.

OR

’/Zﬂe M _(R) be a symmetric matrix. Prove that there exists an
orthogonal matrix P € M, (R) such that P'AP is a diagonal matrix.

(b) Prove that every bilinear form on a vector space over R can be
..”/" uniquely expressed as the sum of a symmetric and a skew sym-

metric bilinear forms.

OR
Reduce the equation 2)? + 2z +4y+4 =0 to standard form by
a suitable orthogonal change of variable and identify the surface

represented by it.

MATHEMATICS (Second Paper) - 2019
(Analysis)

2 Marks : 50
:me : Three Hours] [Maximum
Paie A question carries equal maks. Symbols

Note : Attempt all questions. Each
have their usual meaning.

< ..
Za,, be a convergent series of positive real numbers. Show that

n=l

1. (@ Lt

’ 1

1 . fi —=—.
Sy . D>~ Giveacounter example for =75
) n’:' is convergentif P> 3 Givea 5

n=l
OR

‘ rove lhal a ser ¢S Of pOSlll vEé lCdl llUlllelS 1S COlchrgcnl if m\d
/ f its par“al sums 1S bonnded abovc

only if the sequence 0

—‘—
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(b) State and prove the root test for converg

(a)

(b)

pomhals-Lidy ence of series of positive

OR
Test the convergence of following series :

'“(Kj*(li " (135Y
2)\24) *\246) *-
Define an absolutely convergent series. Prove that every absolutely

conve gent SEries 1s conver ent. the converse true ? S
Ver \ g nt 1S h
nvers rue ’/ uppon

OR
Lét {a,} be a decreasing sequence of positive real numbers con-

verging to 0 and let 5, % forall n Show that
; al

Z|(—|)"b,, is convergent.
Is it absolutely convergent ? Support your answer.

Slale and plO\e Dlrl
Chle( S test for conver nce Cric. re
ge ()1 series Of al

OR

efine the Cauchy product of two series. If Za" is absolutely

n=0

convergent and {r,},,, is a sequence converging to 0. show that

. n
limy =0, =
imy, =0, where 7, Zat-’,. « for all non-negative integers n.

—z 27 k=0

3. (a)

Prove that every step function f:[a, b]—»ﬂé is ;oundcd;and

Rlcmann lnteg able on [
T a, b]. lb the converse truc
H SuppOl t yOUI

OR
Let f:[a. 5] > R bea function such that fis Riemann integrable

on [c. b] forall ¢ with a < is Ri i
o] a <c < b. Prove that fis Ricmann integrable

(b)

(a)

(b)

(a)

(b)

B.Sc. (Part-I1) Mathematics - 2019/37

State the second mean value theorem of Riemann integrution. Let
b
f:[a, b} R be a continuous function such that If(x)dx: 0

and f(x)20 forall x in [a, b]. Show that fis identically zero on
[a, b]. ]

OR
Let f:[a, b]> R be a continuous function. Prove that there
exists a differentiable function g :[a, 6] > R such thatg’ =fon
[a, b). Does every Riemann integrable function f :[a, ] >R
has a primitive on [a, b] ? Support your answer.
Define the convergence of improper integrals of second kind and

-ﬂdx.
log x
OR
State and prove the limit comparison test for improper integral

with bounded integrands.
Discuss the convergence and divergence of the iniwcgral

2
test the convergence of L

Ll‘ x"cosec”x dx.

OR
State and prove Abel's test for convergence of improper integrals.
Define a closed set in a metric space. Prove that intersection of
any family of closed sets in @ metric space, is a closed set.

OR
D-fine a limit point of a set iname
limit points of a finite set in a met

that every finite set is closed. ' . ‘ X
Prove that every convergent sequence ina metric space is a Cauchy

sequence. Determine all Cauchy scquences in a discrete metrc

space.

tric space. Prove that the set of
ric space is empty and deduce

OR
ic space and give an example. P

pace is complete.

