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Infinite Scries: - N
An expression of the forma, ta, 1.1y

Lo n

) : . : s WD

sive terms are formed according o some definite 'I‘n\\ is call ohl
. ¢

M), ) 3
Yo series 2L 9% and }v",n s convergent uid converges to 5 and % resm

d HE
Sy et vy

serie and itis denoted by :“., or E"n . ‘ G
nel tively, then 2_;“., ’Z",. s also convergent converges to €+
n® partial sum of a series: - ’ mheod
The sum ol firstn terms ofan infinite series iy ¢
the series and itis denotd by S
i.e YT T L e fa.

Convergentinfinite series: -

alled
led 0™ pargir |

4

Sty (M) T cach term of a convegent sequence

o is multiplied by 4 real number

i

<
K then sum of series is equal (o k times the sum of serics 2,0
fi=l

p—y
An infinite series 2% is convergent if sequence ol it's n pypr S
S S,
sum is convergent, ie. limitof sequence n" partial sum is finite ang unique g i
that limit is called the sum of the scrics. ’
Note: - then Zk.u,, = k.S
. n=|

I J”]l S, = 8. then sum of series is S. Cauchy’s General principal of convergent of an infinite series: -

Divergent Series: - ‘ The serics Z 4, s convergent iff for any ¢ > 0 there exists a positive
n=l

o
An infinite series 2% is divergent ifl' sequence ol it’s n™ par integer N such that -

e S IS,- S,/ <€, foralln>m>N.
sum is divergent, i.c. limit - _ ort fa, i F e raj<g forn>m>N.
limS, = +w 'or' - ‘ Comparison Theorem: -

. n-sr 2 C et Y DL be any series of
Oscillatory series of an infinite series: - ) Ir 3", is convergent series of positive terms and 2,0 be any sc
n=|

positive terms such that b, ska, Vn k>0.

An infinite series Z“u is oscillatory iff sequence of it’s ™ parti

n=l

= . o)
sum is oscillatory. ] Z ; ONVerpe
lintoy then series 2. D is also convergent.
' n=l

" n
eg (1) isan oscillatory series, i - N
Z b, beany series of positive terms Suc

) 3 i
N a. e divereent series and
Note:. (i) If ; n isdivergentse o
~ Aninfinite series of the positive term is either convergent or divet hat '
gent it can never oscillate, vn, k>0
Propertie of infinite series; - by 2lidas Ve
(‘l) Addition or removal of finite number of terms in an infinite series does no E
change the nature of series. then Z b, is also divergent.
. (__For more detalls Visit Us At - www.winsomepublicationin | " : =2
o & C Shop Online_at www. winsomecollection.co.in
op On s
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C - e
omparision Test (Practical Comparision Theorem): -

1et }_“

n={

nel

.
lim -2 =
n-de h

n

(I) f] ( is finite and non zero then cither noth series
() I ¢ = 0 then test fails,
Cauchy’s n* root test: -

{
. then

.
Ifseries 2_a, bea sel

n=]
then
x®

(i) Series 234 is convergentif (< 1.
n=}

(ii) Series Zau isdivergentif (> 1. g
n=1
_ (iii) Test fails if £=1.
D’Alembert ratio test: -

If sertes Z 8 be a series of positive terms such that

n=]

then series z 4, is-
n=] -

() Convérgent if£<1.

(ii) Divergentif { > 1.

(iii) Test failsif £ = 1.

Note: -

D’Alembert ratio test can also be stated as - If series Zan be a (iii) Test fails if ¢ = 1.

series of positive terms such that -

o

2

li =t e S
“"r’x’]"?nn , then series %i‘u is -
(i) Convergentif £> 1.
(ii) Divergentif £ <1.

(iii) Test failsif ¢ = 1.

* Main gy

. A
wand 2% be the two series of POSItive termg sugl
ICh
[

are convergent or dive

. P ~ Jad . 1 ’/
ries of positive terms such that lim (au) 4
0

"h” |
B Sc 11 Year - Matin 1t - Unit | - 4

Comparision of ratio: -

I 2,4 and Lh,‘ be the twa series of positive terms such that

nel nel

i b

n qpveed ; S8 ‘ P e .
= Y mo s fixed positive integer) then
I‘U('h nel ntl

7 ’
(i) Scries Z“n is convergent if Z by is convrgent.

n=l n=l

1l

’ r £
(ii) Serics an is divergent if Zan is divergent.
n=|

n=|

Raabe’s Test: - If series Zan be series of positive terms such that

n=|
. [ a
lim n(—"—-—l}
n—-« an4

(i) Convergentif £ > 1.

(ii) Divergentif { <1.

(1ii) Test fails if ¢ =1.
= Logarthmic test: -

=L then Zan is -

n=l

an+1

lim
n
n

»n a
- > n_ _
Let 2.2 beaseries of positive terms such that l’_‘g“ log 2 =L,

n=|
N

then -

-
Z a, isconvergentif (> 1.

n=|

(i) Series

(i) Series Zan is divergentif ( <1.
=, n=l .

n=]

De-Morgan’s and Bertrand’s test: -

L]
If Zan be a series of positive terms such that
. = »

lim

n—< a

{n[—aﬂ—— l)— l}loge n={ then series nZﬂan is -

n-l

)

i) Convergentif (> 1. . .
() Convere insomecollection.co.in

' (__For more details Visit Us At - www.winsomepubjicauon.inj
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o

i

{th) y faedy | BS o v{"‘r"-"lffh“-[A‘»yl'/\
Highe togarihumbe testt» wlalnie|
: o Hence By Cauchy's 0" root rest serfes i5 convergent
v NV he o seoes ol positive  terms such, 3 '
e X X
nad LTt [y b
( ) 2 ] » " (1 3 1/} ....... ‘”
a \ Ny ymitting st 1o (e
v kg, 2 -1 kg = €, then series 2, A s Omitting firstterm we get -
. N . nal .
\ 1 ) s
a9 mxay X X
D Coamversentd 1 ‘ln L i st SR oo "
{oamergemad i . s 2 3 n e i)
(i) Divergent it { < 1.
i) Test fls i { = 1 A B x? ¥ ‘ X" g™
: and Aoy =X —F b b o
2 3 n (n+l) 1))

Cauchy s condensation test: -
11'¢ be a function such that -
i) ¢(n) is positive for all positive integers n.

s R (A7 NO“’ an =—X =——: = =
{i1) The sequence {¢(n)} is non increasing then the two series Zl:d) an ay, n o x™ x X =
n=

S ataf t‘ . an :l

2.27¢(2" ) are both divergent or convergent, where ‘a’ is a positive integ, MRy X

n=l !

greater than 1. ; , . P L

Hence By D Alcmben Ratio test series (i) is convergent if —>1 orx<1and
X

1
Q1. Whendo we say that an infinite series Z 3, converges and has the dwergent i< Vorx> Land est s ~ =1 fe.x= L.
n=1 &

sum S? : . o) Nowputx= 1 in eq.(ii) we get
o ~ 1
Ans.  An infinite series Zan is convergent if sequence of its n" partiy) &= 1 '

n=|
sum is convergent i.e. limit of sequence of the n partial sum is finite ang

unique 1
que and that limits is called the sum of series. Lima, =Lim—=0, Hence convergent.

Bt n-x

Q2. Testthe convergence of the serjes Hence given series (i) is convergent it X <1 and divergent ifx> 1.

. ya_\* 2 3
(i) E (n l) (i) 1+x+ —’-;-+ 3‘3—+ (x > 0) - (2011) QJ3.  Ifaninfinite series of positive terms Zu“ is a convergent series;
2 ' then prove that Limu, =0,

Ans.(i) Z(nlln_l)" (.) n—»c :

n= 7 s 1 n

1
Leta, ‘“(ﬂ"" Iy Deduce that the series Z(n) diverges. (2012)
- n=1
In o 1 r
Heace le( o) = {,‘_’,T(n e l) =L '["(nl/" )-Liml Ans.  Letseries Y u, is convergent.
- e equence of its n® partial sum i.e. S_ is also convergent.
(_For more detail ™ : i Therefore sequence of its n® partial sum i.e. S
: lls Visit Us At - www.winsome Publication,in C Shop Online at www.winsomecollection.co.in 3
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i 1 . [T
l< "f” S, = N{finite) v T g, )
Since N =y ey < ()
theretore \L X’n l-[ T .tl"
u 4'\.‘\.‘ "
43‘ mu, !,‘:!"\°' v‘lx’uj\' [28-8=0
Henee | mu, =0
o X[
weiNL (2)
:{.l\l n ) 1
Let Uy \n} h(n)'"
Limu, =Lim———=1=20
n— n—ux(n) n )
Hence given series (1) is divergent.
Q4. If a >0, B >0, then test the convregence of the series:
Lt (u+l)(2u+l)+(a+1)(2a+1)(3u+1)
B+1 ([3+1)(z[3+1) (B+1)(2p+1)(38+1) (2012)
Ans. Here we have -
, =(a+l)(2a+l) ........ {(n-1)a+1} .
"I BB (DB T ®
(a+1)(20 +1).......{(n-1)a+1}(no+1)
u =
and et TR (2B 1) (- 1)B+ 1} (0B +1)
B+l
Lim e = Lim ML im0 B
D IO e no+1 n—rna+_l_

n

Hence By ratio test, the given serics converges if - >1 j.e. p>a and diverges

fE<l i.e. p<aandtest failsif p/a=1ie iff=a.

(" For more details Visit Us At - www.wmsomepubllcatlon in )

2 e Y CMath - Unat £ B
When [§ oo, then fromeg I}
u =l
S0 hlil u, =10, showing that serics 15 diverges when f=a.
pesif pLa.

[has the given serfes is converges ir > o and diver

t. to show that the series

)4 Use Cauchy's condensation tes

- 1
aorn(logs |)

 converges forp>1 and divergesif p< 1. (2012)

|
» ,then

)= iogn?

Sol. Case(I)- Let
(i) ¢(n)>0

(ii) 16(n)} is monotonically decreasing.
[.ct a>0bean integer.

Therefore by Cauchy’s condensation test series Y(ﬁ( ) and

Zﬂ"tb(ﬂ") is either both convergent or divergent.

1

Y ae(a")=Xa" =5

Since (lO" a )P nP (log a )P
< 1 1
zan¢(an)=( ba)p Z;F
= }:d"'b(a") is convergent if p > 1 and divergent if p<1.

Therefore By Cauchy condensation test 2¢(n) is convergent if p> 1 and

divergentif 0< p<l.
Case (ii)-1f p<0
1

S
ut n(logn)’

= |-

1 ‘
Therefore Zd)(n) is divergent, since Z; is divergent.

Show that the series

Q.6.
Shop Online at www.winsomecollection.co.in
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fF AT st
ll‘ s! i o4 | ¥ suienn
3l el 240
converges if p > 2 and diverges itps2. (201 I
Sol.  Omitting the Hirstterm )
(1.3.5... ‘n-~l)\‘P
g =| e
(R KN 2n)
Mass n»l)(’nﬂ)
n y = ___,——————————‘——_"-
i L 2.4.6.....(20)(2n+2)
I\
a3 3P 2+
Lim—a—“——=Lim(”n+') = Lim =1
nmr Qg A 2n+l n-ox 2+l
: n
Thergfore D' Alembert ratio test fails.
By Logarthmic ratio test.

. m+2Y . | 2
lenloa =L1mnlog[ l ) =L1m,n‘plog(2n+f‘
nox a,, " 2n+1 now - 2n+1

1+1 ) 1 1
—Llrnpn log —lepn{log(H ) log(1+—j
n—->» 21'1
1+—
2n '
: 1 1 1
=L1mpn{l+——2+ ........ el =+ ]=B
=" |0 2n 2n 2.4n° 2

Therefore by logarthmic test series is convergent if % >1or p>2 and diver-
P
gem]f—2-<lorp<2.

And test fails if p=2
Therefore By higher logarthmic test

~1|log,n=Lim2 nlog(2n+2]-1 log. n
N 2n+l1

(" For more details Visit Us At - www.winsomepublication.in )

n—x

Lim \:n log

dn+l

_ then Z

¢ - Math Il -
!
lnm""

"

L ok

(
nlog
-

‘ I
= Lim 2 nlob(l»l}—nl();(hm‘—l {log, n
fl { ]

nerr n/

J.mz,{._;; L
n-»« Zn 3[1

..... :!100 n=—x<l

Hence by Higher logarthmic test series is divergent. Hence series is converse
if p> 2 and diverges if p<2.

Q.7.  Prove that the infinite series = +.L + - Fovereee ¥ i‘v' B
1P 2P 3P nP
is convergent if p>1,and divergentifp < 1. (2013)

Other Related Questions -

Q. - Provethat the series Zl;lp‘ is diverges if <o<p<1.  (2011)
Q. ) Prove that the series " .
; : -
a=1l
is convergent for p> 1 and divergent for p<1 (2018)
1 1 1 1 1
Ans. T"_ + —z—p + ;)— S T + ;; Finssssisarn = -

Now groupmg the terms of series -
1 1(1'1)(\ L, l)
P P sl i By
LA LI 4P 5P 6P 7*
: (l 1 th )
H =t ..Stay 8™ term |+

g o°

Shop Online_at www. winsomecollection.co.in

@ =

(3 scanned with OKEN Scanner

tinn [ - 10




B.Sc. 1" Year - Maip |

AN AR _'_+L)
<F+(Tv’57 FENVCR
| 1 th )
s tay 8" term |+
+[ +8p+ stay

L 1, LY, ;)Z
FONTAP IO RO

The scries on R.H.S. of eq.(i) is a conversent geometric sg,-,esk

1
cause common ratio is > Y ——<1 therefore by comparision test series Z\

convergent.
Case(Il)Ifp=1

1 1 1 1
then series Z——Z—'H— -—+-E+—+—+—+—a-,.._ Ans.

