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Chapter - 1
Basic Concept

S

Solve xy dx - (x* + 2y?) dy = 0 by finding a suitable integrating
factors. (2014)

Ans.

Given xydx - (x> +2y*) dy=0
= xydx = (x?+ 2y?) dy

by___ v Eﬁ?&eﬁgm
g ¢ @::m

y=0

Comparing with general equation of linear differential eq"-
dy
dx
Thus given equation is not exact.
Now, we have,

M=xy N=-(x2+2y?) dy

+p(x).y =Q(x)

F=—> _ L _ -l
Mtny 52y 32y 9,3~ 2)3
Multiplying by IF we get
= IIWA.XV\vRA.l I.I~ AHN +Nv~Nvm@‘ =0
—x 2 ’
= Tydx+ «lu+ﬁ dy=0
2y 2y vy
in this equation -
—x 2
2 - & «!+P =N
N-< N\wxw -f-
QR _ +2x _ +X
Oy N%u .—.u
N _2x s
ox 23 E
oM ON

—_—

o  or \Exact Equation}
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Its solution is | xydx+| (-2y%)dy =0
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(y = cost) ) Separating :._w variables -
2 3 e dy=(e* +x?)dx ,
= xlwvw+ lwuw =0 Integrating the above €q" 1S both sides we get
=% ._. N\tﬁ&.v\ = ._. ANH +\KN VNN/\ '
) 2 3
= HIN S 0 o 3
Tzl 3, o =t e
\@ 2. Solvexy'=1-2xy, which type of equation is it? (2014 3
Ans.  Given equation is \4/ s (¥ — ¥ )= 3 +c¢
, ) - . . .
- x* 4y 1-2x3y //W\f\ \ q\n*ﬂ\ Find the differential equation of the family of ellips with foci
* / at(-1,0) & (1,0). (2014)
= & 1L Ly = £ + 2oL Ans.  Consider the family of all ellipses with foci at (-1,0) and (1,0). We know
dx 4 x dx x4

It is the type of linear differential Equation, where P(x) = ]
X

1

Q?«vuala
Now, IF = Lw&
2
IF= & M&x HmN_:x _ m_sxw HRN
Solution:
,U::Jl O(IF)dx +c
HW\W xt=]
2 -1
= x‘y=—+c
x

that the sum of the focal distances of a point on the ellipse is a constant and is
equal to the length of its major axis, so that

)

Ja2+ % +f(x=D2 + % =2a,a > |

for any point (x, y) on the ellipse. Transposing one of the items to the
right and squaring, we get

(1) 4y =dal+(x- 1P +y —day/(x-1)2 + 2

or a,:kl _vN +k~ =a%—x.

On squaring and simplifying, we get
2 2

X y

—+ =la>1

2 a2 (1)

which is a one-

tion of this family can

parameter family with parameter a. A differential cqua-

., d - _
Find the general solution of equation M& =" +x2e

be seen to be (after differentiating and some algebraic

Given equation is -

d - -
D _ Y 4 x2e™)

dx

manipulations)
. (X+yY) (xy -y) =y -2)
(2014) Q. CO\B..: the general solution of the differential equation -
dx + Akl-m@ ydy=0
x| (2015)
1)
dx =y

Ans. 4x— 8
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2
1 4 -y

= —log(4x® -8)="2 4
T: g(4x" -8) 5

Solve the initial value problem -

&v\ 4, x 2
x—-3y=x"(e* +cosx)-2x
et

y (®) = e? n® + 252,

(2015)
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1
o yoy =03 +eosx)=2x) ke
X

2

X i
, n.;m +cosx—— |dx+c

Nu|\<

X

l
Yy — X 1 ——4cC
U|w|m +sinx +
o 5

‘= y=x e+ x’sin x - X2+ Cx’.

atx=m,
y(m)=e*x* + *(0) - ©* + Crc®
e +2r=e -+ Cr
=3 =Cn’

i
T

= Cc=

T

. 5 3x°
/\ Ly=xer+xdsinx - x4+ +—
7.

Define isoclines of a differential equation of the first order &
(2015, 2016, 2017, 2019)

explain its relation.

Ans.

Given that

@|uk = x*(e* +cosx)-2x

dx

By comparing, with partial differential equation -
Y, p(x).y =0(x)

dx

where, P(x) nﬁhwuw , Qx)=x3 (ex+cosx) - 2x

x
h\ -3

F . wa\k _s.«lu

1
Eunmrkum TS =e =
X

Solution:
=y.IF = [Q(x).IFdx+c

Ans.  Letthe given differential equation is

y=f(x,y)
for solving this differential equation we find isoclines by putting
f(x, y)=k (constant).

For different values of K we find different isoclines then we draw

linear element along these isoclines and this obtain the direction field.

Q.

8.  Find the isoclines of the differential equation
(2x+y)dx+(y-x)dy=0

Ans.  (2x+y) dx=(x-y)dy.

dy _(2x+y)
T (x-y)

N . dy
ow, putting o

(2x+y) _
(x=»)

= 2x+y=kx-ky.

- k.

(2015)
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= k+1)y=(k-2)x
*k-2)
(x+1)

which is a straight line.

”Vv‘“

State an existence and uniqueness theorem for the initiy
value problem -
dy

o S(x.y) Y (x,)=y + (201

Ans.

Existence theorem -
The initial value problem
dy

MH\.AR,%V,%COH% .

has at least one solution y (x) provided the function f (x, y) is continu

ous and bounded for all values of x, in a domain D and there exists positiv
constant M and K such that,

[ fx, y)I<M

and satisfies the Lischitz condition.
_ *,Ax, vxuv - A.Ax. %ﬂv _ <k _ M\N - <__

for all points in domain D.
Uniqueness Theorem -
This initial value problem
dy

Ty, y(x) =y

has a unique solution provided the function f(x, y) is continuous and

bounded for all values of x in a domain D and thesc exists positive contents M
and k such that

| f(x,y)|=M

and satisfies the Lipschitz condition.
_ ﬂﬂxo V-v - A;AX.. v\_v_ £ —A _vxu - v\__

for all points in domain D.

Q. 10. Find the solutions of the initial value problem:
dy 2\3
=Y y()=0 (2016)
] dy _ 23
Ans. Given, 7— =)

dx
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y? dy = dx
Integrating both sides, we get

= [y dy =[ax

—2\3+1 PN e

Y —x+c

=3y"?=x+c
3 x+c
=)y = 3
=27y=(x+c)
Now, y(0)=0
=0=(0+C)
=C=0

1 o 8
. =—(x
LYy 3:

e,

Solve ydx + (2x - ye') dy =0

(2016)

Ans.

ydx = (ye’ - 2x) dy

dx y
dx (2 .

= —+|—|x=e
dy \y

Comparing with standard form of L.D.E.

dx
—+P(y)x=0(y)
dy
_ 124
F=_[P(y)dy —e? Y um_:N =2
Solution:

x.IF= [ Q(y) [F dy.

"3 it fureron
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= xy'=y.c'- [ 2ye’dy+tc
=V =y -2yer + [ 2evdytc
e -2yer +2e+ C
2y+2)+C.

@ Solve the difi >rential euqation.

=\

H«;?vm = {2

1
X

.r.+.—.m5u — ||dy—ydx =0
y (2017)
.2 x
Ans.  Given, | X+ysin®| — ||dy = ydx
y
dx .o x
— |y=x+ysin°| =
dy y
Put, x = vy.
differentiating both sides -
= dy g dv
dv .2
— V{Vv+r— |=vp+ysinTy
dy
a4 sin v
= k&\
dy
=", = (cosec? v) dv

Integrating both sides -

= Iny=-cotv+c

X
Iny = —cot| — |+c¢

= y

Q. 13 Whatdo you mean by direction field in the process of Solving

i

~_ =/ (x:») graphically? Also, by the method of isoclines,

v dy

sketch solution curves of 4 =X y(1) = -1 (2018)

e a—
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sider, the first order differential equation

We con

Ans.

s 1)

ods utilized in solving the
od for obtaining a rough
actually solving the

w = f(xy)

Before discussing various mﬁm:mm& meth
ibove equation, we shall givea useful gr aphical B.n%
Kketch of the solution curves of equation .A 1) <S=.—o_.: . ot . B}
squation. We know that a solution of equation passing through a v.o:m_ M.m,
selonging to the domain of f; must have the slope f (a, b) there. This defines.
ocally, the direction of the solution curve passing through (a, b). We can thus
ipeak of the direction field of the differ-
:ntial equation, and any solution of (1)
nust have a graph which at each point
1as the direction given by the above
jeld. In order to be able to draw the
solution curves we first draw some of
he curves in the x -y plane along which
7(x, y) is constant. These curves are
:alled isoclines of (1). Along any such
soclines given by :
f(x,y)=A, (2)
we can draw a number of parallel short line segments called linearl
‘lements, with slope A, which is the slope of the solution curves of (1) at any
»oint of that isocline. This is so because at any point (a, b) on the isolcine (2),
he slope of the solution curve passing through that point is f(a, b) by (1), and
he slope of the lineal element at the point, which is A, is also equal to f (a, b),
)ecause (a, b) is on the isocline (2).
Having drawn several such isoclines, with lineal elements lying close
0 each other, corresponding toneighbouring values of A, we can draw approxi-
nate solution curves, joining contiguous lineal elements marked on
.o_m_.&oczsm isoclines. The closer the isoclines, the better would be the ap-
)roximation to the actual solution curves. .

. 14.  Find the general solution of (22 +3y*-7) xdx -
ydy=0

LetM=(2x*+3y*-7)x

N=-(3x2+2y2-8)y

ON _

Ox

(3x2+2y°- )
(2018)

\ns.

—6xy
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Therefore given eq" is non exact D.E.