. rove that
Define a complete metr '
any closed subspace of 8 completc metric S

___—-('—'—’/_’
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MATHEMATICS (Third Paper) - 2019

(Mechanics)

Time : Three Hours) [Maximum Marks : 50

Note : Answer all questions. Each question carries equal marks. Symbols
have their usual meaning.

1. (a)

(b)

2. (a)

(b)

State and prove the principle of virtual work for a system of
coplanar forces acting at different points of a rigid body.
OR

The middle points of the opposite sides of a jointed quadrilateral
are connected by light rods of lengths / and /'. If T.and T be the
tensions in these rods, prove that

1
Z +T_ =0
I
Show that the length of an endless chain which will hang over a
circular pulley of radius a so as to be in contact with two-thirds of
the circumference of the pulley is !

a{;ﬁ_ﬂ
log(2+~3) 3 |
OR

A uniform rod of length / is attached by smooth rings at both ends
10 a parabolic wire, fixed with its axis vertical and vertex down-
wards. and of latus rectum 4a; show that the angle @ which the rod
makes with the horizontal in 1 slanting position of equilibrium is
given l?)' cos’ 0 =2a/l, and that if this position exists it is stable.
A particle is moving in a plane curve. Find components of its

gcceleration along the tangent and the normal to the curve at any
nstant.

OR

A point moves along the arc of a cycloid in such a manner that the
tangent at it rotates with a constant angular velocity. Show that
the acceleration of the moving point is constant in magnitude.

A boat which is rowed with constant velocity U starts from a
point A on the bank of ariver which flows with a constant velocity
V; and it point always towards a point B on the other bank exactly
opposite to A. Find the equation of the path of the boat. If V' = U.
show that the path is a parabola whose focus is B.

OR

3.

(a)

(b)

(@)

N

B.Sc. (Part-II) Mathematics - 2019 / 39
[fthe radial and transverse velocities of a point are always propor-
tional to each other and this holds for acceleration also, prove that
its velocity will vary as some power of the radius vector.
Ifin asimple harmonic motion u, v, w be the velocities at distances
a. b, c from a fixed point on the straight line which is not the centre
of force, show that period T is given by the equation

”2 V2 )Vz
2
Arx

—(b-cXc—-a)a-b)=|a b c|
1 1 1
OR

4
a
A particle, whose mass is m, is acted upon by a force nw[x + ?j
towards the origin. If it starts from rest at a distance a, show that

it will arrive at the origin in time n/(4\/;).

A particle falls under gravity (supposed constant) in a resisting
medium whose resistance varies as the square of the velocity. Find
the motion if the particle starts from rest.
OR

A spherical raindrop, falling freely, receives in each instant an
increase of volume equal to A times its surface at that instant. Find
the velocity at the end of time ¢, and the distance fallen through in
that time.

A particle is free to move on a smooth vertical circular wire of
radius r. It is projected from the lowest point with velocity just
sufficient to carry it to the highest point. Show that the reaction

between the particle and the wire is zero after a time.

[Eroe5-6),

OR
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B.AUB.S¢.(Part:Il) Examination 202223

MATHEMATICS

A particle moves under gravity ina vertical circle, sliding down the
convex side of a smooth circular arc. If its initial velocity is that dye

to a fall to the starting point from a height /1 above the centre, shqy,

. 2
that it will fly ofT the circle when at a height —3~h above the —

(FIRST PAPER) ( Linear Algebra)

(b) A heavy particle Sl.idCS.dO‘V“ a smooth cycloid starting from rest ~ Time Allowed : Three hours] [Maximum Marks : 50
at the cusp. lh'c axis being vertical 'and VEItex downwards. Prove ~ Note : Attempt all questions. Marks allotted to cach question are indicated
that the magmtudg of the acceleration of the particle is equal tog = againstit.
at every point of its path. . : . ;