5 6
Grouping these terms -

] | (1 1) (1 111
— =l = [ ==+
P 2 3 4 56 7 8

-1—>l+-l-+(-l—+l)+(l+ : + = : +l¢ \-

n? 2 \4 4 8§ 8 8 8 of
1 1 1 1
Y= lt—t—t—Fn
n? 2 22
Leta, be the n term of series on R.H.S. of eq(2)und & = |
Iimull 1:0

B

Henee series on RUHLS S.ofeq.(2 llsdl\\rgxnl

By comparison theorem series > = is also divergent,
~4 g

Case (iil) ifp<1-
11

_— -

n® n

% Soayl

n® n

Um[l
i B.Sc. I Year - Math Il - Unit I -

Serics on R.ILS. of eq. (3) is divergent therefore by LompdllSlon
; I o
theorem series ZF is also divergent.
Q8.  Testthe convergence of the following series:

L 52,2 3.3 444

g+ XX IX AN ,forx>0 (2011, 17)

2t 3 A
(1) Other Related Questions -
Q. ~ Testthe convergence of the infinite series
3.3 444

X+ Y 3; +44T ........... (2013)

Q. State Raabe’s test for the convergence of a series of positive real
' m) —
numbers. Test the convergence of Z forx>0. (2015)
n=1
| Raabe’ s_Tesl. -
8 e
If series 2.3nbe a series_ of positive terms, then

n=]

a, . B
N ') =L then series Zﬂn

Limn(

n=7 \8ne i=1
(i) convergentif £> 1

(ii) divergentif £ <1

(iii) and test fails if { = 1

The given series is

5
i) 22x 3 4ty
X+ Y + 3 + T Fsovniaine forx=>0
n_n (n?l)“| nel
. a, = anda_,, = ~————— ;
!lg'r\. a avl (ne1): ’ |
5.1 (“*l)n'l-""’l n!
R - s
flence a, (n+1)! 0o X
_("’I’ml _(""l)“x_[l*l)nx
(n+1)n®" n" n
et 3)

(__For more details Visit Us At~ www.winsomepublication.in ) =
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n
R | e 18 1 \"
) Lim Bl timlre -] v=en since Lim| 14 L
So ul.. \ nods n
o .

neys

: Y
Henee by firstratio test we have

2.0 is convergentife.x < 1op x « 1
n=l i

|

l . . . . ()
series ) a, jsdivergentifex>lor X > : Alsotestis failsife.x =
n=\

1
==
¢
a, . n" 1 .
Since- ° ana = (n+l)" X e (ii)
Putx = 1/e in eq.(ii) we get &
- n n A ..
Ao - n-e=(—n ) £ .
G (n+l) n+l :
Now apply logarthmic test for x = 1/e we have _
_ o Since putting
: a, .. n.\- )
L a'q+l
= Limhlog ¢
now 1 B
()
n
Since applying
=Limn| loge~nlog 1L logT—:logm—logn
n—» . n n
and logm" =nlogm
l Since using-expansion
=Limn[loge—n(—— : +L .......
no» n 2n?

oflog(]+l)
n

=Lim[l—l+L—L+....]
©onow ©2n 3n?

['Since logce=1]
C For more details \{isit Us At - www.winsomepublication.in

\
0 ‘\‘\
¢ 1\[1,‘

1 suchy, ) . 3,
th Hence by logarthmic test series §

@O
: %4, is divergentif 1I/x<lorx>1.

i{' L 5
'_‘!,‘_I:I:" n I’

|
= — L l ’
2
hdivm’y,‘;ul | Rl

N
: d‘vcrécﬂ.
Hence series (1) is convergent irx <1and

Q.9

eries’
Testthe convergence of the following %

6912 4
336 369 . ’3"‘“3'?8" +
Trgxt 71013 71013

X2+
7 1710

The series is given as -

3 3.6 ) 3.69 3 3.6.9.12 4
1+ =x4+—x"

X +__—-———X A ieeen X - f)
7 1710 7.10.13 7.10.13.16
Dmitting the firt term, we get the n® term

Ans.

3.69.12......... 3n

n

Ay =

3.69.12.......3n(3n+3)
7.10.13.16....(3n +4)(3n +7)

a, =(3n+7\}1_
?o - S 3n+3)x

* Lim-22 = Lim G“”)l e
mowa s \3n+3 ) x

X

n+l1
X

N
Therefore by first ratio test, we get Ean is convergentif 1/x>1 orx<1 and
n=l

=1
he test fails whenx = 1.

low we apply Raabe’s test whenx = 1.

: a, 3n+7
Nhenx=1,then 7

A B 3n+3
: a, —1=3n+7—1= 4
An4 3n+3 3n+3
Shop Online at www.winsomecollection.co.in
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IESC 1 Yoy M, 0
Pa, o) dn Ly B s 11 fear - Math 1 - Uit [ 16
So LF Dt k- , |
a Poln+d ’ Z il i
e . uy is also {
i rtan 2V is divergent then n |
) amparision theorem il series 24 g - a=l
Limn| - 1\ A0 By comparkst nel
) avs (8 )3 \cuu-m(NL‘E'““"’-"I'N tatmail
Heno “\! be \ \ ) Wy, ks VIICN:.-
ence By Raabe'stest 2, isconvergent irN=1. Iluucxcuuu) paf == < (+8
i ¢ v
gealil y <1 and divergentif x> 1. iy, i -
.‘ +g
> SETER,
- - ' ' ' wn>Nk= (+£>0
f ] I <k'v o I
Q.10.  Let Z“n and Z‘n be two series of posilivc terms (
e n=l sucl, u,cglttl!ll!,l N- tt.rm we ge
u, <k'v, Yn

Lim—"={ yr¢i 2 STy ¢ ,
is finite and non-zero then prov . ' 2 u, i tif 2. VYa isconver-
aow V k prove that the two Series, By comparison theorem series £« Tr is convergen ré
. =

cither both convergent or both divergent. Test convergence of g, :nt
[Jthe
- -,ﬂ

2"
f . _ ta =———
=1V4" +1 . (20‘40 a, 1

Ans. Let Z“n and Z‘ be two series of positive term such then a, = =

n=] =] n
" . ! o2 J(H—l—) ‘JH_‘T
. 3 - 41’\

Lim2e = ¢
n—o V . . 1
Case (i) If £ 20 _ ke bn= =

Choose £>0as 0 <e </, then for above & >03a positive mtegen
suqh that Z Z— is divergent.

u, - ' o

" _(l<eg, Yn>N ' . Limb_=_l_=l=1

\A nd . noee by 11

: ; g ’1 +—
. 4n

(-e<2m<rtg, Yn>N ‘

= v, VAR hich is finite and non zero.
& w0
u . . . .
- (@Ifl-e< -;"—, VneN:- » .. By comparision test nzﬂan is divergent.
n
= (l’ - e) v, <u,, Vn>N 111.  Test convergence of series.
S u > kv, Vn>N , 22, 224 o 246 et
—X + + X+ crvennaes x>0 2014
k=f-e>0 : . X *3a" T3a56 345678 (x20) @0

(" For more details Visit Us At - www.winsomepublication.in Shop Online_at www.winsomecollection.co.in )
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2422
) Rt I (e
4 -

3 2’4
5.5
2456078 e

) 4
\n“ \ & \ $ o o X
1d 1450
We can write n® term of given series as

N

Pl ()
d, =
" 456,78 (20-1)(2042)°

2N+l

{(omitting first term)

R e
T 3456780 (20 43)(2044)

Insy

(2n+3)(2n+4)

(2n+2)' 2

a
= a

n

n+l

Hence given series i o]
esis convergent if —>1 2
gent if 2 1 orx <land iy,

1
1
= <lorx>| andtestfailsif—'x2 =lorx=1.

Putx?= 1 ineq’(1) weget

iﬂ:M
A4l (2n+2)2
a 6

And a—"-1=L82

. n+l (2n+2)

And n(a—"—)=“(6“+8)
Anel (2n+2)2

Limn| 2o _y|oy:. 6+8/n |
= n[a l]—le—“=§_>

n+l

™
“ ’ B H Year - Meth - Uit |- 14
ries is convergent when x = 1.
" i lence phven geries 15 CONVETE ntwher
“ o i v . L ’
| Loeries s convergent if x° <] and divergent 1TX°7 I
flenee®
0.12 fest convergence of series.
' -1 -1 ‘4 -) ‘
22 y_3 + 4 2 #ae (2014)
2A | =-= ;
Pl P 2 3 3
: erpence of series
ANS. Now we have to check the converge

...... . -n
"'-fi| n+l LA |
Here &~ (T) n

Therefore _"
""""" fi ptl ) p+ll® = |+—) 1+= " n/
L (s fiih = ’

n n

-l
Lim(an )”n =(c—1) <1

so n—os '
e oo
Therefore by Cauchy root test, serics 15 conver g€t

Test convergence of series
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1Q.13.
. ! L (i)
1+ 1+-+7 .
XHX THX 23 A (x>0)
Other Related Questions -
‘ , ’ 5 '§ i
© h-z',w.,.»r” (%) ( (iky
Q. Test the convergence of the series 2:1 X
n-
Ans.  n®termofthe series
C 1! Ll i
x+x‘+E +xl+2+3 +xl+2+3 8 dorerrienirns %0
is given by
11
I+;+§+,. -
an =X - n
11 1 1
l4=+==+ e
an,‘,l =X 2 n n+l
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Now ) Pwe

a,
Lim —" = |
Ll i TR

So ratio test fails.

[ a, |
Again \“lllk T‘“} = ——log—

n+l

n ‘\‘S ) ‘] :__n_.logl
/) n+l Tx

n

S

“““h I

Limn Iog( | Lim—l—log 1 = logl
N . {]“*l n—=x (1 + l_) X X

So by logarthmic test the series is convegent if

1 1 .
log—>1or —>e or x<l
X X e

: ! '
and divergent if log—<1 or 1—<e‘ or x>]
X X - e

1.
Test fails if x =—, 1-<!-10gl =1
. ¢ X

) 1
Then take x =—
e
nlog—“:l-]o e__n_
35 N+l e n+l
nlog —° =0 !
g l=——j=-__
A4 n+l n+l
logn{nlog_a"__l}=_logn 1
a4 n 1+l
n

an«bl

. an _
.!‘_','l"’g“{“'og———l}—o <1

B 5¢. I Yea

]

€

=
TR ﬁ\,grucn[ if
So by Higher [ogarthmic test seris is diverg

: i convergent if X
Tlence given series (1) 15 cony ergen

o
. itive real numb
0.4, Let Z“.. be convergent series of positive
n=1

Ed

n 5 @« ] a,
convergence of Z"..v Z‘Hn' and g {+a,
n=l n=| n e

Ans.

n=|

" Lima, =0
= n—= b

Hence for any £> 0, 3 a positive integer N such that
a-g<a <a+g vnxN

. = -€<a <e Yn2xN

Using this inequality forn =N+ 1,N+2,

L] &£
2 ;< ) g,

© n=N+| =N+l

xn .
But we are given that zan is convergent, therefore by comparision test the

n=l

§ o
q . . 2,
 infinite series 2% is convergent.
n=|

; 21
(i)

lt+ag

n
Since given zan is convergent.
| n=l

2l
1
Since Z—nz is convergent (by p-test)
\ n=1

n
= I.__
1>

= a,

4 g 90
¢ - Math 11 - Unit 1-120

| . x> —
< = and divergentif ¥ =7
€

ers. Test the

S, . itivi umbers.
Suppose Z"n be a convergent series of positive real n

........... = and adding all we get

1
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Consider

LimU, =1#0

n=»=

L4 ) I
ZU =2, 7 isdivergent

n- s dl .
n=l n=l I+ a,

iy Y

n=l 1 +a,

=

Lim=0

n-=»=

o)
Since Zan is convergent =
nel

[_l’_n__]
Consider [im I+u,

n=» u n

=Lim =1#0 (finite)

n=nl+u,

0 w0
u
n N
So Z‘i T and Z“n have same nature by comparision test.
n= n n=l

w
Since Zun is convergent,
ne=l P

Soz

n_ . g
is also conve A
e, ) rgent

ear .y,
r Mayj, I

i
of:- |
4 nee ol |ull!|n| it

¢ SC( ue
Let <S> be seq

have U converges-

bl
> 1
<s"> convcrgLS- | ”,

| jw tl
PR I !