Now,
Lett=x2+y?
ot ot
—=2x %ﬁl = Nv\
then, o P
oM _ON
dy Ox 12xy

NG M, (32493 gne 0 +3y2 ~T)2xy

~ 6 _6[ 1
-5x” =5yt 415 53—t

mh\_»&

!@_Ruls
~IF =33+ -5

1 1
- (3—1)% = G2 —y2y0%
Multiplying DE by IF we get
wau + uww —T)xdx _ Aukm + NVN —8)ydy
(G-x?— 2675 (3-x2 - y2)555
Now eqn (2) will be an exact differential equation -

ANkN + w\<~ -TNx

Let M, = G-x2_ )5
sy B-x =y 6y x(2x2 432 vaalm =S (-2y)
oMy
= o : (G-x?—2)73
2_2.42 6,5 14
I-x"-y"+ x°+ -
o, P TR
=) =
By (3-x2 - y2)125
oM, 6xy(1-x%+ %)
= % S(3-x2— y2)l1f5
" _-6Bx*+2y? -3))
Again let ¥l (3-x2 =205

11
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6 2 2\US
5 2 Loy? - 3-x"=y") " (-2x)
(-6)3-x7 - 1) + 35" +2y" -8y

2/5
™ G-x* -y

-1 aN kN
Wl + V.M\ = M
— 0N, _

o G-x2 - )15

—bxy

N, 6xy(1-x% +y?)

= ar™ 53—x% - y2)I1’s
oM, 0ON,
Insno,ﬂuﬂu

So, eq"(2) is exact differential cq"-

. 15. State & Prove the necessary and sufficient condition for an
equation

M (x, y) dx + N (x, y)dy = 0 to be exact. (2018)
“ns.  Definition : The diffferential equation
M(x,y)dx +N(x,y) dy=0 ~(1)

is said to be exact if the left hand side is an exact differential of some
nction u(x, y), i.e.,

du=Madx + Ndy .(2)
Ou ou
] du=—dx+—¢
Since u = & y (3
the equation (1) is exact if there exits some function u(x, y) such that
au_
. ..(4)
ou _ .
Y (5)
Then the exact equation (1) can be written as
du=0 ..(6)
and integrating, we obtain its general solution as
u(x,y)=c -(7)
. (b)Necessary and sufficient condtion for an equation to be an exact
uation:

We shall prove that
Thave continuous fi

m.;\_ (x,y)and N (x, y)are defined and continous
rst partial derivatives in a regionRinx -y plane, the the

6 @%?mﬂ%\
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equation (1) i.e. M
M(x,y)dx + N (x,y)dy=0
oM _aN |
o ox
(1) Necessary part

Ifthe equn. (1) is exact, then, from (4), (5), there exists some func;
u (X, y) such that

Ou Ou
=M —=N
o and oy
o’u oM ’u _oN
so that dyox w and oxdy ox \

" Assuming that the mixed second partial derivatives ofu exist ang;

oo:::o:m we have

o’u o
Oyox  oxdy
6M ©ON
) so that Mv\u = ™
which is necessary condition for (1) to exact
(ii) Sufficient part:
oM _aN.
i 36  ox
then we show tht (1) is exact.
Let [Mdx=V (x,y)
o
M =
then "
oM v
&y Oyox
oN ot
or ox  oyox
Integrating partially w.r.t. x, we get
oV
N=—+f(y)
dy

13
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W_MS ¥ L + f(¥)pdy

- Mdx+Ndy= "3 oy

oV oV

= = —dx+ & dy
dV (x,y) +d(f(y)dy)

=dV (x,y) +dF (y), F(y)= [f(y) dy

=d{V(x,y)+F(y)}

=dW (x,y), WX, y)=V(y)+F(y) .

Thus, LHS of (1) is an exact differential of some function W(x, y).
Hence eqn (1) is exact.

+ f(y)dy

Q. 16. Find general solution of differential eq". @..% el Qkhu

dx

& TPy =0y (2018)
Ans. A generalized form of the linear equation that can be solved. is the
Bernouli’s equation.

dy

Z TPXYy=Q(x)yn ()

This equation can be reduced to a linear form by using the transfor-
mation

v=y™i(nx )

The case n = | reduces (Dtoa homogeneous linear e

... uation. From (1
dividing throughout by Y", one gets 1 )

1 d
:ﬁ&”.fwﬂh\v.v\ ”QA\/Q
1 dv
or (=n+1) &«+2$<1©A )
that is dv

& TEntDP(X) v= (-n+ D Q(x)

v(x) = m,TT._: P(x)dy (1- :v_. AIVAHVA_I:V_H:I::w_z.é&a

dx +c¢

(=n) _ (=1 P(x)q =m) - ddx
or 3 lmﬂz v () A_I:Y—.QC\VA :%: iLE,i;.,:.»,.*ﬁ
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which yields the general solution of equation (1).

dy 1

Q. 17. Solve, ;=3 _

X~ —X

(2019

Ans.

dx 3
—=yx —-X
dy

&+H 3
S ix=w
dy *

dividing eq (2) by x*.

Sldv_ 1 (dx
2 dy .Xu dy

Now, eq (3), becomes -

w -2v==-2y

dy
This is linear differential equation in v,
[F= ,J2dy _ -2y
Solution -

ve¥ =-2[yedy

" 1 5y
ve'V nlw—HWm 2 ~5° prrm

<uk+.wl+ﬁm+~x

I
Now putting V= ~7 , we get
X

—

()
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X
Qy+ee? + X' =2.

15

Q. 18. Solve the differential equation -

X<\|Q=x»‘u+<“ Q‘XVQ

(2009, 2019)

Ans.
-2

-0)

e

Given differential equation is
xy - (Inx)y* +y=0
y _logx 2

or Y+== -y
x x

dividing both sides by y*

ody 1 -1 _ logx
= 20 — 98X
Y dx x\< X

“ldy _dv

Let Vs._ =V= \<N dx dx
So, equation reduces to
-dv 1 logx _dv 1

dx x  x dx. x x

whichris linear differential equation,
Now, Integrating factor is -

' ax
=IF=¢ * =

Solution:

= V==

1 _l_omx
X .KN

dx

-1

v
= HllxlTiomL+o

= PnnTiomxTQ
y

dN

Q. 19. The growth of a population is described by the differential

AN 2 , .
equation — - = aN -bN~” Solve this equation subject to the

initial condition that N = NO, when t= 0.

(2019)
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The equation

dN
ﬂlmz =-bN? is bernoullis equation »
1
e at,
N2dt N ()

=>

B.Sc. I* Year- Mathmatics : Paper - III

Chapter - 2

?—»n—.»-—mn»— Application

j 1 30303\03‘.0:

- a chemical reaction, thera

nﬂ. mwu_cm&mznmm is tBtoB.o:& to the square of Q..o
y verted substance at that time. If m was its
find the mass of it attime t. (2014)

Suppose
of one of
mass of the uncon
original mass, then

Putz=N-"
Ans.

Substituting these valucs in eq (1)

lxlnn.uv

dr

dz N 5
dr az=- .o
dt (1)

Equation (ii) is linear equation .\\w

reelnee P

wo Mc Monm (-b) e dt § ) ,ﬁ )
. %% (i)
| —q‘ U~\“

ze'=-ber+¢
Put 7 =— in equation (iii)

|
INN: = |®NQ~ 4 5

N
>-HOQZHZO

(V)

Let the differential equation is -

dm 2

where, k is constant of Eowo&o:m:Q

dm _ A1)
o — =

EN
Integrating equation (1), we get

kdt

dm
= |M.”.—€~

m

— =k @)
U = +q see\ &
m

whent=0,m=m,

~=O
Now, from equation (2)
“—1 =kt - |~|
m mg

=
my m

=

=T N N

L

>

P_ to m:m a general and a singular

2. Solvey=x*+2px + —
(2014, 2019)

solution.
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Ans.  Given equation is.
2
ml

differentiating w.r.t. x

y=x'#2px+

m.u d
=>p=2x+2p+2x. L , P
dx .u&«

= 2x+p)+(2x+ E&I

5=
U.MVEQH@LYQ\/ %,w

~

First factor will give singular solution -
=2x+p=0
dy
dx
=dy=-2x dx
Integrating both sides

=y=-x'+C,

> y+x’=C,

Second factor will give general solution -

= 2x+—=0

@
=
= dp=-dx
Integrating both sides,
=P=-x+C,
d
=> MV« =—X n_rﬁ.v
Again integrating eq" (ii1)
HN +CHrxX +C
= y=-——+CX+C3
J N < 3

)

x-

~

=V =Cpx+C3 —

.(2)

..(ili)

vl
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Ive a first order differential equation of

~/
@ Explain how to so
the form
P . (2015)

Ans.  Suppose the given differential equation is solvable for y. Then it can

be putin the form (1)

y=f(x,p) . ,
Differentiating (1) w.r.t x and denoting dy\dx by p, we obtain

n sﬁx n, M@ ...@

which is differential equation in two variables x and p. Suppose it is possible to
solve the differential equation (2). Let its solution be
F(x,p,c)=0 ..(3)
where c is the arbitrary constant.
Eliminating p between (1) and (3), we get the required solution of (1)in
the form

v (x,y¢c)=0
Ifis not easily practicable to eliminate p between (1) and (3), we may

solve (1) and (3) to get x and y in terms of p and ¢ in the form

x=£,(p,c). y=£,(p.¢) -(4)

Special case: Equations that do not contain x : In this case the equa-
tion has the form f(y, p) = 0. Ifit is solvable for p, it will give

P=6(y) ie, dy/dx = $(y).

which can be easily solved by separating the variables.
If it is solvable for y, it will give y = y(p), which can be solved by the method

just explain in article 3.
Q. A\T Obtain the solution of the differential equation
" xyp?+(+y)p+xy=0
Ans. Giveneq'is-
= xyp’+(X*+y)p +xy=0
= (xyp* +py) + (X’p’ + xy) =0
=>xpty)(yp+x)=0 (D
The above equation has two factors.

(2015

From factor first -
=>xp+ty=0
dy

= x—+y=0
dx
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AVA ﬂl

Integrating both sides. we get

= Iny=-Inx +Inc,
=Iny-Inx=Inc
=In(vX)=Inc,

=>xy=C, =xy-C =0

From factors second
~x=0

v Q.mx. x=0
= dx
= ydy=- xdx

=

=y -x-C,=0 {C,=2}

The general equation is given by -
=((xy-c)(¥+ x*-¢,)=0.