OR I.(a) Define a maximal lincarly independent subset of a veclor space over a
A particle is moving on a smooth curve under gravity and its field. If S = {a L P an} is asubsctofa veclqr spac?Vovcruﬁc}d
velocity varics as the distance (measured along the arc) fromi fhe F. the‘n Provc lh_al the following statements arc equivalent:
highest point. Prove that the curve must be a cycloid. :$ 's‘ lmcarl)( lndepcndcnl.and SigenerlEs Vs -
5. (a) Prove that in every central orbit. the sectorial area traced out by Il : S is a maximal linearly independent subset of V. [1+2+2=5]
the radius vector to the centre of force increases uniformly per . OR
unit of time, and the linear velocity various inversely as the per- . - (@) Defingabasisofa vector space. Let W = {(x.y.O) : X'-VGR} beasubspmlc
pendicular from the centre upon the tangent to the path. | of R(R) and a subspace W, of R* (R) be generated by {(1.23).(1.-L D)
OR Then find a basis of #; N#,. [1+4=5]
A particle moves in an ellipse under a force which is always di- | (b")Find a basis of the subspace.
rected towards its focus; find the law of force, and the velocity at | W = ((x,, X, X, X0 X)) ¢ RS 15+ X+ X+ x,+ x,=0] of the vector spacc
any point of its path. - 5
. R® (R). Also find a subspace W, of R*(R) such that R™ =W, ©W,.
. ) __mu

(b) A particle moves under a central repulsive for?e, {— ( distancc)’}’ 2 % 42 yz -5)
and is projected from an apse at a distance a with velocity V. Show OR
that the equation to the path is rcos pf = g, and that the angle ¢

") (i) Find th ation of the
described in time ¢ is (") (i) Find the equ

' \ coset W + (¢, B,y) Where
lta"_l (_pﬁt\ where p2= EZ—VZJ W= {(xly, 0):x, ye R} is a subspace R* (R).
P a )’ avt

(ii) If Wis a subspace of a finite dimensional vector space V over the ficld
OR '

of residuc-classes modulo 5 such that dim V =5, dim W=2, find the total
A particle moves in a curve under a central attraction so that its

o
number of cosets of Win V. | l l[ _l]d

. . : i i i ‘ H H H . ~ ; Q" ~

velocity at any point is equal to that in a circle at the same distance 2.(a) Let V. and V, be two inite dimensional vector spaces over ‘lc N?c g
e e : et . T ) a linee formation. Prove that 7 1s an
it er the same attraction; shm:v that the: l'aw,of ‘f"’ is tha Fand T:V,—> V, bea lincar trans e ) e
.~ oy isomorphismif and onlyif givenan ordercd basis S = {2, 2. 3 ;

= i rdbmd aASIN of V‘. L l
T S l (a ). I (a.:) ......... T (a“)} 1S an orde b. 3 )
( ) ( |
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(2') Define the kernel of a Iinear transformation between (wo vector spaces
over the same field. Grve an example of two distinct linear transformationg
from P*1o R* which have the same kernel and image. [|+4=5]

by Define the anmhilator of a non-empty subset of a vector space. If Wis
suhspace of R* (R) spanned by (1.2.-3.4),(0. 1.4,-1)}, find a basis of

» the anmuhilator of W. [1+4=5)
(h') Define the transpose of a hinear transformation and prove that the fank of

the transpose of a lmear transformation is equal to the rank of the [inear ~

transformation. [1+4=5]
3.(2) (1) Suppose that A and B are idempotent matrices of the same order such
that /4A+B)isnvertible. Then prove that A and B have the same rank.[2]
(1) Define trace of a square matrix. If A and B are mxn and nxm
matnces respectively over a field, then prove that A.B And B.A have the

same trace. [1+2=3]
P OR .
(@) Let W be he subspace of Mn (R) consisting of skew-symmetric matrices.
Determine z basis of W. ’ ' [5]

(h) Let Vbe the real vector space of all the polynomials in x of degree
at most 3. Let D denotes the differential operator on V. If A and B are
the matrices of D relative to the ordered bases X= {1, 1+x, 1+x°,
l+x’} and Y= {1, x, x*, x*} respectively, then find the matrix C such
that A = C.B.C’ [5]

A OR

Find the value of k for which the system of linear equations.
— ke+y+z=lx+ky+z=kx+y+hkz=Fk

over the field of real numbers does not have a solution. [51
4.(a) State Cauchy-Schwarz's inequality in an inner product space.