'l"“ 1L gt

(=4
itlve Inte
o 1o each g > 03 3 posty RTTLE
S-S <€ ypzm: o
n m i
for sequences. . W i,
=1 |(u|+u1+ """ +um+u"“' e “m
T R L
1 I(um.l Um*z n
Hence the result is proved. el

gral test for the

State Cauchy’s inte § |
gence of 24 n qu(l"ﬂ n)
’I-’

Q.16.

tive real numbers, Test the conver
- Cauchy Integral Test: - g il\lL'L'."“Nv

Ans.
[fu(x) is anon-né

gative decreasin

o)

alues of n, then

that u(n) = u, for all positive integral v

Iff the infinite integral L”u(x)dx convergent.

C 1
— e (i)
% nlog(log n)

1

a N B By Dy sessse
Let n nlog(logn) wheren=2,3,

= —

a, -
= [log(log n)]
1

(an)”n= heren=?2
[log(logn)i wheren=2,3,.....

( logm” = nlog m)

Now
Q.15.  State and prove a necessary and sufficient condition for a seriest y
positive real numbers to be convergent. (201 . s _ Lim
Ans.  Statement: - E,‘l."l(a“ ) 07 [log(logn)]
] =0<l

A necessary and sufficient condition for a series ZU. ,
converges is that to each € > 0, there exist a positive integer m such that

S

(" For more detalls Visit Us At - www.winsomepublication.in

4ence by nth root test series (i) is convergent.
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Q17 Prove thatan infinite series 0T positive rel iy, b,  path 11 - Unit T 24
A0 epep !

: o of its partial sums s | ) psc I Year
and only if the sequence ofits pariiats §1s houndeq nlm\f by,
\ \
Ohor Related Questions= .
Q. Provethataseries positive terms converyeg i, Z g = Y which is divergent:
quence of its partial sumsis bounded above, ( i, il Let &t 15
A s ariibiee? ta.
2 O andS,” 8t b By ¥ et . n"
Sol.  Let zi\ +  beaseries ofnon negative lermand § < LY R A )
- no A "
n=! ‘ | l) ‘a "
4+ bethe n® partical sum. 1 5, = E(n +1)
Necessary Part: - b oniidier
Let steies Zu“ is convergent. . . 2
- ol | g s
o <§ > is convergent. S, D(n+1) (n+1)
= <S> is bounded (- Every convergent sequence is by, 2
Also hence S ™ is bounded above. ‘ d€d|_ ;
Sufficient Part: - , Lim (?_n,) =Lim == =2#0
Let sequence S, is bounded. oo\ S, ) ror 0
= <S> isbounded above ' B We known that
S, 25, Vo B » : 0
. \ o B g up i ent then Limu, =0.
=  <S>ismonotonically increasing. If ?—;1 a- 5 TONVEIE s
Since every sequence which is monotonically increasihg and boup - :
above is always convergent, - 2 “ Z’in_ is divergent ,
. : . N . - 2041 S, ; ) B
2. <a>is convergent. Hence series Zan is also convergent, e L
= ' . . Qu19. State.and prove Cauchy condensation test for the convergence of 216n
Q.18. Let Z 4, be a divergent series of positive t : . infinite series of psitive terms. (2016)
nel ] {Snlw Other Related Questions -
- 1
Q. . StateCauchy’s condensation test. (2014)

note the sequence of its partial sum & Ans. Cauchy’sCondensationTest: -
p s. Test the convergence of series 2 If ¢ be a function such that -

= (i) ¢(n) is positive for all positive integers “n”.

Other Related Questions - v (ii) The sequenc.c;"ld)(n)} is non increasing then the two series Zb(n) and

Q i i Zﬂ"‘b(a“\) are both divergent or convergent, where “a” is a positive ineger
. Let 2,2, be a conver :

o gent series of positive real number, 5 greater than 1.
i «/ﬁl— Proof -
that ——'isconvergem'f >l . Case (I)- n)=0(1)+(2)+
w1 n? ifp 2.leeacounterexample:forp=%, ol 0 Z(b( ) i)=ol Y +¢(31
L Zas_" ‘ - 3 +o(a+1)+9(a+2)+ +¢(a')
0=1%n o

'+¢(a2 +1)+¢(a1+2)+ ........... +¢(a3)
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\ 1) ad(@). ) . | e £
Firstrow inod-d > @) {o(n)) IS monogp; : “,,Tt ....... w
yid row inegid ‘ Nlcy) ¢ =5 .
Seonn g )\(,‘ ) o | o (0'“ G 7 | o,
Thind row ineq 11> @' - T Jwrite e
............................ L we ¢t 2 . s
......................................... %“j‘sup 05¢ that j and 1 z
adding above equation we get w ulso \‘ff“"“ ......... + Bn " dy!
T A\
Y ¢(n) >adla)+ @ ) + @' TN E e pz coetl
ofa’) +a- @) et e +he
< o+ (@- DY@ +ala- DY) @ DI ... e
¥ o(n) > 6@+ (@- 100) | > g =
Y o(n) >4+ (a- n[¢(a)+a¢(w)+ ........... +ald(a))+...... ]
- Anel & D2 , L
n ALt bmbl b_L\L' # ‘\x\”
z )>¢ ¢( ) g o 2 sb .ihnl
Bl . 4 ) i\m/* mr !
n n\ . . b w’ 3 am+‘
= Y ¢(n) is divergent irya ¢(a ) is divergent (By ompari | % anwma e thal
‘ we
rem). %)rocceding thus: .
Case (IT) - Also first row of cq.(1)<af(1) - 2 2, (oo
Second row of eq.(1) y<(al-a) d(a) ! m b+l }
Third row of eq.(1) < (a* - a*) §(a") ﬁ hla‘/ )];‘\_,A.i
'E'n]"us 4 ‘ +a “kl*k:)m/ﬂ]* ........ Dyt -
e gatim+ m+
adding above equation we gét Sn
Z(b(n)<a¢(l)+(az-a)¢(a)+(a3-a’)¢(a’)+ ............... f - +Em,*‘-(T,,"b)
T bt
Y 6(n)<a(1)+(a- 1) [a(@) + 2%9(@) + ] m m
-~ an\v&l Vﬂ
< o g < b?""’"i“-’r b+t s TR
Zé(n)<a¢(l)+(a—l)2a"¢(a") "{: n = il " T> s houmdst © e
n=l

= 2.0(n)

theorem).

. . a" all
is convergent if E 4’( ) is convergent. (By comparish s> e a

ent,
b, is convers
Smce Z

1s0 bounded and as SuC

{he sequence <

o e
18, TR

h the series Y 8s

e

- Jnxl
Q.20. Let Za and Zb be series of positive terms sausfymg Let Un =75 o2 5 1
n=1 n=l - n n 1+‘—3‘
a,+1 b, +1 ' Jnoa? 11
';n_‘ & = b, ,foraline N.If Eb lsconvergent, then prove that Za Let Vg = _;5_ = _nT = ;?;T:T "nTiz'
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1. State and prove D Ale i
| Alember(’ Ratio 1,

| f""”Ie .

Sy, If

I Yoar - Math 1l - Upnt 1 - 2

r

- (“l" -
ey ) v . -
series L“n l)f])()S"l\‘l‘ terms, "l{em‘“‘ by comparision theorem 2. Usiep is also conve rgent. Hence 2_ U,
n=l ; gl !
Ans.  Statement; - 5o convergent,
a \ pse(y-ars .
If seri i‘[ We can choose 5, > suchthat =7 -5 > 1,
Series L I be sor . w for the ubove ¢f
SCries o o HDOVE choosen g > 0, there exist a positive int spendi
I POSitiye fe £ such that por integer N depending
U Sug
Lim 2=, . then ZU i " (-¢( - 1 |
) . —g(= - onsl i . . = {
Ll L 1S --e(=R)< . In>N | Since Lxmu“‘zf.j
n 4 A—vr 1
(i) convergentif (<1, - =
(f}}dl\crg;nm (>1. R <dnst ' .
(iii) Test fails if ¢ =1, u, n>N
Proof- Cas
el:1f(<1;- u,., >Ru,, Yn>N e i)

We can choose g > 0, such that r=_+g <l.

Now since le “ul
» » 50 for the above choosen £>

integer N dependmg on € such that -

Yoy,
= <£+s( ),

u,

Vn>N

=lan Yn>N -
Hence puttingn=N + | N

U <ru 2N+3

AN, in (i) we have
r
u, <ruN2<r2u ~ B

u < "
£ N+4 ruN3<r3u o

............
..........

............

Othere eXist Pasi

pwpullmgn N+ I ,N+2,

nce Z R? is a geometric series with common ratio R> 1. Therefore Z

............ etc. in (i) we have

2> Ru,
N’ >Ru >Rz
3
Uny >R“N3>R Nl

Z unsp >R “\+1Z RP

p=2

ZUNH’)KER

©p=2

Where K' = RU,,

p=0 p=0

dwergenl Hence by comparison theorem 2 UN+P isalso divergent. Hence
po2
n

2,
>, Un is also divergent.
=l

ase (1IN if£=1-
Now if £ =1 then we can not choose g>0,suchthat{+e<lorl-€ _
1. Hence D’Alembert’s ratio test fails when £ =1.

2
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vegee aoenrding " oyan| Ahen
" t a ( { i ] { { 1 1
) . g st 4 It prle B o 4
v, ) I]""ﬁ"’ I (hen what b the nature of 2.". o Uy V0l dogein 2n° 3
e fim B \ '; bl o N
wan{ | Vel (2005 u, -‘-(l"’:f‘ p (11 ‘
- ’“"ﬂf‘ the Bl wil U ‘ njl logn rlA _’1 ' >S» f
L, ftive te 1d also let
Y LU, bensories of positive RANCE g Yy 14 L T .
. Ml Uy, 0 onlogn alogn
iU, yp
“:.‘_";X\:“,‘_,',-.-IJ—I}lobn { _g"__- ; .l_+ p P
v | uel il (i n nlogn " logn
Thes we have © prove that series ;Un is wil n( B )"'* LA
i) Divergentif £ <1 - Uy loge nloga
(iyconvergent if (> 1 (ii) Diverg .
Case(p U £>1- U | p D
ye may choose such that (>p>1 ; n| =l |- > ——t——"+
ey ¥ e el . . J“f Ulnl j lOgn nlogn
I
Teke be = — 7 '
. n(logn U
(logn) Seif {n(unl—ll—l}bgn>p+%+ ............. .
. " . n+
Now the Y b, is convergent if p> 1 and divergentifp < 1. : _ )
Clearly senes an is convergent, then by qomparinion of ratio’s Sericarif Litf){n[ UUn —l)—l}log n>p
: = n=3e y +1
XL‘L is convergent if !
wif  (>p>1
U, N b, il 1>1 (Sincep>1)
U.nal bnvl z %
Hence series ZUn is convreent it ¢ > 1, or the series zUn is convergent
U, (n-‘rl){log(nﬂ)}P n ol
il G T P U
a n(logn) for Limin| ——-1|-1 logn>1
. Jim® Un&l )
3 P
orif ok >(1+1J log(n+1) Case (1) If¢<1-
Upas n){ log(n) We may choose p < 1 such that ¢ <p < 1.
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Let Z“a be a series of positive terms and o
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B
ries Z“u iscom'trgcntordi\c
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n=l

rove th

1<l n:spccti\'cl_\'.

Casc(i)ifl>l:-

ap’ such thatd >p>1 .

ns.
Choose

1
Sp. =Y —
ke 2t =L

Sb, is convergent.
2

g
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' serie Su

by comparision of ratio

bﬂ

—_—

hn»l

Uy

—_—

Uy

- n
it -
Uy nf
‘n+1
8f log——> plog (-——]
n+l
(1 1 1
it IO"-—-——'}pk——-:—:'*—:—‘.“— ........
a+l n -n n
: ( !
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2n 3
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orif A
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L LLC
nf“ n-t’
> 1
- N
or il :)ll |
uril l( P ~
Case @l ')“;[ »slu oy such tha
Chot
1 s divergen!
an =an‘ d. rgcn[
is dive
arision of rati0' Z "
- By comp
iy
If Upsl ‘b"'l
" <(n’rl)
orif Upsl o’
]+ 1
. Do ——'<Pl°g
orif gun.l
1
11 e
Ug ———t73 )
orif Iogu 1 <p(" an’ 30
a+

1 1
u s
Up 1- —_—t J
. orif nlog un‘il <p( 2n 3n’

u
Limnlog——<P

orif N Upsy
orif (<P orif  (<p <!
orif (<l

Q24. Testthe convergence of th

1 g Y £ 6
l+—2—+2 s o —-’—+

3?3 PR

Sol. Omitting the first term. we gel

24265 ()

u, ________'_____

P57 (1)

tYear -

e following series:

Math gy . T
1

B%5c 154 Year - Math JI - Upatl - 34
I ) § (2n+2)
n-lt S
v 570 (2n+1) (20 +3)
2 |+ 3 '.2
Uy, <(2ﬂ*3)'_‘ 2n)
o Ui (20+2)° ( T (i)
I+ .
3
Hence nL_‘f,‘U , =1 and so ratio test fails.

From eq.(i)

Binomial Theorem

1o '
=1+—+-—;(—E+ ..... )=1+i+0 L
n n?{ 4 n n?)

Where O(1/n?) stands for terms of order two or more in 1/n.
Jere p = cocff. of 1/n = 1. So by the Gauss'’s test, the given series diverges.