~nNQ. 5.
,/\ 2

_~A certain amount of a radioactive substance was observed
to be of mass at time t, is governed by differential equation.

dm

dr

if at t =0, m = m, then find such value of t, when m u=|m°.

(2015)

Ans.

The given equation is

dm

— — =—km

dr
Integrating this, we get

dm

m

s ~Jkdr

= Inm=-kt+c A
w—.~“°4a“3:.

s c=Inm,

. inQ2)ic.,

i I
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Now, from equation (1).
= Inm=Inm,_ -kt
= Inm-Inm_ =-kt

m
=5 _Alw =-kt

\!O
G e ha g fuen
So, when

= 1= M_A.E (2)
-
. 6. Define the orthogonal trajections of a family of curve.
(2016,2018)

Ans.  Consider a one-parameter family of curves

"F(x,y,¢)=0, C= parameter
Differentiate it w.r.t. x . We get

dy
Hu ST nll.o
gm y mu

Eliminate parameter ¢ between above two equations. We obtain the
differential equation of the family (1) as

o8]

Now, at any point (x,y)on any curve (solid curve)
of the family (1) or (2), the curve has the slope
dy\dx, and the orthogonal trajectory (dotted
curve) through the same point has its slope as -
.ax\%. so that the product of two slopes is - 1. So,
I, y, dy\dx characterize a curve of the family (2)
then, x, y, -dx/dt characterize an orthogonal tra-
Jectory through the same point. Hence, the dif: |
ferential equation of the family of orthogonal
trajectoris is given by replacing dy\dx by - dx/dy

(1)

=1 )

0

| 2 gt |
/ h‘,;. o wno .0)

- 7Y
&\BN
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Solving (3). we get the family of orthogonal trajectories of the fam;
of curves (1) as
¥ (XY, A)=0, A = parameter 4

Find the general solution of the differential equation

4 . (2016)

The given differential equation is -
=2xyp’+t(x+y)p+1=0
Ux%w+zt+vﬂ+ 1=0
=xpyp+D+1.(yp+1)=0
=(xp+1)(ypt+1)=0

AN
through the point ﬁ 2°

If.xp+1=0

I
=7 E 2 Hv&.« x
s =B
=dy= e

= y=-Inx+Inc

o)
X

Ifyp+1=0
) L
= P= y = U 5
= ydy = -dx
2
= ——=x+¢C
2

Hence, solution is -

N
h. .v\
l l . I
\< —:m w k+m+N

=0

23
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Q.8

Apply picards method to find first three approximate
m%E:.o:m to the initial value problem

Y5y -2xr-3,9(0)=2 (2009, 2016)

dx

Ans.

Given

dy
— =2y-2x3-3.
dx Ay=2%

f(x,y)=2y-2x2-3,%x,=0, Y= 2
Now, n_approximate solution is given by -

y,00=y, [ £(ty, (0)dt

For n=1

y,(x)=2+ [ f(t,2)dt
y,(x)=2+ [J(4-2-3)dt

. 23
%_ocu?rx-wx

For n=2

[SSRR S

&

s ) X A&M N w
x)= Nic T+~T4|w~

y,(0)=2+[3 \TIT

<~ dt

2 1
2_2 3 4

X)=2+x+x
¥,(x) : 3

Similarly,

for n=3

y(n)= 2+x+x

Find a general solution ¢f equation.
dy

= 2y-22-3;y(0) =2 (2009, 2016)

Ans.

Given cquation
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} dy |
) \:‘«\_?.c\l ‘\\ .R\ﬂ _
s of the form
Yo pxii(p)
hence, itis Clawaut's cquation
General solution is given by
) ...,\;.c.u
Q. 10. The fish population in a pond is changing and its growth
rate is found to satisfy the differential equation.
uw ax(k - v)
where, a, k are positive constant and x(t) represents the fish
population at any time t. If it Is given that initially the fish
pPopulation was x,, then obtain the fish population x (t) at
any time t and established that ultimately, as t— « the fish
population x(t) — k. (2017)
Ans. The cquation
- “W ax(k-x)
= M\\l« -~ ahr =~ 2
dr
PR - - A1)
- dr x

I

Substituting z - x

d= I dx
.\~ X «\\
From equation (1)
- - k= u
Jr
= = cal s u Q)
di

Fhisas hincar ditferential cquation

Al ef

B.Sc. I* Year- Mathmatics : Paper - 111

Solution e A 1.ﬁ
e ge 7 i
>reM=af ertdtec 1/ \u/b
Jukt - A 7
5 sr Av — 4+ (
7 . »
| | 141
3 ot (0
T Xy
1 )|
e 0ax(y x =<7 g Ty
A
| | | | R
U p— ,v@
) 0y x,
- 28 -1 le™™
X )

()

“0 —
v(H)

Since x(0)<x .

v ( x —a
.ac _ 0 I~ Nfﬂ

= 1s positive for all t & tends tozero ast—x
x(0) x(0) ) >P >

Heuviee from (3). x < x, forall tand x — x_ast —x. Therefore x never exceeds x .

Prove that the initial value problem

i FGy), v(xy)=y
is equivalent to the integral equation problem

y(x)=y,+ | f(t y(t)dt (2017)

dyv
— =L v(yy) =y Al
(¢

where Ex ¥) is a continuous function defined in some neighbourhood

otthe point(x v ).

Inteerating, we can replace the LVP. (1) by the equivalent integral

CUtton
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\
‘0

N !

I tactchyand (2) are equivalent, becnuse iy (x) is nsolution of (1), then y (x)

AT A2)

mous and 1 {x, y(x)} is continous. Integrating yY'(x) - 1{x, y(x)} fromx_ 1,

NLWe pet __A .v__.: _.

T vEOTdY or y(x)

Y0 11 THLY] dior yix)

V) _.,: HL y(D} dtby using the condition y(x ) -y, Thus, we get (2)

Conversely, if y(x) 1s n continuous solution of (2), then at x X, integral van-
ishesand we get y(x,) y,. Further, differentiating (2), we get y'(x) £ 1x, y(x)}.

Thus from (2) we ret(l)

Now. we find approximations to the solution y(x) of (2) by a process of
ton (successive approximations). A rough approximation of y(x) is Y,
Inser this approximation on the R.H.S 0f'(2) and obtain a better 1pproximation.

%_A;ﬂv %: ! _.—.:_.:. V\:VQ—

Next, use y (x) to obtain ever approximation:

y, (%) y, [, Sy, (0} dt
and so on. The n™ step of the process, gives

(%) -y, t Sy, (1) di (3

In this manner, we get a sequence of approximations
Y (%), ¥ (%), ccc0. Y (XD oo
which under the conditions of existence

and uniquences theorem
converges to the solution y(x) of the problem (1 ).

Q. 12. Obtain Picards three Interates Y(x), y,(x), ¥.(x) for the initial
value problem,
.\f 20 v(( (
" 2y, p(0) -0 (2017)
ADs.

Ihe equivalent integral cquation to given problem is
yOx) 1L 0 v de

and the n” approximation iy

y(x) 1L ey ) de

NIRRT

\
" Iy
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H \ﬂi\ _.a.N»\,‘x
y (x) _;‘\:_:_:.: 2
2 } ﬁ\\\ h»
y.(x) _._x.:%_\._:.\w.\a_a\\\ _.x.m“ Y w.\
and in gencral, we get
, 3 n el
Yp(x) 1+ x+2 .Mwn,mw, < o

v — ¥
2! 3! n' | (nyl)

which convergest to

y(x)- 1 tx+2(c-x-1)+0 2¢-x-1

Now, we find exact solution of the given problem.
dy

—=x+y,y(0)=1
dx Y, y()

dv dv
Putx+y=v then — =1+v o

dx l+v
Integrating, we get In (1 + v) = x + In ¢
or I+v=ceorx+y+ | - ce
SY0)=1=01+1=cl=¢c=2
Soexacty=2x-x- |

=dx

RN ku HA
=2 =g g B o
or y I+ x+ N_+u_+ET: x—1
2 3 4
=l+x+2 xl+x|+x,+...
20 31 4

We observe that first four ter

E::Somﬁmoido::ocxmﬁ solution. Further, the scquence {y
Verges to (S) which is the exact tothe given problem as m?n:cv\ ah

27

(1)

(5)

.(6)

(7)

ms of y (x) as given by (3) are the same

(x)} con-

Q. 13. Apply Picard’s interation
fo IVvP

Y'=2x(1+y), y(0)=0
Ans,

method to obtain three iternates

(2018)
Given problem is
dy
I 2x(1+ ¥) when x 0,y 0 (1)
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We known that n* appromiation y, of initial value problem

dy

ot S (x.>). wherey=y,whenx=x, -(2)
is given by g B wq
"TY, _,,‘:2? y,,) dx \:%\m_ (3
Comparing (1) & (2), we get A

Qx.Snwx:+$,x=uo.<ono M?n}&o w..,o ...:.
Therefore from equation GM\.

Y= fo 2x(1+y_)dx 3)
First approximation - :

Putting n = 1 is equation (5), we get

Y, = o 2x(1+0)dx=x2
Seccond approximation -

Putting n =2 in equation (5), we get

Il

.= Jg 2x(1 +y)dx = [F2x (1 +x?) dx

+|_|NN
yo=x* 500

This approximation -

Putting n = 3 in cquation (5), we get

4
2 X
Y, = Jo 2x (1 +y,)dx = [ 2x I+x +|N- dx
2 1 4 1 0
y,= X +M.« +N>
2 9 3
y,= 2,007 67)
2! 31
Now,
n" approximation -
2 2)2 23 2
x© (7)) () (x)!
v:H|_|_.+|IN%+ w_’+ ........ + o
Q. 14. Find the orthogonal trajectories of the family of curves x*-
y’=c. (2018)
Ans. Given curve -

™ e o e et T

29
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| (1D
xl-y’=¢ . y
Differentiating equation (2), with respect to X, we ge
dy 2)
d A,
2x - Mwl 2y=0 or x=y—o

For orthogonal trajectory put Q% \ & x© -J - Q

ol m«%‘
in equation (2), we get &\wf
Q _—
x.:\&'Hno or I&knllwk
Y

Hence, Integrating both sides
=logy=-lox+c

= logy = log<
gy=log—

= Xxy=c.