Using this -inequality find the maximum value of x+2y+J3z on
142)24-32?: [1+4=5]
Act A be a diagonalizable real matrix of order n x n having 0O and I as its
only cigenvalues. If the null space of A has dimension r, prove that:
. 1) The characteristic polynomial of Ais 2" (1-1)""" (2]

(1) The trace and determinant of A are n-r and 0, respectively. (2]

(111) the rank A is n-r.

) Define adjoint T# of a linear transformation T on an inner product space

;‘f‘ >). Find the adjoint of the linear transformation
“C s cPgiven by T [(x,y.z)]= (x + iy-z, ix-y+z, x+y+iZ)

7y, C3' (1+4=5]
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OR
(b) Let Wbe the subspace of the standard real inner product space R spanned

by {(1,2, 1.-1). (2.1,1,-D)}. o
Letx=(32LD) . g*- ine the orthogonal projection of x on Ww.[5]
5.(a) Prove that the union of two subspaces of a vector space is a subspaccjo{
the vector spacg/if and only if one is contained in the other. (5]

OR

pPT: R3 - Rsisdeﬁncd by

]
n(a) Ifa

3
1f(x,y.2)] = (r+220) ¥ (xr2) € R
3 5
such that Tz(v) # (0,0,0');‘; e R’ . then prove that
(i) Tisalinear transformation.
: . ,
(ii) S=(v,T(v),'I'3(v)}lsaba_s.sofR. / /
i VoV s2=59)
i trix of Trelative to S. [ /3 A
Also olﬁm the matrix A e

sing Gram-Schmidt orthonormalization proces 3
ordered basis. {(o,l,l),(l,o,l),(cl),iio)} of R*(R)

of a Hermitian matrix are all real. :

an matrix corresponding 10

3]

values -
ectors of a Hermiti

of the matrix are orthogonal.
APER), 2022-23

(b') (i) Prove that eigen
(ii) Prove that eigenVv
distinct eigenvalues

MATHEMA”HCS (SECOND P

(Analysis) __

:me : Three hours] ‘ . - i
':llxl)l:: . Attemptall questions. Each question carmes eq marks.
ir usual meaning. ' )
t:“(aa) State and prove Raabe's test for the con

terms. OR |
1 the convergence of the sencs-

crgm ofa series of wsiljvc

State Logarithmic 5t 2741%

3.3
x 2212,,2,’—-+.,.....,1>0'
1+F+T 3!
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oxc
(b) Test the conv i X
convergence of series = 49, where.
n=1
# =
n- - n
) an= —x x>0
n-+1
N P % | 1.
() a=(n*+1)"?-n
OR

State and prove Cauchy's
Y's root test
positive terms. for the conve
2.(a) Define an absolute}
Yy convergent and condifi
that the series. bridlce

rgence of a serjes of

nvergent series. Show

converges absolple]y forall values of x.
OR
Let 3
t2b
n=1 0 be are-arrangement of series X a_-
n

l1=|‘?

of positive terms whj -
ch converges to =4} >

¢ Then prove that % b
o n also

2

cony crgesto L.
(b) State Abel S Or ¢
test f onverge C I € conver ence of the
gen eofasenes. est th Ci 8

)
series. n>=:2 ("3"'])]/3—)1
logn
OR
Show thay EJ (.])nmco ‘.
n=} on By s Nx is convergent for all real values of x.