=(]+2+’9_2J(1’g+"37+'-") [On expanding by lhe)

2.25. Testthe convergence of the following series:

M(\/"—*‘_-\/;'—?) ‘ (2018)

jol.  Here y =+n?* +1-+n* =1, Rewritting it, we have
(Jn +1-+n* —l)(Jn +1+vn? —1)

2

u
0 ! V' +1+vn -1 r+l+\/n -1
nd take
1
T
o Lim=2 = Lim——
-, Moo
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§ M J P ! \l &) theyefore itd entivergent, flor try cormpart ! ) !
. | o
Ty U/ ¢
\ in (g i au fythat 2, Dy s alda conveorgent
o
; non-Zer .
1 “'m“l b ¢ . ‘ s it of Gnite oum-
Ve el “huh‘-“'m | herelore ‘;_',",. is also convergent, bucause sddition. of bnile mus
| am 1 = enrton X "
Dot #AEL 1 We se¢ that the series ", Wy ap ool terms in an infinite series does hot changs the nature of the 505
pcitly ¢
p conver ase (1D - 1001

Ty beimd

The WU e Choose £» (), suchthat £ -2 - |,

conveTgeit ttest for convergence of serles nfpms; lim (a,) "=/
\
and prove thatrot () * g " 2t
Q.16 State lest): - . fm ghove € -~ 0 3 a posstive integer N such that
prabet™ Root (¢S \ (-r<a'", vn>N(bydefinition of sequence)
el Cauchyn® 100! fest! os of postive terms sucp / n> N{by i
Ans. g Ya, bea seri L r<a'", v n/N (taker=7-g)
It 5ot & rea, yn>N
- Ml
. UL uN vl >r
um(a,) = {, weo Ay, 7 i
. . ergentif { <1 a >t
(n Series ¥ a, is converg N
o i
an Series 2318 divergentif €1
=] . g
() Test fails if { :
Proof:- case (D)~ Let(<1 v ~ \Jding we get
Choosce\Osuchlhal[+8<l . Z a > 14r4r 4o
| ( )I/n _'[ ........... (l) ] N )
Al:o im - : i
s I\n < ¢ . < x
. forsbovee>0,3 2 posmve integer N such that (a,) e, vroyg Z a, > k'zr" (i)
= 'MR,threR t+e<l, yn>N ‘ naNel e 2
sk yn>N - - : IR P I
= ' <R . ) Since series on R.H.S of eq.(ii1) i.e. Zr' is geometric series with
= N-1 . e=0
a, < R™ ’ ommon ratio r> 1 therefore it is divergent, therefore by comparison therom
an-1< R¥? . 3
eries on L.H.S of eq.(iii) i.e. Z a, isalso divergent.
=N+l
8, * 8y, gy T <RM (LHR A+ R2+..) . Zan is also divergent because addition of finite number of terms in
n=l
Y a,< kZRn , (i) n infinite series does not change the nature of the series.
eNel e Jase (IIT) - If (=0
) Then we can not choose € > 0 such that '
The series on R.H.S of eq. (ii) is a geometric series with common rai tre<l and f-e>l g
Ience test fails
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2 n
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e 11 vy, |
' R0 I
P2 <2 iy
0o on(n+l)

) . S, is bounded.

Now we

need not e con

shoy
W by i ¢y i

NG thy gy 5 I Year - paa

|
y ’ = b, =14 - Verpeg ' Ul
= - - => fe {
Lot }-‘h“ L Z‘Ll4 5 o “] n 2 Phan ‘1 ) “/ producy of tv.g Crimy, J’?;!.,m AT
nel a=l " N Letus take Zn = i (“')n
| +l . _l_ = —— nel) nsg «/nﬁ: |~ + Which is COonverge .
Since ' A n ”(" i l) a, =} ( ) by Leibni test ang
« = ) o=
. ] 2 ‘/ﬂ+|‘
— =t == The N, <
s l+2 3 n n+l (n+l)(n+2) Then both n%dn and Z ”
series is n=( cO“Vcrgen Noc. 7
| | ries is 1, Now Cauchy product of zbove
__———-7—-<—m 7 '
(n’l)(n+') n 2.¢, = 9% +(agh, 45
- |
2 2 " by vap ap,).
2 s b sagh ),
> {as))a+2) n(n+) ""("““H 5
2 =t FL
s, bn.|<bn B > Ji \/j \/5\\/5 \/5)7' ..........
Thus {b,} is monotonically decreasmg sequence Then 2.1 , where
0
3 Li 2 =0
~and i—_‘,“)_bn'n_',rzﬁ(nﬂ) c _i 1 (-1}t (i
n= ay e = “\ -1
k=0 Y
Limb, =0 ~ ok Vi
= - .. . '
(P 1

Hence By Dirichlet test Zanbn is convergent.

& 1 1 \sinnx
Z(l R — +—) i
n/ n

is convergent for al x.
n=|

ie.

Q.16.  Define Cauchy product of two series of real numbers, Shoy,;
example that Cauchy product of two convergent series need be conyey

i
L

"Ans.  Cauchy Product: -

:
Let Zan and Zb be two series then the senes

n=0 n=0

where € = Z;ak bo-ks 120 j5 called Cauchy product of Z 5 and E=>
n= n=0 £

1 1
(n—k+l)(k+1) %_*_1
z sy b

=0 y(n- k+l)(k+1) k=0%+]
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IR e
[V (“13)
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(lM”

= (a2 UH-)

Now we wil)
S 0ore, does not converges o, show g, il 2‘,,
¢

o o A\ ama sCinse ¢ Is ¢
\ C, 0N \ll\\lb\l“ because 'U For this - '”'”‘,'»ng\r

R verpent series is non neeesy; N, Zent,
« thus Cauchy product of b €Ot “t L Cony, . ln PR
A . )\ nt ne2 T, f u
i sries and con . " Nip
Define absolutely convergent series dm““‘")( (using cq.(1)) [i | 'l #Ju el 1
Q7. bsolutely cony ergent series is Convepy, 4y Usop| <€ %n 5
series. Prove thatevery a L“ﬂt,* BE S
n+l } oL series Z”n is ¢
‘ «© (—-l) . MMVergen
b Z——-—— {s conditionally cqnvcrgcnt. .
that theseries L 73, _2 ) 0 AR
T
Other Related Questions - : nel 3n=2
Q Define absolute and conditional convergence of infinjte Serigg
) " vergent. -
that every absolute conv ergcntserles iscon g (2l}1llc°"5' der Z 3
Ans.  Absolutely convergent series: - n-2
A series Zun is called absolutely convergen i |
e T2y
0 n=|] 31] "‘2 Z 3
z o . n=|JN
> 1, is convergent but Zlunl is convergent. Zco: |
=] d n=1 _ N #
" ) S Qe o i = = n=|3n—2 23\
Conditionaly Convergent Series: = 3n '
oo — (1)
T & ]
i u i ed conditionally convergent ser; Z‘ is di
A series ; » is call y gent serigs, Ity & s divergen; py P-test.
Sl \
Z“n is convergent but Z'“ | s divergent. = &5y isalso divergen (because 173 4
i 3 does not s
fromeq(l) g depend on ™),
@
Proof - Let series Z Un be absolutely convergent 156 i [ l
n=1 : 3n—7 !Salso dive X
n=1 SN -2 rgent by comperision ¢
est
: . “ | g
= ZIU I is convergent & i(—l)"* .
n=t X Py 2 1“*3“ 5 is not absolutely convergent,
.. By Cauchy’s general prmcnple of convergence of infinite series Vg >£Test for COndltlonally convergent.
posmve integer N such that. , % | )
g Let a, = N
|un+l|+|un+,| ........... |un+p <g, Vi>N " g 7
o l :
L O Unsp| <& VOSN . ) Ay P |
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i Shop Online at www.winsomecollection.co.in )

& Scanned with OKEN Scanner



| -2 M | ~
Y
| 3 _:.._::_ ) ::._:5
B, "laef MY
, mn
. A n )
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i 1oy ..:, Jouiv
: _wl
- ’ An -4
sohy i cibncii test
. da;
3 .u — 1§ n.._z.ﬁ,mn_:
s . b S

nel
. (- e . convergent .
J)E\\ is ncza_:o:u:v converg than (. ber of tern
= e~ 3p-2 po—p
nel T'his process :
i process is possip|e because of
to infinity. 3¢ of the series Mu, being
3 VAUl G

nlly convergent series of real numb,
|

5 Dol an:&:g
Q.18 ram ,

. eme
here is @ la....»:n n=1 n=1

(e R. Prove that t

' ’ to infinity.

prove that if a series
’ n=l1
oareal number a.

Q.

be rearranged to converget

Ans.  Let M:: be given condi
given number.
We suppose that “£” is positive,

|
we associale two positive term series |

and vl b,

of M:: . Weadd po

¢ =T )

L 0
b, of \ series ) (-b,) sot
nt M " Ms: m:.a_; MA :v hat the toty Sum of the positive and
just less than 7" Wdn

@ ,
Sunis conditionally convergent they, tHle process.

[l ¢
We Now gjye the It

“olcony
TAUCtion of 1}
- e reg

Veterm of ype .

I sl oo
VIS rearTan gement

a, sothatthe sum of
the finite
€ num

We now add the Negative

tern Onna_u _.".A m . ¢ IZTm 4]
L S¢ i i
I<s c.a LE. the ter ..Om.m...r.

. ¢galive term used is
Thisp i : e
. roces: i
3 1S possible because of he s ties Y b, d
eTie a diversing
— X u

Again we consider the positiy

Eﬂ ﬁ@ﬂms Co .&2 :0 ne: V 1n
nsli i
t WN: /¢ term On.z.—n mﬁlWM and OODn. i
ue (:_.U

mC 0: :u_m / .r i = ol
S1sar E‘—.E.—Unaa_.z O..:._ﬂ W: ns i ict
I new serie: 1S (+ Q2 N series 77:.3

U will be shown to be convergent with sym ¢~

tionally convergent series and let “¢{ Now the series M____ being convergent
_ ent,

Limu =0

o that if “€” is a given positive
s agiven positive number, there existm € N such that

[uJ<e ¥V n2m

. M » seri u, . Thus - i
and 3°b, to the series = - By the method of formation of the series, we see that in due cour 1d
M ; y s¢, we would

-u, if u, <0

u, if u, 20 b =
nd ™0 "o ifu, >0

0 ifu,<0?

a, =

We have

L]

a +b,andu =a, - b, sothat

W..o.s. Let {a, }

have included in the rearran Ne

i Woz_n—::: thos > term of the given series for which
N SCrie.

| . g Il rwhi

| | _F_v.. Yn>m, the sum of the re-al rrangement difYeres from :uv <g so that the

_v nom_.nﬁ_‘_wc_:n:” is convergent with sum "¢,

L4
- be a sequence of real numbers whose partial sums form
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T Wy

Cdecrensing se
:_:_1— ._. ! \eque
i “.. be? :_:: _:.
bt bed :;:::.a.— ol ﬁ a
y brou
3 3 :.:._.::n:::__:}2_3 M.“_
H W hich cont erpes 00
-«
. :-:-: Wi
the ol

pohncgd
is N

ko0 such thy R T VA

sk vy

_.

» s convergent to e |

Ve > 0,0 0 positive integer N
‘B Such hat

o comvergent- i led and the
-y Relatey o Question®. e ) 1s bount the ju, b, =0 <=, %0 s
Other BOAT hatif the ,2_.:: _ :::..:._:r to zero then the N nTACE Y nsN
Q _;3:“. ::.azg &0—:5..’_:? ant L .
note an) . .
{b,} be MO Q Consider [S,b,-00=[S by < %
« T Ll ,.r. n>N
Ms.r- conyerges: = <5,b> is convergent and Converges o zerp,
asd o . LimS,b,.=0
o ) B -7
i Mn, is convergent and ,TL__L_ 1S monotonj, "
If the series .
Q. .y LimS, =L ::Mw b, -b
Ms v n—7 N7, 7; _L.Jw d
t the series nVn iscop, . . s
ence that converges to zer¢ then show tha n=0 M .. <§ > is convergent.
qu : . :
(Qop .- Series Mm.._v._ is convergent,
Mgn.
&, oo ergentand {V, )., S2MON0IONICSequ; 9 20, State Merten® : =
Q. Irthesencs M..». i comyErEe (e h i s theorem. Find Cauchy product 2, ¢, ofthe series
&= a=d
a,v, isconvergent. (2 dy'b
és:__amm:om M QY a,an wherea =
¢hat converges tozero then shoW = ._Mu.w M. n,Wherea =b =r forallnand |r{< 1. Show that Mn :
a=3

Sol.  LetS =2 +2,F et +a be the ' parti
5 I )
- S
S =a,5,=87d wuxmw.m_,mu S, -5,
+a b, be then™ partical sum of series Mm
" n B

(S, - Sy)by e (S-S )b,
i S (0 -S+$

LetS', nm_w_?mw
s, =5, b, +(5,- -S vc
m‘ =$, :u -ch? -b)+.

n-l ) .
S, = 5.Sr(b, ~br.y )#Sbn —
r=] :
.. <§ > bounded and <b > is decreases therefore series Mmq (be ~byal
convergent.
n-}
. Lim Y8, (b, ~by,; ) = finite T
=|,: =)
7 <§, > is bounded

ial sum of the series M aamc_ia_z convergent and find its sum.

me_ Let MMp L,eaMa

ublication: —cationl

(2016)

=M _If one of there is absolutely conver-

i x
{ . .. 3
nn-: then series of their Cauchy product MP is also convergent and con-

n=0
<n_,mom to lower limit.