Q. 15. Find the general and singular solutions of (x? - 1) p? - 2xyp +
y?-1=0(2018)

Ans.  Given equations is -
x2-1)p*-2xyp+y*-1=0 (1)
=y -2xyp +px*=p?+1
= (y-pxy’=p’+1

=y=px +\p? +1 (2

which is clairauts form.

Hence general solution of equation (1), is given as -

(x2-1)c?-2xyc+y?*-1=0 -(3)

Now, the required singular solution will be included in the envelope
of this equation. Since equation (3) is a quadratic equation in c, its envelop is
(B*-4AC=0)

=4xy -4 (x2-1)(y?*-1)=0

=>x+y =1

Differential equation (4) with respect to x, this gives

dy

2x +2y o 0
e

(@)

dv  —x

= a y
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Using it in the given eq(2), we have

IHUH,‘ N+\<N —xt+1

=

=y
y 4 1% i

Thus equation (4) satisfies the given differential equation and hence
equation (3) is the required singular solution.

Q. 16. In a radioactive decay, initially 50 mg the material is present

and after two house, the material has lost 10% of its original

mass. Find the mass at any time t and the half life of the

material.

(2018

Ans.

Let N be the amount of the material present at time t, then dN\dt = kN,
Solving its, we get

N=ce®

>n~”ouZ“MOUO”MOUZ"MOO.—:
Att=2 N=45=45=50e% = k= |W5

.. Themassattimet: N=50¢%*
Ift  bethe halflife, thenatt=t ,N=25

172°

F In 2 =hours

©.25=50e005% )=
? 053

9

10

.053

Q. 17.

Solve by Picards iteration method the following IvP

y'=x%, y(0)=1

(2019

Ans.

The integral equation is -
y(x)=1+ [5 eyt)dt

Picards iterations are -
Yo(x)=1

X 42 Hu
Y=1+f5 Cldi=147

aw

v\uaxvn_+_mm :M dt

[ S
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2 r s
© X
G R E)
: 3P|
) ~ X {
T«MalQﬂ - ‘Q.H
y=1=+fge| 3 = > 1|
Hw.~ ‘lnlwln.rmu.mly_‘
=+ 35003 T3 S |
Nowy (x)=1+ [gty, (1).dt
2 v
P U . I_I .M
y, (x)= _+W+M ES B 'l 3
Q. 18. The current I(t) at any time t, is given by the following
differential equation
dl
E=RI+L—
dt
Solve this equation for I(t) is terms of t. (2019)
Ans.  Thecurrent I(t), at any time t, is given by the differential equation
E=Rt+ h.&h
dr
@, mu _E0
or dt \ L L

The above is a first order linear differential equation in I(t). The gen-

eral solution of this differential

il B0 T
I)=el || =—Leldt+c
(0=et |[= Q)
where the constant c is to be determined using the initial conditions. If
1t)=1,
then from (2)
Rig Ru
E(1)
Ig=el || Ld
0 e N. e I+c AWV

=19
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From (2) we get (3)

Ri I Rt Ri
1 E(t E(t
Iel —Jgel ™ =] %m::l J *mm dt
:nS
Ri x‘ Ru
or Iyl = Ipe L ¢ +(! h?v el du
0
Ru Ru
) : ~19)
o I(t) = Igel P e no mgm L du {
7 4

We shall analyze the solution

tive force E(1) = E, (D.C)anda periodic e.m.f(A.C).

Cascl. E()=E » a constant
In this casc (4) reduces to

R
I(r)y=14el

u=¢

-Rt
L

Rt
L

= al

R

:lov E,
L.
h

u=Iq

: -10) o
= Ipel 0 mo l-e : 0
R
R
E, £ (1-10)
= Ib.f 1o _=0 el 0
R R

We note that as 1 5>, the current
tends to its stablized value, which would be
Eg

its value —
R

the circuit. h
Cascll. E(1) = E_ sin ox ,
In this case the relation 4
sumes the form

: ,,,,\7.,

. 1f no inductor were present in

das-

R(t-10)

I(t)y=rge *

SIN(m va\:

(4) in the cses of a constant clectrom

; I 33
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—R(1-17)) m —-Rt | .w: / i
o lel sinl w—otn  —
=l L h L el sin e
-Rt -
701 -10)) E ! ﬂ Ri -Rig
~.n€ .
=lge + . - ._ L sin(or —g)—e L sin(wig —9) _"
2
R? +0*I* L i
. —R(1-19) .
Eysin(wt —¢) L Eysin(wtg — @)
= e 19—

ol
where tan g = —
R

We observe that the solution (5) consists of two terms. one denoting
its steady state and the other its tran-
sient bechaviour. As t increases, the sec-
ond term decreases exponentially and the
first terms indicatcs that eventually the s -
current would oscillate with the same fre- :
quency, as that of the impressed voltage =~ ° 7 N
but with a phase difference of ¢ . sl

The steady state current of the
circuits is given by

Esin(owr —¢)

()=
YR + 0212

Q. 19. Sole the clairaut’s equation-
a
y=px+—
P (2019)
Ans.

The given ditlerential equation -
a
y=pyvi—

n

Solution:

««\”Q:TI
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Homogenous linear Differential Equation | e 1 sinve Lo ' gine
= : - - ~12+2D+5 2 D+2
Q Ify =f,(x) and y =f(x) are solutions ofy”+f(x)y’+ Wy
= 0, where f(x) and g(x) are continous on an interval |. If f (y 1 2 (D=2 - i 3. BD=3N1 5.(0-3)
and f (x) are any two solutions of this equation. Then shoy = mm .G||Nxb|+mlvm5 S e o Mm-. = sin x
that their Wronskian w (f, f) is either identically zero o}
nowwhere zero on |. «Neau.a&.aﬂ.am.g = w_mN.AAblwvmm:a = M_mw.q“bﬁmm: x) - 2sin x}
Ans. Since ¢,, ¢, are solution of 10 10
Y Hfx)y +g(x)y=0 -1 Hll_mwaAnOw«lwm. )
= ¢, () + ) ¢ () + 2() 4,0 =0 Q 10 oo
and ¢",(x) + f(x) ¢',(x) + g(x) ¢,(x)=0 -3 Hence, the complete solution is
Multiplying (2) & (3) by ¢,(x) and ¢,(x) respectively and subtracting y=CF +PI
one from other, we get-
(6,00 ¢",(x) - 9" (x) $,(x)] + y=¢*(C, cos 2x + C, sin 2x) - .__dm? (cosx - 2 sinx).
a(x) [¢,(x) ¢,(x) - ¢,'(x). ,(x)] =0 -
AW (x) @«w\éﬂ:m the method of variation of parameter obtain the
or — = +a(x) W(x)=0 NG general solution of the non-homogenous differential eqution-
, 2
where, “ M +a~\<nm5§
W)= 4,0 00,6 $,00). x (2019
Equation (2) is a linear differential equation of first order is W, whict Ans.  The corresponding homogenous equation is
has a general solution of the form. y'+aly=0 (1)
W(x) = C-e famax Which has the general solution
Where C is a constant. ¢ (x)=C, cos ax + C, sin ax
— This function vanishes either identically or no where on I accord =y, (x)=a,(x)cosax +a, (x) sin ax Q)
ing as the constant is zero or not. ! For a particular solution - .
Q. 2. Solve - (D?- 2D + 5)y = e* sinx. (2014 From (2), we get
— V\_.CO =-a (x)asinax +a,(x)acosax +a' (x) cosax +a',(x) sin ax
g 2 1 2
Ans. .:“0 auxiliary equation 18 Let, a’ (x)cosax + o', (x)sinax =0 ..(3)
m?-2m+5=0 - then, u\uco = -aq (x) sin ax + aa( X) cos ax .(4)
2+v4-20 Differentiating w.r.t. x,
SLoom= 2 v\:_uco =-a’a () cos ax - a’a,(x) sinax- aa’ (x)sin ax +aa’ cos ax ...(5)
m= 4 2i o zoi substituting y (x) & y” (x) is given differential equation, we get
- . 4’ (x) sin ax +aa’,(x) cos ax = sin ax A6)

ce, C.F =¢e¥(C, cos 2x + C,sin 2x) . ,
Hen © : Solving for o’ (x) & a’,(x). we get

D?-2D+5 (D+2)2-2(D+2)+5 o (x)= -

: 2
Sin- ax

PI=

a
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_ SIN AY COS
aX)y=——— w
- a

Integrating these wrt. a.

-\ |

)= T —sin s

=y | ) I
ST TSI Zan cosgy - — i
AV CoN 3 Cos 20 sin ax.

NQ L: u_ n«l
=X | V

Ale —COs ux P‘Y’J» ,
2a dasin2uy - av) k

Hence vxX)=

A v 4OOmN: - sin [{A ,,
y(x)=—— — .
P 2a Ja-

" The general solution becomes -

y=0(x)+y (x)

sin ay

y= O oOmmx+0 sin ax ,nom:fr
2a da*

Define the inverse differential operator | where f /() -

gt
_—

S(D)
Dmh

+ -1
D,+apD *...a D+a i

anda,a,
constants.

1
1(D) Q denote some function of x w

by £(D) gives Q. This function of x is a

Ans.  Let hich when operated npcn

particular solution of differentjo:

tion. o
fD)y=qQ
As f(D) and f(D)" are inverse operations
therefore,
D Qi =Q
or D! =
5” O)=0
or D'(Q)= [Qdx,

(€070, o ditl
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—% Establish that,

Qs
— ax NP« \A.ﬁ
——e = —
f(D) ¢(x) p!
If (D) =(D-a)° ¢(D). (2015)
>\=|m.‘|_= this case, if we calculate, P.I. by previous method. then
— ax — ax NQH
PI= e = e’ =—
f(D) f(a) 0

hence, this method fails. .
Now, since aisaroot of f(D), (D- a) must be a factor of ({D) which can
be written in the form (D - a) ¢(D).