TR
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3.(a) Prove that if f and g are two bounded and Riemann integrable functions

on [a.b), then (f+g) is also Riemann integrablc on [a. b]. and
b b b
j f+g(.r)dx=j f(x)dx+j g (x)dx /
a a a a
OR
Prove that if f is bounded and Riemann integrable on [a, b] then ff" is also
bounded and Riemann integrable on [a, b] and

b b
j f (x)dx| sj If (x)]dx

(b) Let function f be bounded and Riemann integrable on
antiderivative of f on [a.b] then prove that

[a.b] if @ 1san

b
L f(x)dr = (b) - ¢(a)

Let f be Riemann integrable on [a, b] and m and M be real numbers such

that m< f(x) < M forall xin [a, b]. Prove that.
b
m(b—a)sI f(x)dx <M(b-2a)
a

4 (a) Test the convergence of the following integrals.

jm . d Il/d l d‘

. —_—aX .e >

O . @ Jo Janx
OR

Let ¢ be bounded and monotonic in [a,@ [ and @ (x) tends to 0 as

t
X ooandj f (x) dx be bounded for all t>a Prove that
a

f (x) ¢ (x) dx converges.
a

(b) State comparison test for the convergence of improper intcgrals. Show

b dx
that j 7 converges if and only if n<l.
9 (x+a)
OR

1 dx 7
Test the convergence of the integral jo \[;(—l———.:
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S.(a) Shov i i
v that the following scries is convergent
the other .'.'.."d Bis

(¢) A string of length [ is attached to a fixed point A. 2nd

2 -1 \ -2 B '

gj B 2 . 3 B 3 . 44- ‘ i 3 3ul.leg WItha(‘ora- Wa inclined at an angle & to the horzon. W hemg the

( 1 2 2 33 g R cight per unit length of the string. Show that the vertical distznce of A
above Bis.

(0
Test thc convergence of the serie:,l \f(l2 +a2 +2lasina)-a
| 1 1 2.(a) A point maves in a straight line towards a centre of force p /(dist==ee

starting from rest at a distance a from the centre of force: show that tr

om the centre of force 1s

1
———+..forp>0
- time of reaching a point distant b fr

L I
P 2p 3p 4p

2.2 [

H“ (a b )}/\/;} and that is velocity then is |

mass m is attached to the end of an elast
0. The particle is let fall from
that. if

1
(b) Compute I f(x)d o1
x) dx, whe = | /
-1 re f(x) lxl '\/;\(dz-bz) 1 b
OR )
(b) A heavy particle of ¢ string of
natural length £, whose other end is fixed at

2 X lan_l x
' y! rest at O. Show that the part of the motion is simple harmonic. and

Show that I —— 7 dx
0 ! is di
a0+ x4)/ ivergent.
0 (0<9<£ |

the greatest depth of the particle below O is / cot (;J \ > ) then

M
ATHEMATICS (THIRD PAPER), 2022-23

(Mechani 1
Time : Thr lcs) the modulus of elasticity is 5 M8 tan> 0 -
e : Three hours] 2
Note Answer all QUestions selectin, [Maximum Marks : 50 (c) Ifhbethe height dueto the velocity vat the earth's surface supposing its
question carries equal marks. Sy mbo% any two parts from each question. Each attraction constant and H the corresponding height when the variation of
1.(a) What do you understaj d sheyelisirusual mesning ravity is taken into account, prove that.
nd by a common catenary? Explain. For a co! &
. mmon i F 1 . .
_ _ = —,whereristhe earth's radius.

h H r
3.(a) A particle moves along a circle r = 24 cos @ in such a way that its
acceleration towards the origin is always zero. Show that its transversal

aries as the fifth power of cosec 0.
constant acceleration inclined

catenary, prove that s= csinh =
c

(b) If a chain is su pe de Wi evel, and th
1 spended from two points B,Con the same |
’ c v
:lCCeICl ation

depth of i .
pth of the middle point below BC is - , where 2/ is the length i i icle havi
chain, show that th ; n gth of the (b) Acurveis described by a particle having 2
at the horizontal span BC is equal to at aconstant angle to the tangent; find the curve.
© A body rotates with uniform angular acceleration a - If ©is the angular
body has turmed through an anglc 0 fromrest. show

velocity when the

that (1)2 =2a0.