.+ Series M“u and Mc are absolutely convergent therefore

i
i
)

M_= _Ea M“_c | are convergent, therefare by Merten’s theorem
=nc

; MA_Q__U T o

+ et 85b0]
tion.co.in

l[b _v is convergent

_ _l_mcc_. +=_ n- _+=..FT
,.1 Shop Online at www.winsomecollec
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(O] R o,

N|C ] s convergent.
By comparision theerem .,.»_A _; _

NTC is absolutely convrgent |
— f

i
Henoe M».: is convergent. mwﬁ
321, Assuming the expansion |
Q.11 ENDS \ 5 7 w0 . AE_.._ w
XL = (1) »
::_-_yu,Tl.ﬂ.f.mi 7 _M.,A ) .N:+_. A;_”
PRt il (WU PR,
r— = bl e - Lol LLITELS
proveanat (a0™3) = LTSS T )
e
Ans.  Given that
w2n+l
%.» xm x« _ 0 Al—va 20+
an x = X — At m e = o
3 5 17 =
3.5 7 .

xx x . ,
The series X =3~ + < 7 +..... isabsolutely convergent for 1 <x<1, He,

en series by itsefl will converges absolutely , W

g

Cauchy product of giv
square of its sum.

I<x< ~1 Thus using 0@.:C eq.(i) reduces to

“l‘ -

Cp =2t | Iy .
" (2n 4+ 0] f .,.I.«AMM//_,..J | h._f::_,_ -
___:n_v;::_ divide by (21, 4 N:..nm.sv a;/N_/:/, _A_._:,:
. =1
| 2n+2 ) g
3 N:+..,_xﬁ~:+: 54 )
<~} T 20y
o | ) %, iy
-— _+/w+ r. I ) e |
2n+2 2n+1) \3 ﬂ? T )
~1}T . Hio 1y
2 1 1 wﬁ L\ I \)
B T I . Aﬂiw
2n+2 3 s 2n4] T

Aﬁmz._x.v ”MALH%_% _+_ 1
n=0 n+j M+W4 ..... ..,.F/
Nc+C_

Wi
get excellent Bm;w_ mo.m@mwsmmx_mm

Our Publicatin

WINSOME SERIES
for ALLAHABAD STATE UNIVERs Ty

&
WINSOME SEREES

For Allahabad University " |

Thus -
2 3 5 7 3 50,1
NIMW.TmIWH.T.: = X|¥|+.M||M|+.: %|X|+X|l.x’+...
35 7 35 7 35 1
—x2- w+w a+..|~l+|_l+|_l K&+
3 3) . \Ux5 3x3 5xl
o 1 1 1 ! L,
+{- o ot + &
(-1 _xAN=+;+uxAN=|:+3=+_vx_ 3x(2n-1) ﬁ:ivx_x
= MAI:_. ot . S S b
et Ix(2n+1) 3x(2n-1) 3x(2n-1) (2n+1)xI
= Mwﬂt_v: O:xN_E , say weeeneens()
Then -
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' - O
I - 1/t [ -0

ﬂ\‘r. e o uous :::,::.7 bounded by _fc_:.:. e i1
Rieman? _._:,n_,x_ o .:J..:: ! _ {&ji v;.. ol }
...,..:WT: { . ; e k Re v .
f _“._:.__ f,::.,r_c_;:-_ pointsx,x Clxeox 4 € gy . .
_,3::..::_»__:2 \ woptes b el b 1 ang B lat FITR Y v ¢ C R 2R )
et ~pihen slep function and it bl ctionsthen [ 28 15 also
S / Jisc called ?_:_:c_:___ b 5
" r_::rp_ interval _: by, ,r: ._‘._ (rg)ds = .— F{x)dx + .—: (
\ o cE) BUx)dx
,__ product of two step function .t s Jdx i
_./_,r _ : netion but 1, b) - Efang g:[a, b] — E is also a st
?«Qsa__m..: b 7
_,zm % A_..m:xvp_x.\._ f(x) 9; B(x)d
: X
P.° 5,2. ,33 tegration of bounded function; - i
P ) ginw_=.nuq.___c= of a function -
| Lt 12, bl = ' bea boungeq
unction such
. . msf(x)SM, Y e
. pave infi hite number of partion. | (x}sm, x<fa,b] where mand M
i ¢ aclosed interval [3- b] set. iareeal sochos Defined
. tion: - = ¢
e b]—> E' :mvamm:&mm f(x)=Cp Vxe A.x_i,xi ks = {step function s fa,b] > €1 sucp that s(x) < f(x),"
Let ffo: e B x,} be the partition of jo;lS0 A x)<M,Vxe[a,b] <f(x), ¥x e[a,b]}
Piﬁdv {@=p X2 unction. Ve \
(2, b] then f1X) 8 called siep f )= fx)
e (2,2)-> Ebedefinedes p c(sM el ‘ , ,
vx e[-22]- | ; :
=0 %w et functon. , [ s(x)axsM(b-a)
([ denos B | k)
e 0,1,2) bethepartiion of -2, 2} Then T «
_ vx €(-2,-1) P , .
*HXV 2, - ,. m_ = -qu mAXVQ”mAXVmMm ﬂ&
y HHXvH._u VX mALuOv | .
mxvuo, vx e(0,1) i# ¢ and bounded above by M(b - a), therefore axiom of 1
o s
fx)=1, vx €(1,2) al number, least upper bound of set S, exist and this _abpﬂv ngum oﬁ
u:Bch is defined as lower integration oﬂ function f{x) from __%_mwmo mﬁm

Therefore f(x) isastep function.

Integration of step function: -
Let fifa,b] — E'beastep function defined as -

fix)=C,, VX €(x %)
where P = {X;, X5 Xpy seene Xy s X v
of f(x) is defined as -

x,} bethe partition of [a, b} thenyper integration of a function: - N

s denoted by

|
w b
| .—m f(x)dx = least upper bound b.h. s(x)dx:s(x vmwmv

m Define a set , ,,

b T, = ﬁmﬁn function t:[a,b] - E' :t(x) 2 f(x <x ela, G:
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WU LR I“]
ERA
Afae? ! l.l‘ ‘]
(! TN
4 ) Nt [;\,l‘]
N R Tt L e (2)

- ’”‘\((\)d\

m{a b)),
., )
TR S

Defing
* C‘

Define 8 sel

]~ ES (x)2f(x), Vxe[;
i bl mymd- )thgrufOreb) axiom Otcomm
¢

-8, %0 and bounl jowerbou or infium ofset? emlst and thig, )
cale rom :
ol‘ml g 2 Earl‘lcd as upper imegr | of fun ction f(X) imit aloh N

jower boun undis¢
denoted bY -

fFree s 09|

greatestlowerboun

’ i
' |

R:cmann;n;c::adm function f:[, D _» E'iscalled Riemann integrably ;
ionf lower integral 15 equal to upper mtegral and it’s common value is ch ,
by ' | ‘
b b , '
[ f(x)dx= [ T(x)dx | |
First mean value theorem: - - ,
If f:[a,b] = Elbeacontmuous function then 3 1 belongmgﬁoh
such that - ‘ |

Lbf(x)dx =(b-2)f(r)
Indefinite integral: -
) Letf:[a,b]—
subinterval [a,x], VX € [a,b]
Define a function G on [a, b] as
x
G(x)fJ‘a f(1)dt, Vxe[ab]

then G is called indefinite integral.
Fundamental theorem of integral calculus: -

E! be integrable then fis also integrable in any(f:

_—”h

(" For more details Visit Us At - www.winsomepublication.

|
!

1 (1
Fhe 11 e - M)

(T P I
(S PR U1 I

GO = (nar

% u_ul!!l:.‘,,‘.l fur

R T ]
SHURSUCH (hat

d
‘“[(u(x)J ((x)

primitive function: -
If Gfa, b] = E'isa conti
Winuous function and F:[a, b] » E is anot
g e - - 13 anotner

then

such that

d

LTr(x)]=

)
then F(X) is called primitive of f(x).
For example-

function

—d—[Sin X] =CO0SX

or Icos xdx =sinx -

then ginx is primitive funcnon of cosx.
Lagrange’s Mean Value theorem{LMTV); .
If £:[a,b] = E'is continuous fun
; tionand F:[a,b] - E'and G:[a,b
E'betwo function such that F(x) and G(x) are primitive ogm m:: F(x) [ 36(‘])—;

constant.
Bonnet’s form of 2" mean valuetheorem -

If f:[a, b] » E'and g:fa, b] - E'are integrable function and g is

monotonically decreasirg and “°“'negauve in[a,b] thenexist & [:!.b] such that

Ib(f 2)(x)dx=g(a) [ F(x)éx

Second mean value theorem: -
If £, b] » E'and g, 'b] > E'are integrable function and g is

monotonic in [a; b] then 3& €[a,b] such that

[*(e)(x)x=e(a)[F(e)ox el o) ()

Substitution Method: -
Ifg:[ab]- R and f(g[a,
continuous and g'(x) exist and continuous for allx € [a,b]then

I:((b))f(u)du = I:f(g(x)).g’(x)dx

a
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{2) Lot A T g chosad ¢ and bounded £ L . Iffandgarey,,,
L and Fu € AN ol P (0= 10700 iy gy 1 ang,
Dogndtd & -' ‘ VX € A ||r|f over Iah lI prove thy ﬂlgg’z'lu 'Z'AM
1(\4&‘. 1l\)f‘l(\ : . J ( ) ! ,""r,!r|"'-f[
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e that : Jx - WM je, e,
21 ifa fanction fis bonnd(‘d onl, Oh prov , 3 [ (b g (b ‘”"ﬂh-r“{;’j.rl’, Tven
. tities above are lowe, where B (x)=2(x) for ¢y, )"(a) Fillerey
[fr(s)ar® f (e where the QUi oWeray, Since fand g e, VXep, z‘(‘)”rfa
N S incetand ¢ y < lr( i
upper integrals of fover [ b] respectiv cly: (201 [} g B bou”dCd,l or 25 ay
Ams. ‘ irf:jab] = E'be bounded function then for a given £>03 Sy (<) sk, Je(x)] <& Ty 0y
Ams 3 :A.xﬁihx y <y
funciion 5,00 304 1Y) Boch o o [f(x)s(x)|sk?, o, [ <fap)
3 . . ) g,
Ff(x)dx’rso(x)d"cz- s, et T & il !
2 2 - LetP= (2= X Xpp Xy o, Kk
" ,m MI,mM e <
[t aofrwe<s Gy | e M ME M bengyg, b
_ o _ X] Wwe have Val,q_z GI _‘- q grcsp ubanuq M
. . P T -
Adding cq{‘)”‘d (ii) we get i : ]ff((az))g((az)) fé(“.)g(ul) 0l “elyintea
= o,)glo o )
: ! - dx |<¢€ 2 8(at,)
U”f(x)dx_j”so(x)dx)+([ato(X)d" Jo () ) - <l )f] .
2 . a
& ; —k(\{ ) . la(l\ “(QX
Since g €5¢ | . <k(M!-m )““k(M'
= so(%) < (x), vxe[a, b] and to(x) €T - Now letsbe nay posmve number, ) oy
Since fand g are integmble, e (i)
T
= )< zo(x), Vx € [a,b] artition ofnorm < 3§, the correspon ding o;:n“:tdws“‘h bt for e
atory ry
| <g/2k, Now forevery artitio sumgfor
5o(x) S to(%): vxefab] ; partiion P of nom <5, vy ndirctoh
" b b dx Z(Mr —mr <k2 Mr —mr +k2 M.‘m')ﬁr
so(x)dx <] tolX ‘ ; T
= _L o(%) L o(%) <k(e/2k)+k(e/2K)<e
b b : lying that fg is integrable in [a, b
= >0 . (V) - imp a,b].
= f to(x)dx I So(x)dx gince we know that if f and g are integrable on [2, b] and
i)and (iv) we get
From eq.(iii) and (iv) we g | F(x)=A+[ T(x)dx G(x)= B+ o
L' (x)dx - L ( )dx <€ lwhere A and B are constants, then
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4 (@ g\ n X i
['(h)g,(l‘) r( )& ‘ )d"x{
(\') foreveny C[“'l] l,
ath i) t for each €>0, '
er[mb1then show tha "lertl
03 lrrmntc.. b“h;:hen'c ppartition P° of [ b]Wthhlsareﬁnm:
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» -] f(x dx| <€
Zf(&,-)(‘ "‘i’l) jn ( )
j-l
i artition
for every choice of £ € ‘xj-l’xi‘ hereP thep
o X, L <x,=b- herefore )
i:a-xus ce fis pounded and integrable, ¢ ere
ns. ;
b
b -—
[r(x)ox= [Po(x)ex = [0
8 - ‘ .
Let € beany positive pumber. BY Darboux’s theorem, there exist 8> 0 sugy,
for every- partition p whose norm is £
b ,
U(pc,f)<L f(")dx“’?:,[, f(x)dx+s ......... (i)
b b _ )
and L(P:,f)>jgf(x)qx—s=jn f)d-€ i)
Wherc'Pz ={a =X0,XI,XZ, ....... ,Xr_l,xr, ..... , X b} 1S the pan]tlono(
<bl;
If g be any point of the interval | of P, we have
L{fit Sz,f( g)s<u(e) e i)
J-
(—For more details Visit Us At - www. wmsomepubllcatlon |f§«

~‘.<

E |

| rom "‘|-(i" ‘“l i) 1
1) e

Ibf(x):lv v "” '
‘/2;[( " " wh form |
1 ) ) . j ’
" M Jd
) f r', e b
= 2‘ ( ))0’ I (")tl'\
thI'C 0; (‘(I-XH)
04 Apply change
Tvari
abley
n/2 Core
Iﬂ (x2 Sinxang muhnlegm""t
X4 xgin2 Miinteg
n x)d‘ Srate

n/2
ADS- J-o‘ (XZSi“XCosx+x -
Wetakeg(X) xsinx nk
We define - M(u)=y
then f(e(%)) = xsiny

| Lb f(ex)e'(x)dx = [0

8(a) (u)dy

= ,
glx)=

thus

J‘nll .
X sin
0 X(XCOsx+sinx)dx ]‘vz
2 M2 - ' ’ U.du‘
Q 2 = —

o 8

Q5.