’ i ,
PI= _ e = — "
(D -a)$(D) (D-a)y(a)
where ¢ (a) is now a constant onl\.
) ] . e™ | ) 1 P | |
Pla) (D-a) o(a) (D+a-a)
- I ax |_| | = 1 e x
éla) D ¢(a)
Similarly. if f(D)=(D - a)* ¢ (D) then PI. of e* is
o o e 1
D) (D@ D) playD-a)?
e 1 = e™ (1 1o e™ xP
#a) | (D-a-a)? | ¢\ DP ) Pa) p!
w &y B 2
Q.6. Solve ¥ |ﬂ.< T Y=x"(x>0) (2016)
; X
Ans.  Given equation -
4,6 2
=V -"y+—Vy=x
X X

= 3> y"-4xy'+6y = X}

Using operator D, the equation is written as -
=[D(D-1)-4D+6]y=e".
{Letz=Inxorx=¢}

=(D°-D-4D+6)y=
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=(DP-3D* By =e* )
.»cﬁ_.sancm:o: -

—m2-5m+6=0

=(m-2)(m-3)=0

->m=23
=CF.=Cle2z+C2e3z

] 4z 1 4- an
Pl= IN|I.T v . e o

(D -5D+6) 16-20+6 2
Solution:
4

v\nﬁ_xu+n&u+a|..

E 2
Solve the equation -

y'+2y'+y=4e*lnx.
by using the method of variation of parameters. (2016, 2018)

Ans.

Given differential cquation is -

y'+2y +y=4e*logx

The auxiliary equation is -
=(m’+2m+1)=0

=>m=-],-1.

CF=y=(C,+Cx)e™

Now by variation of parameters method
Plis Y, (X) = ue* + ve~

r(x)é (x)

w(x)

r(x)¢y(x)

w(x)

where, u=-,(x) |

andv= d,(x) |

Here e_oc =c*, eNCC =Xxe™.

ﬁ\lk 4&[&
Wix)=

i, )
~e (—xe

k+mwlk

= |XC~.. ¥ ﬁwn‘. XO.u. - Or:
andr(x) =4¢* log x.
4 log xxe™"

=SUcexet [ — 2278
[ =T dx

PU-xet [4logx dx
= ;-Ax.,c,__-_omx_

|
|
|
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4e “log xx xe

andv=¢e" | dx

N:Nu
=>v=+e* [ x'log x dx

X log x |Ha
9 o g
Hence complete sol” is -

y= et HC xeR S da it yeri,

2
= v=4¢e*

Q. 8. Solve
y” + 4y =4 tan 2x. (2016)
Pl.= _ 4tan2x = _ 4tan2x
Ans. - And S T B -
nw ]_I..F tan 2x MM FE:all_lxw: 2x
i|D-2i D+2i i\ D-2i D+2i
Now, b tan2x = mww._ ¢~ 2 tan 2xdx f(cos2x—isin NMVE&
D-2t cos2x
2i . isin? 2x 2 N.C..nowu 2x)
=[] sin2x - dx =e*™ [| sin2x - — |dx
cos 2x cos2x
= e?™ [(sin 2x —isec 2x +icos 2x)dx = €2 (e —sec 2x)dx
~2ix
; 1
= je?x| £ ———log(sec 2x + tan 2x)
=2i 2
. ie”™ log(sec2x + tan 2x)
5 3 =
Similarl _ tan2x = - + ie”” log(sec2x + tan 2x)
¥ Drai 2 B
2ix -2ix
Pl .= w -i| £ +Nm log(sec2x + tan 2x)
i
= - cos 2x log (sec 2x + tan 2x)
Hence the complete solution is
y=C.F.+PI.

= ¢, cos 2x +¢, sin 2x - cos 2x log (sec 2x + tan 2x).
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. >
Q. 9.  Obtain the general solutions of
2
24y L N x2e®
i A dx y= «NQﬂd
Ans. Given cquation is -
2
24 2 . x2e*
dx~ dx ~
Using operator D, the cquation becomes -
=[DMD-1)+D-1]y=2ze>.
=[D’-D+D-1]y=2ze”
= [D?-1]y=12z¢e*
Auxiliary Equation -
=>(m?-1)=0
=>m= +1
. CF=Ce +C,e
Now, for particular Integral -
B
Let y=Ax+ P
be the primitie of the given equation, where A & B are function of x,
dy B dA 1 dB
= g OO
Then dx 2 dx * dx
Let us choose A & B such that
dA 1dB
—_t o
X o x dx (D
dy B
=4
= dx \«N
d’y dA 1 dB 2
and 3 - T3 -t—=8

a1 ds_ |

& 3 dx (2)
Solving cquation (1) & (2)

dA _1 . . dB -x?

—=—¢ &—=—"—_

dx 2 dx 2

] _
SA==0" +C5and B = ,_.»\Nn.q

X Y
txe’ —e +C
2 2 4
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Thus complete solution of given equation is
1
% Hm_\«+m.l|m.«
X x
Q. 10. By the method of undetermined coefficient find the general
solution of
y” + a’y = cos ax. (2018)
Ans.  Lety'+ a’y=cos ax. (1)
The homogenous equation of equation (1) is
(D*+a?y=0.
Auxiliary equation is -
=>m’+a’=0
=>m=xzia
Therefore complementry function is
y=C, cos ax + C, sin ax
Let particular integral is given by -
x_oc =x (k,cosax + k, sin ax) (2)
V\_.CQ =x(-ak, sinax + ak, cos ax) + (k, cos ax + k, sin ax).
y'(X)=x (-a’k, cos ax - a’k, sin a) + (-ak, sin ax + ak, cos ax)
+(-k,asinax) + k,a cos ax.
Putting these values in equation (1), we get
y \_.Oc + mwx.cc = COs ax.
U-x_meoOmmx-_mmwxwi ax -k asinax +k,acos ax -k asinax +k,
acosax +k a’x cos ax + k,a’x sin ax = cos ax ’
= -2k asin mx+~_m a Ccos ax = cos ax. -(2)
Comparing correspondin g coefficient,
1
= \A = —
k=0, k a
Now, from equation (2).
X .
= —sinax
Y, (%) o +(3)
Hence complete solution is -
X
Yy=c cosax +c,sinax + wﬂmms ax.
i se —
- 1. Solve the differential equation -
d’y 1dy 3y
PR aiebraini ] L 2018
dx?  x dx - (: )
Ans

Given differential equation -



|
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y' () [o,(x)e" + 4a, (x)e] + [a’ (x)e* + 20 (x)e>].
Ry - S B Then after some simplification
x S.N - 5 =3 =x“logy oo__cclfnu.ﬁ%xvlo
era’ (x)+2e* a’ (x) = cos (7).
Put.x =¢"=z=logx _ Tt Fornt de
=5 [ DD 1)-D - Blg=eiz Upon solving for o’ (x) and a. ,(x), we get
= (D?-2D-3)y= ) o cos(e™™) x
Its Auxiliary cquation is o\ (x)= S ==E ces(ar) (1)
(m*-2m-3)y=0 . .
(m+1 -3)=0. e cos(e ') o _
au 1. w:: v nd - 4,(00= 5 =¢ “eos(e™) -(2)
CCF=Cer+ Cpe” Integrating (1) and (2) and ignoring the constants of integration, we
And Pl = : 2 e
n S proIp-3y @,(x)=- [e*cos (e*)dx = sin (e*).
o Pl= o2t 1 ” a,(x) = [e> cos (e™)dx =- [e"sin (e™) + cos (eM)].
(D+2)) +2(D + 2)-3 fence  y (x)=a,(x)e* + o, (x) e
= e sin(e™) -€* cos (e*) = -e>* cos (e™).
7= ] =X 55 2D+ D? Thus the general solution is given by
== & QNH%N I+ T A , y=c,e* +c,e* - e* cos (e™).
,u. 13. Show that the particular solution of
nnl_%%.#& = L9 W y" +2ay’ + b’y =a coswx, (a, w> 0) is
3 3 9 i B Asin(wx - a)
Hence general solution is - givenby ¥~ /\GN — %+ AaPal
]
y=ce’+ce -W%NONJrNV. tan~! 2aw
where,a= """ |17 5| (0<a<p). (2019)
y= a + mNH - lkm Blogx+2) Ans. Given differential equation is -
£ y'+ 2ay + b’y = a cos wx (1
Solve the non-homogenous linear differential equation. _ Auxiliary equation is -
y' -3y +2y=cos(e’). ﬁ >m'+2m+b=0
by the method of variation of parameter. (201,

The homogeneous equation corresponding to the above equation
-3y +2y=0

which has a general solution

¢ =cc +ce’