If fis positive and i
monotinically decreasmg I
n}l,=]. Show th
atthe

¢ e Juvhem A-,,={r ‘
. (1)+(2)+.... (o)
gent. Deduce the convergence of : n)dx]""on,ver-

11 '
I O |
{ 2 3 uun+ n—logn}

We have
Ag =[f(l)"Lzf(x)d"}“{f(z)-]';f(x)dxlt...
+[f(n-l)-[:_lf(x)dx]+f(n)
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a

A, %A, il
' 'y PO l
Al decte asing. Also being positive, A s bo

\ vd('l

v (A comvergent

dcducc that

\ l l l - l o n N e
Limi 14 =47 tomes s =lognfexist e (i)
Bttt R n l
Craler's consl whose n i |
We pote that eq. (l) is known s JLuler's constant umerical Value- }'

QST7215.

dx exist and ¢(x) keeps the same sy, |
terval of integration, then shoy thy
the infimum and supermum °ffov

|fj x)dx and I 6(x)

ive throughout thein
ng between

Q..

positive or negati
there exists a number 1 lyi

[a, b] such that L f x ¢ x dx=PL¢ X d"' (2012)

Other Related Questions -
Q. IrJ' x)dxand j o(x

al of integration, prove that there

‘ !
dx both exist and (x) keeps the same Sy |

throughout the interv exists a numberuf
lying between the bounds of f such that

Lb() o(x)dx= pj¢ x)dx

positive VX € [a, b] 1f M and m be tw

(2018)2

Ans.  First suppose that ¢(x) is
bounds of f, we have m<f(x)<M

L me(x)sf(x)a()sMe(x)  oro(x)20, vxe[st]
o mfTo(x)dx< [ f(x x)8(x)dx <M[ o(x)dx ifb>a

and  mf b(x)dx2 [ 1(x)é (x)2M[ $(x)dx  if ba

“Then there exist a number p, lying between M and m, such that
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- U:f(x)dx < j:|f (x)|dx

Hence | f] is Riemann integrable.

Remark - The converse of above theorem is not always true, that is if| po'“‘
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iy

function. .— - —
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m,=-1and.Mr=1,r=l,2,3 ...... I.
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.L {—f(x)} dx < j:\f‘(x)dx
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. "Hhan g
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sy e,
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ann integrablein {0,1].
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nterv@
[a' - a'’ ll’ [a' 2 " 1], ............ [ ’ 2"

the sum of their length is <212
such thet *2%. M- m); M, mbeing
' 2 the bounds of
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a,b) mervalsbeing > (M- m), their total

in p
‘buti to the .osc : .
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: e &
LY 3 S M-m)=—;
<‘{2(M = m)\ (. ) 2!
or.\ly a finite number of points of discontinuity of { can lic in each of
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3 [a, a' Jv [a” 1 a'Js """"" {anpvb]
So that, as each of them can be so sub-divided that the contribution of the
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potd L, & . wehavt § (x)dx' j f(X)dltS"f('
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“ e d “ eV}
AN /)
e b i \ N = -L n=1.2,3 ,'\ﬁ'“ h((,)dx’j Sz(l)dY.("; ] SUCh thay,
Showing that 1 IS\(I.\Conlmuousa X=w 02,3, e Again 0 L r 3 .
N {l =)
1) = RS continuousatx = 1€ learly, [(x) is not continuous g ' b (x)dx‘jbf(X)dx P (- using (jv))
Thus. We potice that {is boundeed and continuous in [0 l'] ), I' 7] r 3 )
ot . ¢
the set ©! points Xy, 1 {ugct'loﬂ» s, [a, b] >E s
Pl 1 I,,f.nc‘-" ep =
O'—;,—-—;. 7__‘ ,,-;—“— ...... : S‘(x)’ X ela,q
22 3 So(X) Sz(x)’ Vxe[r,bl

which has only on¢ limit point. namely 0. and hcncei is lnl(:grable.

5 () cf(x)  xefad]

Q.10 " x)ese

16f: [a, b1 = [Ris bounded function and rbeareal numbersyq, ‘
g

a<r<b.ifIrf(‘)dx and j’ f(x)dx exist, then provethat I f(x)dx!
a Y i

ep function & * [a.b] >R as ty(x)= Y ), elar]
,(¥)=f (%) Vxefa,b) bl el
(X) e Tf =

5 L ()dx-[Esa ()
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,U o (x)ex=] s ()8 X+U‘:tz(x)dx-§t-sz(i)dxx

nd_[ Pr(x)dx = I f(x) dx+j f(x)dx. : (201“
Ans.  Since Lf (x)dx isexist )

jrf(x)dx If(x)dx j f(x)dx Vxe[a,b]: ........ (i)‘

since :[a,b] — R be pounded therefore it is bounded in [a, r], thereforf .

ve > 0,3 step function, 5, (x)€Se andt (x)eTr such that.

[ (x)dx- j;s‘(x)dwg

¥ €

And j't,(x)dx;L f(x)dx <3
2

<E, ve>0

Sb f (x) dx is Rlemann m(egrable (By Riemann condition of integr-
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a0 \)d\ ) 3 o/ e Cor S ; N i
f-ﬂ\m\ "l’b* O b "‘(( f(x) 1% '(“.0) i f; e 2
L A Jaa - [ F(x)des0 (A : 1 o ~ -
\ Aseve,, ) e (0,1) )
.1 * \ L
i n LIPS i b ’ A = Yx e X .
Lf\\)d\ .[‘ f(n)dys .(l f(x)dN (i) ( I“f(\)q B f(x) 2 % &(1,2) 9y
cimilari Lo o . o \N)dxw [ .
Similariy add‘m.thalmn(m) and (vi), we get i.‘(, _ wc;cw"’ z(— ) +]]dx j" o
b T ) : > e A+ ' 04 i
L f(\)d.\ij “-\)d\‘*rf(x)dx E S_z 1 !.llix.l"d’ il
~ L a JINSIGT o e - 5t 2
From €q.(\11) and (viii) we get : ~{Viii) = 5‘}]_‘2 +2[x'r “ L 2dx
g Hixd
= bervax = [ b =5(1)+2(1 LR
L f(x)dx= L f(x)cbwjr f(x)dx ( )+2(‘)+1+2(\)=m ‘
Q1 {¢ ["z*l]d":m
11. Defincastep function giving an examiple. ﬂ‘“ge g T
E\'aluate o xz + 1 dx ‘ . . 5 ‘De (4 riU‘iﬁVeofafunm
. -[ —1[ ] ¥ ey : Q"l',iable ofintegration- N and state and proye the,,
‘::;:re U]S:ien;tes Jargers integer ess than or equal toy. E gt‘:" related (‘l’eSﬁO“S - Tem on change
£ b ep uncﬁon: - \ ‘ ) ‘ . QQ\ ; statean Prove the change ofvaria (2014)
Let £[a, b] = ENR)is defined as ; ?A 5 primitive Of Function: - ble thgoremof'mmmmml
- . 2)
f [' % I VX € (xk—l’xk) k= 1’2’ . i A Let f -[ﬁ,b] >R be a g.\VCI\ :
where P = {a =X, X X, X, X, X } be th B . . : Lo unction th
) | Xy Xoereorer Ty Koo , X, e partiti : RIS called primit . £n
imterval [a, b] then fis called step function. en g (,[a,b] , Mgt
Example-Letf: [-2,2] E!defined as %F(x) =f(x)
£(x)=[x]: vx e[-2:2] - i
_ .  Theore™: ”
LetP={-2,-1,0. 1, 2} be an partion of [:2,2] Change of variable of integration: -
then X)=-2, vx € (<2,-1 ‘
K .) ( ’ ) 1 ; Lt g be'd subset of R. 1f g :[a,bl—-) A be a function such that”
x)=-1, vx e(-10 N ; ; . ‘
fx) ( ) 50 existsand 18 continuous VX e[a,b)and f:A—R be coninuous on
fx)=0, - vx € (0,1) - | A then - ' " ‘
- 7 ! ) b . ! b
fx)=1 vx e(1,2) L f(g(x))g (x)dx = sZta;“x)dx
p) —R is well defined and continu-

roof - The composition map fog: (a,
p ontinuous

- f(x)isastep function.
g are continuous an

4 composition of two ¢
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2 va . l\. b,
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Ly = ‘III)J
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L(b) . i R;'
—_— f ] (\)d\ exists, :
Lt ¢o(u)=fg(a)f(l) ............ (ii) ool
. 8
d¢(u) ( ) . . »)
.............. (iii)

Putu= g(x) Is equation (ii) we get

-4 I )f(r)dt i
Now._ ‘4’(8(")) dd )

= (g(x))
By eq.(i) and (iv), \v(x)andd)( (%))

fg(x x))g' (x).Therefore

$(80) - Y(x)=K (constant)
Putx=a ip €q.(v)

9(g(a)) - y(a)=K
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= f(u) 8 (X)
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e

=

~ - 0E@)=y() v
= e =y(x) - Ny
Putx=pip €q.(v) we get

¢(g(b)) w(b)=K
=

¢(g(b))~ w(b) -
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Cm
cr INtegra) and ;

ann lmezrable if
Commop vale js

000 = P

ned by

) 1if o< <1-
(0=, 1t 0=

2 if l<x<2

which is a-step- function for the Partition
integrable on [0, 2].

Now j'o f(x) dx"= '[(:.f(x)dx +ff(x)dx

=1[1-0]+2[2-1]=1+2=3

{0, 1,2} ang hence s Riemany

Q. 14- Definea step functlon andits integral. If fand gare Riemann inte-
grable functions on [a, b] such that f(x) < g(x) for allx in [a, b] prove that

I:f(x)dx < L g(x.)dx
Step Function: - -
A Letf[a b] - E'(=R) defined as—

k=12,3,....n
X
f( ) Ce VXE(Xkl o) ‘(}bcmepamuonO[dosedmterval

@015)
Ans.

X ‘w
here P = {a=x,,X;, Xy Xt
E:i TJ] then f(x) is called step function:
Il;tegratlon Of Step Function: -

X€ -
E'(=R)beastep function, defmcd as f(x) C, v
Let £[a b]
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thes prove
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V) INITA
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]
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/ym converges at 0 ifand only if m<1.

mber m < 1 such that

0

| converges if n>0.
Jogx. We have

sothal € mber.
-x7 logx < €/X™.
For values of %, suffi

Now the integral ofe
It is possible to choose a nu

(m+n-1)=[(m- 1)+n]>
if and only if n> 0. Thus the integra
Whenn =0, the integrand become X’

jon.co.in

wsmea-p| |
X E P[—ﬂ-vl}
- X

=Lim
X—x 1
i
XP
=1 ifp+m+n-p=0 or N=p-n-m
proper integral I, is convergent ifp-n-m>1.

By p - test of Ist type of im
and L is divergentifp-n-m < 1.

)
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0Se 1 Vet May .
vy h il check the con f6ar = Math 11 - G 1v - 106
e gem ol \ . - . . . KR TS will chetk 'qu(_'nt“. j Sn g
v ‘\ " dx \«m\m)\““l‘ SIS P jost S . of | ‘\'dr_
| o _( be any arbitrary number, X
pet
Y n 1 . aiti
” dx, . . choose a positive number ;
2 Piseuss com crpence of Ill \isveal, etV B mber x,, £ 2 =
Q. (24 . agrali z N
soration by parts . 0% Ve hay
\ 1) gink intek y parts Method) ¢ have
I TR A :
A A1) € wsink o [-cosx )
1. then - given mku\\ll(N\_\)I\ﬂph\pu integral becauye s ity L x —\} _I.; Cos
1 - 1. thon the ey X —
“\_ - orart ind \\undcdml( 1. “Bran, ' A o (ii)
HEN ) R
: - awhennx . % 8N X
So [ iseon nWergen A “1ie s . o G Cos "
(0 <n~ 1. then integral of 118 unbounded at x = (), o that [l dx| < |€98%, -CO‘)le o
ave +{ S A
Tuke &) =N ! 'lrhx‘lh“ACh‘“‘ X X, J" ———dx!
Take & ¢ Cox o X =yl =lxl4
& x ! \ | lxt?b”
{ l\) - =1 . . . xslﬁd 1 1
Lim—— = Lime™ =1 which is finitc and non-zerq " Kls—s l_1 1 5
\‘—-AO Ql\) x=0 N v X X[ x ——+—_ct
g ) x 3
—~— 2 2 x‘ xl
dx 2
Sa by comparision test, J' x)dx and _[ ¢(x)dx either both °°nVerg . <T
S le
both diverges. = =
1
n
L x 1. ¢n % sinx
-1 €
= x""dx =Lim| — =Lim| —-2_1_1 = \j —dx|< -—
Now j ‘b d\ le.[ -0 Xp |, e=0(n q ‘; X 2 v XX, >m
So by Cauchy general tes,

L rsinx

which is finite number.
1 X X 1s C()n\rergem

I o(x)dx is convergent and hence .[ X" s also conver.
. =sinx
n>1. !
e So ID = dx is convergent.
In ord iven i
er to show that the given integral not absolutelyconvergent, we must

o SIn X .
Q8. Show that I si —dx nsnot absolutely convergent. Qo1 "

Other Related Questlons - ‘ '

»sinx

! ¢ sinx| :
show that Io = dx is not convergent.

Q. Test the convergence of the I ———dx : - @01 i
~ Consider the proper integral I ——d\ , where n is a positive integer. we
wsinX . _ -
Q Show that I i de is convergent.. . Qo8 “have
, E T
msinx  plsinx @ SinX S:n\"m_X\d“ZS(, ‘)‘-S-EEL!
: ) T
SOL = dx + dX ........ i . 1=l
IO ¥ jO > L X - We putx=(r-1)ny,50 that y varies on [0, ). We have
l_—-——Sin X 1 H ., . ) { . - s'm
Since _[u dx is proper integral and hence 1t s convergent. \sm[ r-1)x+y \ \ sin y\ y
: (— For more details Visit Us At - www. Winsomepublicationin )
(" Shop Online_at www.winsomecollection.co.in ) ;
Y
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| BSe g ¥
Uny I . © Yeur .y
R ; ar e s Math g .y
i 1 dny o o . gince I“ f(x )dvx i5 Convergen nit IV - o8
bere s " (e=djR ey M e rlasland Ye> 0,355 h
. SUC th
mvalueot (- DAty T when y eo,n) 2 P g
e, (X 8 RO maninm \a “Wehigy L r(x)dx| < =, v o
it t ) ) ]“ (x) TURLIET I )
sx MY ges o sinydy=— S e and mane . 1)
L0 N m 150 ()18 bounded and monotonic j, (2, )
non A n ] |¢ ‘< K VX E[ EI))
SIS SR ol N T, (i
‘ —:“ . T omgr . Lk 5’Le.a<ll<tz<5 )
second mean value theorep Eld [t
5| By bta] such that
Since Yo cas n =X wesee that j-l:f( )o(x x)d
i ;!’ . X = ¢( )J' (
o M o(1y) [ F(x)d
'*'-=:~°in_x'd\'—nc as n—ow (f ; o
L =¢ L. (x)o(x)ex < ¢(‘1)I‘f(x)dx+¢( )f‘-‘ f(

x)dxl

Let. now. t be real number. There exists a posmve mteger n such th
at

nz<t<(n+1)7, we have

t,{

J; f(x)dxl

= \L"f (x)¢(}g)dx

J‘.[sin x[ . Z'I nz [sin X "
X ¢ x

( using eq.(i) and (i)
t = o so that n also — o . Thus we see that
<g,

1

‘lsm XI i ] |Sin x| Vt,,l2 >3
J‘O-—x—dx -0 = .[o de does not converges. &
i By Cauchy test L £(x)8(x)ix is convergen,

=sinx , | - '
Hence IO —x—dx is not absolutely convergent.

Q.10.  Test the conjergeqpe of integrals Ilm x’e*dx and J':n x4

Q9.  Ifareal-valued functmn ¢ is bounded and monotonic in [1, 0] and s
® (2015)
f dx is convergent then pr -
I, (x) g prove that I f(x)o (x)dx is convergent. Sol. L ey
20

Other Related Questions - (2013) : |

Q Let ¢ be bounded and monotonic in [a, ] and let Let (x)= P s E{‘}‘b(x) =0
‘ J' : f (x) dx Also ¢ is monotonically decreasing.
' =x 20ifaz0

be convergent. Then prove that Let f{x)=x"and 22 0ifa

© : ’ : 3T 3
is ¢ a 1.
L f (x)¢(x)dx Is convergent. (2018,19) consider I x2dx = ["3 } =?__ (fmnc)
. I
& Shop Online at www.winsomecollection.co.in j (ﬁ:or more details Visit Us At - www. wmsomepubllcatton in J
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P h " "
A lf)v,

1
a

r_\“d\ <3
= |l R
I P O S boundcd
= !
- plet test
S irichle |
o : )¢(\)d\' is convergent
“rix )Y
i
< 273N IS convergent:
N
-
x 2008X 4
il %
cosX
Le{f(x>: iy ity atx =0
which has infinite discontinuity
nC0SX _1imx* cosx =1

im0 ) L0 0
p=l

Ao sond ki i er integral
So by p - test of second kind of improp
I #/2C05X 4x js divergent.
o X .

Q.1. State Cauchy’s criterion for convergence of improper integrals o

first kind. Test the convergence of I (2015)

Ans.  Cauchy’s criterior for convergence ofimproper mtegral -

LetfeR[a,s], s>athen I x)dx is convergent

iff ¥e>0,36>0 such that

INIGE

<g, Vi1, >0

o 2 T w _.2
Let jo-—e"dx=joe"dx+L e ™ dx
1 1
=[x is i iti
K a proper integral. So it is convergent.

Consider 1, = L‘ ey

i Sh -
il op Online at www.winsomecollection.co.in )

Limé(x)=0 andlet [ (x

~ ( Formore detall

BSc g Year .

s : Mathpy . ¢
o We know that ¢* > Ry Txe R Umit v . g
5in®
| i
. = > v
e =5
=4 %2
%oyt ox
J' e dx <I ‘]—dx
1 1,2
z X
,dx isc
put L 7 onverges

So by comparision test -

£y .
e " dx -
J’ | is also convergent,

: State and prove Dirichlet’
Q12 prove Dirichlet’s test fo / i
' ‘ reonvergence of improper inte-

grals.
Other Related Questions - (2015)

E B Q State and prove ‘Dirichlet’s Theroem’ f, 7
: - orth .

;mproper integral wa(t)(b(‘)d rthe convergence of the

' P (2017)

Q. If f(x) is bounded and monotonie.for x2a and Lim¢(x)=0 and
X

; I f(x)dx is bounded for x > then prove that I £(x)6(x)dx isconver- _

gent.. 2014)

L

Q. If d be bounded and monotonic in [a, ] and tends to ‘0’ as x tends to

(x)t‘p(x)dx

b : = it
. Also let L f(x)dx is bounded for Vx > a,then prove that j f
' (2012)

is convergent.
Ans.  Dirichlet Theorem: -
Let ¢(x) be bounded and monotonic decredsing vx >a and

x)dx be bounded for x >a then I f(x)o(x)dx

is convergent.
Proof - By second mean value theorem 30 e[x1.x,] where ¥x;,x; €[2,%)

we have

[ E(x)e(x)x = =o(x)f 1 x,m); £{x)dx-

cation.in )

s Vnsit Us At- www winsomepubli
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v
Cp(x x| [
)¢(\m\isi¢(.\l)| [ RO, Hx)d“
e I, TO
herelol™
Therelet™ | lim¢(‘)=0 .

sdand (5

cg or l‘b(x’l<£’

<o|[ (x)d8

X

\) is l\‘\lndL
Since ¢

_0
L“‘\TL lé(‘) |

" F()8(x x)dr

Th +¢

j::f(x)dx

'I‘hcn.lﬂl'h

Now consider

J’M ( )d\

RIEN R

l\

[ () 71 (x)dx|
I:f(x)dx ,

[C(x)es{=

Xy

+

[ B (x)dx

a

N

.[uf(x)dx

X

ded
SmceI ( x)dx is bounde

Iaf(x)dx

X

we can show that
[1(x)de|< 2
a

Therefore from eq.(i) We have

I:’ f(x)¢(x)dx < 8'(2k)+8'(2k1)

Similarly

—

[ (x)b(x)ox <&/(2k+2k))
) €
We take € =M
Then we get j:f(x)d)(x)dx <e VXX, € & [a,)

Therefore ff (x)(x)dx s convergent.

Q.I3. Letfandgbe positive and Riemann integrable functions on [#.X
( Shop Online at www.winsomecollection.co.in

Iy -

B the"“ly pomt of dlscontmult) such that le f( ) =

] for

B
Se. fp+ Year . Math g U

1such that [C_,:m— 1 0<tey L
hOvthat (1)

entlf"md OHI)’IfI dx lScony a X Iscon-
it Related Question - trgent, )

o er,g (2016)

are positive boundeq ,
ndj Integrap)
e functipns on
la+

Ebla
g is the only point of dlscom""“ty such that 1, T(x) "
im 27

: ) "’Mg( ) = £ where { js
qinite and non-zero then proye th I f(x )
onverge or diverge together.

& lffandgarebound d 201
Qo tdand inte, (2014)
grable function on [a+€,b] and ‘q'js

»Where ¢ is non-zero

g(x)”

b -
ite, then prove that : b .. .
finite, p and L f(x)dx and J'. g(x)dx both either converge

or diverge together.

) (2012,19)
f(x '
Lim~= 4
Sol. Let Hng({() { J
Choose € >0 suchthat (-g>(
F o &>0,3arealno. k> asuch that
f
x>k = _Lx_)_ <f|<g
i g(x
f(x)
k. [—s<—g(x)<£+a Visk>a e M
L))
_E —_—
Casc(I),- Take g(x)
: g(x)(£-€)<fx), Yx>k>a
Let r f (x)dX is convergent T
ki i convergent
= L f(x)dx isalso g
-. By comparision test of I* form
also convergent.
f E(X)dx is T wmsomepubhczmon "L.)

. b o
dxandj g(x )dx'botheither ;

(—For more details Visi

(} Scanned with OKEN Scanner
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Vear « Math 1y
mt |y

[ g™ by is also conyerpeny

1 i i»g\"\\\'.[
l \ A 'v; :
Care 1H -
L o { \ k
p a
TRLE > 1'\\\, \ X
;” Foa gy B \incz'gcnl‘
[ 1 (2 )y is als0 divergent.
- Lo
i gix}dx 18 also divergent:
-\ ’
i ’ i S wer
. : . L g(x)dxoas also divergent.
= { g(x)d\s_}lk(x)d\ J"_( ) .
wf d . |
Q¢ Prove fhat e improperintcgral L (’) x is convergentifapg i
t; ‘:
rcexist8>asuchthat Il, f(x)dx <%, whenever(_ |
| L
(2016) ¢

only if forany € >(the

t>8 _
Qther Related Questions= _
d establish the test for conver,

Q. State an
f f ( x)dx .

oL Let ‘{:f(Xde is

o Limfr(r)ar=s(i

convergentand € R[a,s] s2a _

iff g,_i'rgg(sk/ where g(S)=I:f(X)dX

= ve>0, 36>0

Such that 'g(t,)—g(lz)]<£

i ,J:'f(x)dx—ﬂ'f(x)dx

(Because “g” is uniformly continuous)

Vl,,lz>8

<g Y, >8

P amoc - (i '3 £
7 AT www winsomecoliection.co.in

“The number, 0 is a point ofing;
1

gence of an imporper integral |

(2013)

\ f(x)::xm_l(l“x)n—‘z I - — ‘
| For more details Visit Us At- www.winsomepublicatlon.!n
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0.|5. Determine Value
Sof m

convergent.

other Related ¢ testion
5.

; Show thy i
5 1At the Integry)

and p
Vr .
Or which J"nr;(’ o
) “X) dx s

(2016}

1
m-|
| | .fn X (l - x)"-' d
is convergentifm>g |
ol.  Theintegra); .
. Integral js Properif ;m » A
=land n> ’

nite disconti
te dxscontmuity ifm<|

<y and the number 1 isa

point of infinite discontinyjyy ;
Letm<landn<], ity i

We take any =
numoer, say
3y odY ]/2 bel\\'een 0 and l (.nd e‘(am.
a A Ine the co! verg ]
b h n ence of

1
0

the two i i 2
th improper integrals j xm ol
(1-x)""dx and 'r CH-x)
L X at

0, 1 respectivelly.
Convergence at 0.- We write

F(x)=xm (1) 02
xl—m
and take (x)= ,{m , 50 that

X

f
—(-’Q—Has x—0

#(x)

1”2 11
As d(x)dx= ) e
is convergent at O if and only ifl-m<l & 0<m,We deduced that the integral

V2o L I ip -
I x" l(1—)() ' dx is convergent at 0 if and only ifm>0.