We use the method of variation of parameters and set

y, ", (x)e'ta (x)e™

E::m% (x) o )3 20, (x)e™ + ol (x)e Fal(x)e™ . Setting

g ()~ a :?{ 0

Y, (x) ux )4 2a (x)&*, Therefore

> 9
-2ax\4a- -bh-
>  m=

~

- 3 D
=m=_,+a" -h-
”ﬁu a~ I?JM

Y(X)=cea+pin i co(-a-p
r sing undetermined coetlicient method

=m=-atp
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Let, Y, (X) = ¢, cos wx + C, sin X 514, Solve the mo=°<E.:Q IVP,
= vx._Cz =-c, m,_: oxtc o nNOw.ex. . %: -4y +3y'= Aou., v(0)=-1
— V\.%zv = n.e, COS (OX - nh ©° SIN WX .v\ﬂcy - Q NNQ ﬂb\
from (1) . ] ven diffecential —
-C, W¥ €O OX = ¢, X - ¢, ' Sin ©X - 2ac, 0 sin OX + 2 ac, cos wx + qo, Ans.  Given differential equation is -
! ! oOwEx+UNOamw=€xH>oom&x v\:ubv\..rwv\ﬂbmu.‘ (D
b = cos X (- ¢, 0" + 2ac,m + bie,) + sin wx (- ¢, ? - 2ac,0 + bic ) >E:_me equation is -
f Comparing the coefTicient both sides- = (m*-4m+3)=0.
¢, (b’-w)+2awe,=A ) =>(m-3)(m-1)=0
-MpSﬁ +c (b'-w)=0 -3 =>m= 3,1
Multiply (2) by 2am & (3) by (b - @?) - CE=Ce*+Cpe
and adding gives Now, .
¢, [4a’w’ + (b’ -w?)]=2a 0A. |
s —U~ = ANWH
.- 2amA (D? 4D +3)
4 - B
= 4aw? +:uN ISNVN i
9 D Pl1= 4x. mw«
A 4a“w° A 2D—-4
From (2),(b- - W, = N"T>5— 759
R ) PI= AM.W%R =2xe’*
22
P (b” —w)4 Solution is -
= AQNEN +3N |8Nv~ %Hﬂ_owz+0~@+wxn&
at x=0,y=-]
) i
(h™ —w~ )A 2amA . ! HVLHO_+OJ+O
) = COs Wx+ sin mx. i
therefore, y ()= P QNN ) vN 4a’w? + @N |8Nv = n,_ +C=-l -(2)
o
EN ISNV atx=0, de
Letcosu = /\AQNSN .TA@N |8NvN ”V”+O~Q»+N@7+@Xﬂuz
W =3=3C + C,+2
2am _ wO_ + ONH 1 e
i s From (2) & (3)
&sina /\m_QNSNJrA@N |€va O_.H_,ONH,N.
240 Soy=eh-2¢r + 2xe™
=t@anu="5 3
e b?-0?
240 Acos(wx-u)

2 2
h? - 2 /\&:NS: +(h? - w? VN

Acos(m x — )
So. yx)= /\AQNSN +(h% —? vN

;’
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Chapter - = olve the system
A li m.—ﬂmﬂn ”.v@n;- Owh“m——”ﬂmcud Q 2 ww:_ + N%_ + %‘N - ®%~ = §e". .
4 icatior ‘ camse
Q. 1. Discuss the motion of a body of mass m. Suspended by 5, 4y, +2y,+Y, 8y,= Se -
elastic spring with spring constant k, when there is pq fory (%) & ,(X)-
N M ear . ™ . \l\.‘\\
resistive force and there as an additional sinuooidal impy, P
L Ans.  denoting P by D,
force with angular frequency \ ,, . (2014, 2015, 2016, 2017,
Ans.

1fan additional force r (1) is applied from outside, which is called inpy;

d &| -8y, = S5e*
3I— () +20 +— () -8y,
dx S¢ dx
of driving force or external force, then the resulting motion is called a forceq
motion.

(1
Uwo<_+M<_+U%~- mu\NHmoa a
. ; s . . ; d d x =3
The most important case is that in which the impressed force is peri- & A—(y)+2p + NA y7)—8y; - 5¢*+2x
odic and isof form r(t) = F, cos o t, so that equation becomes dx i 3 Q)
m; Tegtka=Fcosat 1) = 4Dy, +2y, + Dy, - 8y, = 5¢* +2x -
where m, ¢, k. F,, @are positive constants and F »is the amplitude and Further simplifications- 3
@ the frequency of the impressed force. .(3D+2)y, +(D-8)y,=5¢ & @
The solution (1) comprises the C.F. x,(t) and P.L. x (1), we determine & (4D +2)y, +(D- 8)y,=5e +2x -3
here the v&dnc_mn integral X (1) of the B.:m:o: nH . ; from (2) & (4)
Using the method of F.Saﬁmzd_sma coefficients, we assume that | — (3D+2)y,- (4D +2)y, = 2x+3
z.,a =k, cos ot + k, sin wt Q) _ -_N +3 .
Substituting in (1), we get v =(-D)y,=-2x
[(k- me)k, + ack,] cos wt + [-ock, + (k- me’)k,] sin @t = F, cos ot =Dy, =(2x-3)
which gives two equations for k. k, as

(k- mw?)k, + ack, =F,
-ack, +?-Be&x~no

1
= — NR = HwV
=N DA
Solving these equations, we get

(k-mw?)F, wck, 2
k= 2.0 55k = 2.2 2 A
(k-mo~ ) +0°c” (k—mo”)” + 0?2
Inserting these values of k .k, in
setting ©,

(2). we get the PI. x (). Further
[k /m . we obtain the general solution of (1) as

2
EASW -0 Vﬁo
SESTI. WA e

X =
o ()= xpir) +— L
m ASO - v

+®c”

ucky

e

2,2 242 2
m= (05 —w”)" +@2c?

sin wr el

_ =y, =x-3x.

From equation (3),

(3D+2) { x*-3x} +(D - 8)y,=Se*
3(2x-3)+2x-6x +(D - 8)y,=5e*
= 6x -9 +2x2- 6x + (D- 8)y,= 5¢*
= (D-8)y,=5¢"-2x2+9

. CF=Cge™
1
= *-2x*+9
& Pl= ——(5e°- 2 +9)
5e* 1 2
- +——(-2x° +9)
=Pl 23 (D-8)
- 1 2
- a+||.hw>.- -9)
= Pl= 3 € ﬁwlbu
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=5 ¢ 1 -1y 2
=Pl e e (1-0/8) (222 9)
=5 & 1 D 2
=Pl= —c¢ +-1+—|(2x" -9)
— —u_ u C .‘vm m
w. A 2t -9)+ 1
= PJ = 3 gl \< 7
5¢" ] h) X
=C eM-—+—|2x"-94+ =
1= C "33 2

Q. 3.  Define scaler and vector fiel

d and also gradient of 5 Scaler
field u(x, y, z).

(2014
z) ofaregion R in space
scalar point function &

Scaler point function - If 1o cach point p (x, y,
there corresponds a unique scaler f(p), then fis called
“e can say that scaler field f has been defined in R.

Vector point function - Ifto each point P(x,y,

there corresponds a unique vector f(P) then fis called
and we can say that a vector fi

z) ofaregion R in space

a vector point function
cld fhas been defined on R,

Gradient of scaler field -

Let u(x, Y. z) be
certain region of space.
as -

a defined and differntiable at cach point(x,y, z) ina
Then the gradient ofy written as Au at grad u anmsoi

-

@ or o . ®>
Au= | Z=i+—j+—f |y
ox o o

49
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df

—— = directional derivative of fin the direction of g
Now, dn ) e
Vf=gradf=Ap
A=A f*h A [
=V /*a=An°*n

qa
cograd f= v f= de "

Prove the identities -

div (fxg) = §. curf - § . curlg (2014)
V.([xg)=2 MW (FxB)

=3 TWerxw

f?@.nm mxm +2i waw

=-%i WXW +3 wxm.w g =-% mxm% f+x mxw% 2

Since dot & cross are interchangable -

=-(Vxg)F+(vxF)g

dqxwg = AQXWVWIAQ xwvm

=div Q. X wv =geurlf-f curlg
. 6. Prove that 2014
, ¢ curl(f y)=fcurlv+(gradf) xv. ( )
along the normal vector to the surfacef |
2014, 2017) | o
« | Ans.  Curl(fv)= VLMC V)
ov
=5 ez i
Ox Cx
rad £ v . . A RO var LM_.TI \ (ardx )
c_.__,on:v\”__”“f\,__;ﬂ\__..:r:oq normal 10 the surface (x, y, 2) = ¢. Since j isa n xH‘_aac,éth cc,i/w ds ={p W o m_L = u:
IS S0ME o _.. o .:wF. irtace i /)" ¢.therefore Jey graf=A 5 whercA S r Oz v
Clarto be determineq.

!, w)t(o'
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(0F, OF 8 1)
l._.k :I'_+ 19f
0y 0z Oy

=(grad f)y + feurly .

I;&.S\ n §eo (Fdx+ Fydy + F3dz)

o
N

Solve the system of differential equations-
dl

2 t31,-21,=6
. dl,

ﬂ +~—N-__uc

and show that Evaho IL()=3&

lim 3
15l (t) = 9.

(2015)

Ans. The equation can be written as -

(D+3)1,-2L, =6
I, +D+2)L=0
d

{where P D,

ZE:ES.:@ €quation (2) b
:U+wvau+~v-NFum.
[D*+5D-4j L=6.
Auxiliary equation -

> m’+5m+4=0

m=-] 4

S CF=Ce'+Ce™,

Now, Particularl m.snoma_

Pl= 2 -3

D +5D+4q4 2

4
3
Putting valyes of L(t) is equation (2)

L()=Ce-2Ce*+3

Sl () =Ce'+Ce+

- i
o \lv:\w.‘ __3v “3& ~F58 _NA: =

o w

B—

()
Q)

y(D+3)& adding with €quation (1)

\.\.\\‘

Q. 8.
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fa, b are constant vectors, w is a constantandr is a vector
function of the scalar variable t given by
r=cos ot a +sin ot b, show that

&|~h+8-.|o x|&|q|85x@
() g2 ERTRE () RASP7IN (2015)
L EE_2 +MA. t) b
Ans. (1) o (cos wt) a g Sin@
=-wsin wx a+ wcos wt b.
d?r , 5 %
>y =-w'coswta-w’ sinwtb
dt
=- @ ( cos wt a+ sin wt b) = - @r.
d*r i
> Tor=0.
dt
i dr . .
c:wxM:IHAOOmE;+w5§3xA-Sm_:8~m+8now€:&
=owcos’wtaxb-wsinfotbxa [-axa=0,bxb=0]
=wcos’wtaxb+wsinwtaxb
= (cos’ wt +sin*wt)ax b=wa x b.
Q. 9. Prove that
curl (pA) =grad (¢) A + ¢ curl A. (2015)
Ans. We have

Curl ($A)= Vv x(dA)