Convergenceat 1 - We wrile




e 1o N 21
\\ b \:’:.\’
- \‘\
- x A ‘ 4 '
{ ." i Al
A b.
i il 1o | e O=0
X Q yndh OB | N |
& , " {1 - v dy converges ifand oy
L dbat F0C ¥ she LS )”"
N dodaniy
1 dx exist for posili\'c values o' m, nonly.
¢oatgzx) G GRBE
s | 2 U
» of
Q.16 }‘xamincthcmmcmﬂ‘“ |
! L e EN
Ly dy  aml (ii) L,-‘ ¢ dx,n € ong)
“) 0 i-¢ A N
1
i
e b
Aps(iy Let f{x) /l-:x
i p—1<0 = p<l
P : . erwise it is proper integral,
then { g isammpmpermtegral oth prop o

“hl=Xx

.
Le  ex)=75 -

then  (x) (I+x)

But the integral

: 1 1l
I g(x)dx =I —dx
0 0,l-p :
D s Y e e T X.A ............:..'.—unnnn"ﬂhﬂnn.co.'n\ j

{ s
imn

sl eped ‘

Ve - ; B 4
‘[' ,“_ I

Spefore DY COMPATision teyy gp,. . .
l?\‘ .'r!:’;iﬂ“ "

o () y!’lll“,“. i
'Q‘l""p ) SRR}
i udl & Jij'e

‘l |,1'| f(y) » ¢
‘,‘mngrncc at0-
(! T
fix) has d"“’"“nuil)‘ iy =)
| A
g(x)=——
jet PLE
Lim—t = L X6
o1 x=0 g(x i & Lim o1
e L( ) ! )0(,/x1~n) ngL =1 (£ 0and

I -
put Iog(x)dx=IoFdx

converges iff  (1-n)<]
=18 n>(
Convergence ato-
We known that f
or e
] large value of “x" and fixed “n
! .
.= =F K 'x? = gistlcri o b
€ o 7
AN
o '
= J "o xdx<J‘_¢(
0 ) oXZ

» |
But Il 2 X convergence.
Eal
1

1

Q.17. Let0<a <'b < 0. Show that the improper integral L ;

converges if and only ifn<1.

. . f I
Hence or otherwise, examine the convergence of | "

We write

Ans.

J

Therefore by comparision test J' x" e dx is converges for all “n.

dx

—_—

(x-a

S L S/ )]

(1+x1)
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fese 1 Year - Mathog . Uy
Yo
qh
el ‘ l
“"q) Lim
SOy TR 20 =0y (X~ q)"!
{ At .
T AL
m —Mm—n'») n-l o (1
l 0 |*“t(l\—a) & . (1)
L el n=1<0ie. n< |
Now 1135 ik
l
, Lim— =0
Theretore a0 "

g Dt is finiteifn <1
Hence from eq(l) L __._;5; is finite
B i ==

Therefore the integral is convergent iffn < 1.

dx

Now we have 10 check the convergence of I —I—J(—l;x—) Here 0, is the oy
point of infinite discontinuity of integrand: )

| I

hav f ———’—/,'— -
We have () 13(]+x)
1~ =
Take Y(x )=———
X
f(x) 1
Lim ) an———-l

Now How(x) x—>01+x

Hence J f(x)dx andI x)dx have identical behaviours. But n = 1/3 be-

ing less than 1.
Hence the given integral are converge becau

w(x) = ¢ when x = a, and ( is neither 0 nor mﬁnltc then the two integrals

-—L f(x) dxandj

2 'Il o odx
0,13 ( 1+ xz) is convergent.

se we know that if f{x)/

x)dx either both converges or both do not converge.

So

( Shop Online at www.winsomecollection.co.in__ D

Q.19.  Show that I:sin dxis convergent. (2017)

(" For more details Visit Us At - www.winsomepu

Hee 1.
¢ Vear

w
Show tha I .- .
(8. ( g Ve Math y
) Wy
i

Ay s ¢
is cony Ergengjy

Mdapy
Al We have to shoy, th: "J‘ (s )nfn-»_;' oy
€ dx g Ty
| for s Convergan, i ang
o XY =X = X0 o < g it
ow 0,180 p()ml ofinfinite Where
N -.(hsu)muuul\ ofthe f; kk ol

(0 examine the convergenge o
Wwe consider any positive ny
mber > () say |

two integrals f ( dx ang J'

(i) Convergenceat0: -Letk < e e

x)d
X.at0and » » Tepectively,

|
4’("):\’(.4.‘ 50 tha LIVlTL('Q:l
) .\-;0¢(x)

Also _[ dx convergesiff .k « gy

& 0<n+l (- Puttingvalueofk"—%nw‘l)

3 N & n>-]
(ii) Converges at co; —
Now given k .
we hay fici ‘
v , e for sufficient large value of x,

X k+l
€ >X o xk_]e_x<i

= | i
But J. —-dx converges. Therefore [~ x*!
- ' C! “eTdx
- refore L Xe7dx converges or we can say
o n_-x ) A : “
L x"e "dx converges (- putting value of k).

Thus '[0 x"e™*dx convergesiffn>-I.

Ans.  We have I sinx’dx = I sin xldx+stin X (i)

But [ sinx’dx is proper integral and so it is convergent.

We now test [ sinx dx for convergence at . We have

blication.in_)
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]
cosd
{

dv s boundad for all 2 1. Therelore by Dirigyy
; oy

it

| .,5,/.“,7 is convergent. Henee frop, equi
H ' _:_F_

s comvergent.

o Determine real values ofa and § for which integral
o. i < .

.—n *in® x.cos” xd is convergent. 2015,
@ .
Sl <
) [ sinx ’ 8 cosx \°
S s il inGH
(x) =sin® xcos® X ={ —— .Anom xv O = sin®h
4 L cosx sinx

=(tan x)* Anomu-u xv or Anoﬁ xva sin®B y

finite discontinuity atx =0ifa <0 and Sm::a &moosszcocm at

eﬁpm a<0, mA 0-
In this case 0. 7/2 are point of infinite discontinuity.

22, =4 . /2 :
So .~‘o mﬁxv&n.ﬁo f(x)dx+ .—n; 2&& cevenennnen(1)
ui
Test of _. & -
In this case 0 is only the point of infinite discontinuous. -
l X
Cum?vux::s:aaoA a<lor-a<l = -l

clearly ‘_.o...;m?v& is convergentat 0 ifa>- 1.

(___Shop Online at www.winsomecollection.co.in )

by comparision tesg ._.
$ (

50
Cry
wfl =nta) if o
..
—n.a_ of haz .—4 In ::_T_.:._\N is
_3:: :.i Poin
aus: ftofj
I L;Il_
Let _A. N i J Where :\:m«_
le 1?\,_ -~ w.\l_
iy ["h(x)d
ar
~ Clearly |, x_mnofﬁmpaadw;m\.
. I(x .
Lim %u Lim cot? ,
xon/2 — X
and L Axv T (o p ST x
.le
Put X=72-h
3 i T )
g 2& tan W..wf. V_
= h _ﬂn\_wrilrma/ a-f| |
~n2h(x) k50 x sin® T i
. l.l|+ Z
2 2 h
. tanh -
= Lim —— g8
e h cos" ™" h
. tanh
=Lim— Limcos®*® h = |x] =
b0 h hoo h=lxl=] (non zero & finite)
So i is cofi i
by comparision test o0 vax 1S convergent at m/2 if B> -1,

n/2
wo by eq.(i) _. Axvaz is convergentifo>- 1 and f>- 1.

Q:21.  Define the convergence of improper intergrals of second kind and

b z\l . ’
and test the convergence of __ ﬂmhaf . (2019)

Ans.  Here 1 is only point of infinite discontinuity.

Let f(x)= ﬂ% andg(x) = ||— so that

( For more details Visit Us At- www.winsomepublication.in )
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e Year Math 11y "
R :..L = Lim
(i) LI a(x) o0
fsion test .ﬁ:: d
CLompartsion e X)dx i ¢
go by comp; v Jx s convergun o Oify -y
Also nl2 '
_ £(x)dx-Inthis case 7/2 §
st 0F ) ). 5 €a5¢ /2 15 0nly the metn
s ! '_ [e$ ‘—a: A ¥y the point ot infiniy.. discon;
Sl y Sontiny-
U
f,:,,._, $2 _;xvn ! where 0
_\n— ’ n - AI“WA_ = ln\/_ - .
. . . — =X m > -]
s showis that _::L,_, is bounded tor all (2 1. Therefore by _u:_mn_._c_.x 2
S MRS el b
© . 34 is convergent. Hence fi iwr dx i '
n— i f(x)6(x)dx ie. _._ sinxdx is convergent. Hence from eq gy - Clearly .r; (x)dx is convergent at m2ifp>-],
given integral is com ergent. Lim h?& = iifii cotlx »
Tinh Sn/2 . sin’
Q.20. ozn:::_nqns_,s_:s.e_.n::aa??._:n: integral 4 and xon2h(x)  xoni2 - B X
.2 . , 2
.ﬁ, ? 6in® x.cos” xdx is convergent. ' (2015) put  x=w2-h
0 =
Sol. Let " 4 o 2 v i T n b
. inx ' cos X : X 5 T
: py= LA Smim x| or sin®+h Lim —Z =] 22 ol
f(x)=sin” x€0S" X ={ (s A V sinx ) = h-n/2h(x) hao 7 A sin” ™ ol :
L 2
- . 2 2
=(tan x)” Ano% p xv or Aoo;vm sin® Py e
p . tan
. i pem Cye . =Lim— a+p
Clearly fhas infinite discontinuity atx=0ife<0and infinite discontinuous at ___lmw h cos"h
x=n2ifp <0 Li tanh 5
Whena<0,p<0- . ) . = Lim—.Limcos®*h=1x1=1 o
In this case 0, 2/2 are point of infinite discontinuity. h—0 h b0 (nonzero & finite)
‘ i 2i2 , iR n/2 . ) .
% _Aaw?v% u._;;ixv%.;;\w F(x)dx o) So by comparision test |, f(x)dx isconvergentat x/2if p>-I.
0 0 2
) . n/2 . .
Test of ‘—a:...?vax N So by eq.(i) .—c f(x)dx is convergentifa>-1andp>-1.
0
. : . finite disconti . . .
In this case 0 is only the point of infinite discontinuous Q.21.  Define the convergence e...:.::oun_.:_aqn_sw of second kind and
| . ; -
et 8lx)= <-g<lor-o< >. 1 Jx
Let 2(x) X—o where0<-a<lor-a<l = @ ! and test the convergence of __ \,cmﬂ dx. - (2019)
74 is it of infinite discontinuity.
clearly _‘c m?v% is convergentat 0 if o> - 1. Ans.  Here 1isonly point of infinite di . y
1
Let f(x) un,w andg(x) =00 st
logX , publication.in
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We see

0 being
Let
Take

Then

Also

" A
y { - Jin
ol S |

[‘ b Wiy al

" . \ s al We
woes and there O 1o 1l d'\“}-‘.‘:s.
LR .

he convergence and divergence of the integ,
the A

Piscust !
mo:',\d\. ()-Ull))
Let [ teosecxde e )

0ifm-n>0
e limf(x)={1ifm-D =0
T [ooifm-n<0
. - oralif (m -n) =0and and improper if (m -
7is proper integral if (m - ) 2 d i n) <o,
uz? Eifi) ;o‘i)m Ic))f infinite discontinuity ofithe integrand in this cage
(m-n')<OsolhaI(n-m)>0

L
¢(X = xn—m

ﬁ"_’—n as x—0

¢(X_)

[F ot = [Pzt

0 xn—m

converges, if and only if, (n-m) < 1 & n<(mtl).

Therefore the intergral converges if and only if n <(m+1), which also inclucles

the case

n < m when the integral is proper.

 Discrete Metric Space; -

€
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NS Bse

———— L ™

et X beanonempty se then

L Amiap | - ¢
i condilions are saief., POiLsX 5 g
5 il following Are satisfied, 7 Hiscalleg matric on
/ 20, Yx,yeX
d(xY)
)

) (l(,‘hy) =0 & x=y
(i A ¥~ Ay, X), Vx,y € X
(iv) d(x,y) < 40x,2) +d(z,y) Wryex

then the pair (X, q), where
called metric space.

Note - If X be anon empty ¢y and d s
distance between x and y

{Non. i
On-Negatiye ondition)

(symmetric ondition)
(Triang]e inequality)

“Mply setand d i matric on X

Xis non

metri¢ 0
; under the metric g M X then d(x_ y) dengges the
with metric. and also distance may be changed
Usual metric: - =

Let IR be set of req| number
A Y) = K=y}
then d is known as usya|
real line.

then the mapd: Rx {
YX,yeR

etric and (R, q)

= R defined a5

1s known as usual metric space on

b L e
f etX bea non-empty set. Amap d : XxX — R is defined as -

d(lx,Y)={0’ =

L xzy

_ Thgn (X, d) is called discrete metric space.
Pseudo metric space: -

LetX beanon empty setthend ; XxX i
; " $AxX = R is called pse icif
- following condition are satisfied - ed pseudo metric if

() d(x,y)20, vx,ye X

Q) ifx=y = d(x,y)=0 s x=y

(i) d(x, y)=d(y,x), Vx,yeX

© (W) dK,Y) < d(x,2)+d(z,y), Vx,y,ze X

Then (X, d) is called pseudo metric space.
Bounded metric space: -

Any metric space (X, d) is called bounded if 3¢, u € R such that
£<d(x,y)<y, VxyeX

Neighbourhood of a point in metric space: -
(" For more details Visit Us At - www.winsomepublication.in_)
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