HTWA:.WiAIWwa@&

.0
= Mhﬁ xM\m@\SM
(2 a2t
Ox Ox

- 280)) 2o
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F\ﬂ.l . .
Putting values of y & Rm In equation (2),
gl Cete ety L gen
Uﬁ_n,,fwﬂuc:-ﬂﬁ =y, +4(Cer+ Ce™- S S
4 2x . _It.,u. _—
=Cet+5Ce"- € =y +4C e+ 4 C - = 3¢
g8 4 L
=y, =3Ce-Cel=e| 3 3§ °
n.u—
- w S -5
=y, =3C e - Cre™ 3 (=9
5 2x
e
e \ <
=y,=3Ce-Ce™+ :

Q. 11. A particle moves along a curve whose parametric equations

are -
x=2t,y=-4t,z=3t-5

where tis time, find the velocity & acceleration of particle in
dirof (2i - 3j -k ) at time, t = 1 second. (2016)
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éA
_ Mm@rw xA+T A;l@
o ox
0A
= Mh@Q xA+@L|ix—
Ox X
=(V§)xA+¢(VxA)
Q. 10.  Solve the system of linear equations-
dy
&I«_ =2y, +3y,+ 2e™.
22 ) e 3e
e = ‘S y, + s
d 2 = ga
Ans. Substituting, e =D
dx
Dy, - 2y, - 3y, = 2¢n
(D-2)y, -3y, =2en Nl
& Dy, - Yy, - 4y, =3ce»
(D-4)y,-y =3¢n Ql
Multiplying cquation (2)by(D-2) & adding to cquation (2)- . Ans.
(D-4) (D-2)y,-3y,=(D-2) 3¢ 4 30
= (D*-6D + 8)Y, - 3y, = 6e™ - 6o + 2=
= (D*-6D+5)y = 2¢X, ,
Its Auxiliary cquation is
=>m?-6m+5=(
=>m=35,]
- CF=C e +C ",
1 2x
&Pl= —5——— g2 __ 2"
(D®~6D +5) 4+5-12
2x
—2e
mv — = |w‘ s & v\u = O_O, + ﬁ/uc.f - .MIQN,«
-(3)
lu\v 4
N ~==Ce+ VoY
ow, Q«« ﬁwn Mﬂ.,ou w € ...A.:

y

Let ¢ be the position vector.

FEXityjreg

22

27
Velocity, = (41)§ +(2t-4)} + (3) ¢

7 +H(-41) J+(3t-5) .

v(@t=1)=4] +(-2) j+3§:
acccleration,

d

d _.w
At dt

dr 2 s ® A . . .
hMuHA~+M\+O» Hhm +N_. +Or

a=

alatt=1)=4; +2j+0¢

Now, unit vector in given direction (2i -3)-k)is-
2i-3j-k 2-3j-k

Va+941  Jia

~- Component of velocity in given dir®

n=
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(4 2j > SkpiZi=3j — k) | :
- — | ;
= w14 _ \\\w»uba+-uﬂa_xw+|hlnnlws_
W. r r r
K+5H-3 i | . _
—_— e ) xr i
= e M4 M L:%T :
& comgensnt of avecleration given direction [ ot P
L ..0. r o = 3 Nsl 1 u “w !
| Wir2je@T-3j-k) B-6_ 1 L-WTNT;AELIAT — Layi
28 s Jisa g r s
3 ‘/ u _
Q. 12 If is a constant vector, prove that b Hle~n+WA\.nvw+.|ﬂellw:‘_ Ix. =, Fax-r.ayuar u
= W - - i i
QX\“..IQﬂI&.Wham.Mv B
Curl 3 . : a 3
- — L = |||~.+IM€:.\
e have ‘ o
gaxr Qx?: s P ”\exw Q. 13. Solve the system of difterential equation
! 3 ~— “ = 1 X & a\.-.
r e x 4 di ty=cost-sint+e A tx=costt+sint-e' (2017)
M_?xww ,,Juluulmh?:f ] ﬂzx mw‘ 1 (ca Ans. M_E.,.n cquation van be s
&/ § 4 A -3 Py | —=xr X ty=cost-smt - ¢ th
\ / cx 3 2
d r x) ric and Dy ¢ x ~cont - sint-¢ (s
. da Multiplying cquation (1) by D & subtracting (2) fromyin, swe hanve
S va.c because a is a constant vector S -1y -sima g OF = gl = S o
i — .G ]
ALDI= x3< vi o o1 =D -x =201+ cost-¢)
ARz Its Auxiliary cquation is-
cr A m-1=0
— = cr x
—=i_F LN .
x urther & 0 Wbecomes w2 ! .
L7 ..~ﬁ.~.lﬂ.o_ o
Claxr 3 x
= f= e m w ~ -2
3 —(ax = _ X JRPY ’ -
&) 8, :4L_Dx:lnﬂ\w|_bxl HC Now. PI- A:u\:az_:__p.:/_.c.
. N,A\Dx\.,
..qukiunl..wfuk.ibxw 1. . =(sin 1 + = ¢ = Yk
cx \u ) \u .owt;bxl =(sint+cost)- .cu|_ wu_:_-noi-m”ﬁl‘v::-nc/_..?.
3 Sx=CtCet tsintbcost- 1! .43
n:’L:lmLEi L1 Putting value of x in equation (2 -
, 4/;:.:54:.3:_ ing valuc of x 1n equation (2)
\.4 .
3 Ic:n\._lrﬂo_+ﬁc_wv,=.+n8~umm2»no£-‘
= - 'MA& ,w—. — — di ! : et
trarre — .
P ST R S d
[ r » y

=3 Iu.ﬂn:nu-n;-n_a_-ﬁuq
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B 1)-Ce-Ce S S
o C = (6)
va\nﬁ_-a..n.-ﬁ_niupn; R Vkim—-c/4m
= -2- C,e’ andiats e cacy fis given by
>y=e(t-2 C)+¢, 1
14. Consider the oscillation of Smmmamtmb.o . u“< a Spring ot e 2 5 7
@ of neglegible mass & spring modulus k, in a medium whjc, SE NG = ram® o 7
offered a resistance propol :.Ozu“-no ﬂ““ﬁ“‘iﬁwwsﬁgu The irequenc fas given by (7) is called the natural frequency of the
i e case when - , 20 . 0, evident'y, the frequency (7 § .
constant C. Discuss th . : - l/@ system. Also, ¢sident 'y the frequency (7) is decreased by the damping
Ans.  Consider the motion under a damping force (viscosity or Tesistange

of the medium) Assuming that the damping force is proportional to the Velocity

Q. 15. Solve the system of the differential equations for x.

. dx dy dz
(x), we have the equation governing the damped motion as Tl Na,mlw = un.w\n = N.,t (2018)
mx+cx+kx=0 A:
where m, ¢, k are all positive, m denotes the mass of the body, k the b, . dx _ -
stiffness of the spring and c the resistance per unit velocity. ns Lo = (1)
With ¢/m =2a and k/m = & , equation (1) takes the form dy
i+20+@?x=0,a=c/2m, - & F -A2)
The auxiliary equation is
hy+ 200+ 67, =0 -0 LN
which gives the roots as dt -(3)
Mh= —as /\g ZMi, differentiating cquation (1), w.r.t. t, we get
The general solution (2) will depend upon the nature of roots of the, alw =29 =2(2z)=4; @)
equation (3) which, in turn, will depend upon the damping. Accordingly, %¢ a . .& i )
coniider iiree cases. Again, a_m,nqmzzw_::m €quation (4), w.r.t. t,
Underdamping (¢’ < 4mk). _ &x 4% _g d3x
When damping force is further decreased so that c2 < 4mk or o <@y = ad ar = PE 55
ES Eo roots (4) arc complex conjugate. Let A =([D*-8)x=0 )
o7,- 0’ = 0, then y._ =g+ 5_, V(N = - me_ (a, >.!> Now, corresponding auxiliary equation s -
o real). =>m’-8=0, UAB-NXBN+NB+£MO
Consequently, the general solution =>m=2,-1 3.
of(2), in this case, is Hence, general solution is
X =€ e, cos (01) + ¢ sin (0p1)! =Ce+ et S i
which represents &_“ana nvwo:_mmmcsm, m.o_.,vh e \\\s._\_\u;(xn_ow TG 314 C,sin3 1
oscillates with an amplitude which fall offes 1 Hem 10 f ¢ ‘m the position vector of apointP (x, y, z) with respect to
ponentially and tends 10 7ero as ¢ - origin O, then find the gradient of a scalar function f(r).
This motion is ::acamavca and transient, w/ (2018)
Thetime period T of thege damped oscillations is given by ™ Letgp

rbe the position vector of point P(x, y. z) wiryt. origin O,

ii
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( \ 4 LI O
( J PR N, = r

The eradioent of a «¢alar tunction
¢ INERELSE

(

grad f(r)— \ () - i)

o\

— 1 = f(r). ¢

wad () '(1)

1
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—

Q. 18. Fora vector function ; , show that

QMJ . -
.d ‘curl g =grad |5 |~(i-V)a

Discuss if ; isirrotational.

a® |

Ans.  grad q_n\m.ﬂvm

(2018)

Q. 17. Prove that

din fin)r) —1r f(ry}

(201

ADS. din(firy ) div|——T

J(r)
cdn ity gy —— dirpe pograd | T —

| &

.:I_._ —‘“. | fir) :1:; ol fr

T 5
r v/ ! x

a.a - ]
=grad | 5~ |~(&V)a_ - —yrad (d.d)-(3.V)a
_ o
5 grad (a.a)-(aV)a.
] - 2 o i 5 T
nﬂTAman_m+wn:_._.,.‘;md«w:|?a;u
= a xcurl 3

Hence, (3 xcurlz )=grad q_lﬁplﬂf

If 3 isirrotational. then
Curl 3 =0

.Hu - -
-. 0= grad grad 4;1?10?

Q. 19. Show that a necessary & sufficient condition for the vector
- da
a (¢) to have constant direction is ut% =0, (2019)
Ans.

Let a be a vector funcuion of the scalar vanable t. Let A be a unit vector
n the direction of a 1fa be the magnitude of a, then a = aA.

da d4  du
— =a— +—
di dr e
rNL rNA '.‘L q
sy e (0 X ¢ — .‘
Henge @ Ut (d :r’f. e ar
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nnu;x&hfnmhhxx

dt di

Q\A
=alAxZ= .. AxA=0] ol
dt

The condition is necessary . Supposc a has a constant dircaiig,
Then A is a constant vector because it has constant direction as well as .
stant magnitude.

dA
Therefore — =0
dt
da 2 ~0
.. From (1), we get annn Ax0=

Thercfore the condition is necessary.

da

The condition is sufficient. Suppose that @x ar 0
Then from (1), we get

2, dA dA
a \A W = O \A X —— O

- o - )

- . &k

Since A is of constant length, therefore 4 oN =10
dA

From (2) and (3), we get ar 0

Hence A is a constant vecotor i.¢., the direction of a is constant.

Q. 20. Show that the directional derivative of a scalar point functio
fata point P(x, y, z) is direction of a unit vector a is give
by -

a .-
—= Vf.a (201

Ans.

Let f(x, y, z) definc a scalar field in the region R. Let x = xi + yj *?
denote the position vector of any point P(x, ¥: 2) in this region. If s denotes th

i : dr |
distance of P from some fixed point A in the dircction of i ,. Therefore . _J
|
. o e dr .
unit vector at P in this direction i.c., y
ay

Butr - xity+zk.
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Vf=|i—+ _— || =i+ —=j+—
/ dx dy dz ds &.ﬂ\ ds
Jatdx dfdy 4fdz df

T dxds dyds dzds ds

Now

= directional derivative of fat P in the direction of 3 .
Alternative Proof: Let Q be a point in the neighbourhood of P in the

direction of the given unit vector 3 . If /, m, n are the direction cosines of the

line PQ, then /i +mj+ nk = the unit vector in the direction of PQ = 3 . Further if
PQ = b, then the co-ordinates of Q are (x, + /8s, y + m8s, z + nds). Now the
directions derivative of fat P in the direction of 3 is

_lim S@-S(P) o f(x+18s,y+mbs,z+nds)— f(x,y.2)

T O0-P PQ T 8550 B
ofr o . of
S(x,y,2)+|18s 7 +mds ’ +nds u+ ..... - f(x,y,2)
- lim ox % oz
~ 8550 ds

on expanding by Taylor’s theorem
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C —:::00 -._ = m- o  Theorem- IfV be a closed bounded region in space whose boundary
Vector Calculus :M_ iecewise smooth orientable surfacer S and F (x, y, ) be a vector function
. ™ WZW: is continuous and has continuous first partial derivatives in some do-
Q. 1. Evaluate the double integral- nain containin V, then the volume integral of the divergence of F taken over the
1 1% (1-xy) dy dx. _ yolume V enclosed by the surface S is equal to the surface integral of the
2 «nodé sormal component of F taken over the surface S, i.e.
—
[[fy divF.dV= [IgF. adS (1)

Ans. 1] (1-xy)dydx
q where is the outward unit normal vector to S w.r.t V.

In terms of rectangulr components, if F=F, | F, w +F, k , then (1)

= _m \,I.H.Pf dx
2 2 assumes the form
w < oF, 0F, OF \ . )
X 2 X or orp ofy . 3 .
=] dar e dx 1% hmx + o A muu&&&un:m A3_+ﬁ~_+ﬁwwvb§w (2

: and further, if A = cosai +cosp j+ cosyk where a, B, y are direction

> |5 5T +— & 5
2 12 3 12 anglesof f,then f.j=cosa,f.j=cosP,= 5. kcosy. . Consequently, (2)
I takes the form
= —--—-— +—=—
2 12 3127 % OF; , 05 o o5
— Iy I%H|+M+ﬂ dxdydz - Iis q_8m9+m~00m@+mu8m<v&h -(3)
. 2. Evaluate the line integral. | [x?
egral. % [y dx + (x -Z)dy + xyzdz] where and since orthogonal projections of dS on yz, zx and xy planes are

h i . respectively dy dz = dS ,dzdx=dS =
where, C is the arc if the parabola y =x%in the planez =2 m_mwca i_.maw wmu OSEGE cas P and.dx dy= S E6s 13), iy

from (0,0, 2) to (1, 1, 2). (2014)
. OF, OF, OF
Ans Liyas oyt ayeda Hle Tﬂﬂ,ﬂwiﬁ
= Jo¥ )dx+ g (V5 -2)dy + [0 =l (Fdydz+ F dad + Fdudy)ds -
I
= fop x*dx+ [ y"?-2dy+0 Proof: First we prove that
! oF: &
. . 2,¥2 I [1fy ﬂu&%& =[fg FycosydS =|f[g FkidS Q)
= | < -2y
5 0 3 ’ for a special region V bounded by a piecewise smooth orientable
L 2 wE,?o.n S with the property that any straight line parallel to any one of the
=3 Fe 9 - 3+10-30 17 coordinate axes and intersecting ¥ has at most one segment (or a single point)
— 3 15 15 in common with V.
-J. State and prove G > _—— Let R be the orthogonal projection of S on the xy-plane, let S be
auss’s Divergence theorem. 9 Subdivided into three surfaces S . S,and S, Let the equation of the bottom S
(2014,2015,201% | °ISbez= f(x, y) and that of thetop S, of Sbe 2= glx.y). The vertical portion S,

e y -
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by

f(x.y)Sz<g(x.y) - X

where (x, ») €R. Now. consider an
elementary prism parallel to - -axis having
the area of the normal section as d dy. Let
this prism cut a portion dS, of the bottom
and a portion dS, of the top S,, and let n,
and n, be the outward unit normal to these
protions. Then

X

OF:
3 dz

0z

oF;
Ifhy —>dvdvd: = [y dedyff

=] i E.&\_”m.wﬁ.«. ¥ Nv”_w

= [Ip dxdy[F,(x. 5. 8)-F, (x. y./)]

= [[gF,[x.y glx, -
z%.» [x. . g(x, y)ldx dy :»ﬁ?xx?é&%

[lg F,cosydS=
il 1 COS ¥ :u,_ Fcosy, dS, + :,ww

On S,.v, is obtuse so that cosy, <0or k n
|

= n.. -
Akn))dS; - OneSS,, y, is acute so that cos Y,>00rkf, >0
2 Rib] .

d. .
: ere for drdy= (k-n; )dS, . On S,
ence the lateral surface S, does not
Now, (ii) takes the form
OF,
Iy .
- dxdydz = F(k.n k.f
= Ils, Fyehy)as, - ffg, (kg

contribute to (iii).

IIs, Fki .
$ 3 .E&.w_.f:wu £k, ds,

:.w \..wm‘m ds

Similar]y, Projecting S o -

oF
[{ | i W ST
Y o EE -l E e

-planc and zx- plane, we get

o
:b\ \{Na\ Ivd- -
s xdyd: - _7 \,_ nds

of S. ifany, is omitted for the reasons stated below. The regiop, p;
S repy
€

F;cosy,ds, + .:&ﬁs,

<0. Consequently, drdy

»Y, = W2 sothat cos y,= 0 or k.Aiy=0

95

0]

)
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Addigin (iv), (v)and (vi), we get

3 oFy . PRSI
(fly %+W@ﬂl+ﬁlﬁﬂr¥_5,\f\nn_r (Fi+F j+Fk)ndS

or :.__ divFdV= :/ FondS
This cstablishes Gauss's thoren for special regions.

Q.4. Statestokestheorem and proveit. (2014, 2016)

Ans. Theorem-IfSbea piecewise smooth oriented surface whose bound-
ary is a piecewise smooth simple closed curve C and if F (x. y. z) be a vector
function which is continuous and has continuous first partial derivatives in a
region in space containing S, then the surface integral of the component of curl
F normal to the surface S is equal to the line integral of F taken round the curve
C, the normal to S being taken in the ri ghthanded sense with respect to orien-
tation of C, i.e.,

[[g(curl F).nds = §c F.dr (1)

In terms of rectangular components if F =, then takes the form

oFy 0F\; (O 0R\: (0F O \ilsas

is Imﬂ s dx  Ox ox oy 2

=§ (F dx+F,dy+F.,d)

Further, if i = cosai +cosp j+cos y k . where a, B, yare the direction
angles then becomes
oF, OF,

—2-—=lcosa+| ——-— —~ -
fls > & e cosP+ x o cosy dS

= §c(F, dx + F,dy + F, dz) -(3)
and taking the orthogonal projections of dS on the coordinate planes,
we get
oF; 0OF, OF, OF; o0F, OF

St \dydz+| —-——|dzdx +| —=——
fls > & ly P X+ = o dxdy

=¢¢c (F,dx+ F,dy+ F,dz)

Proof: Consider a surface S bounded by a closed curve C, whose
orthogonal projections on xy, yz and zx planes are regions bounded by simple
closed curves. Further, assume that S can be represented by

z=f(x,y)ory=g(z x)orx=h(y2) 1)



66 B.Sc. I Year- Mathmatics : Paper - ||

where f g, hare 8258& ?q._n:.ozm .
and have continuous first partial %:5:«8.
Now, consider Stoke’s 5833. in the
form (3). First we prove that the integrals involv-
ing F, in (3) are equal, i.e.
o, s =¢~ Rdx g
—Lcosp-—Lcosy |dS =§~ R (i)
fls | Scosp-2] :
First consider the RHS of (ii). Let R be X/ (% ya
the orthogonal projection of S on xy-plane and
be bounded by the oriented simple curve . Us-

ing the representation z=/(x, ) of S as given in (1), we can wrie
fc Fi(x.y.2)dx=§ F, [x,y, f (x, Y)dx

Applying Green’s theorem in the plane, to the Fetieng R (i)
JExy)and F, =0, we get 'l [y,

RHS of i)

5)
?ﬁ_ (X f(x, p)) de = f:x f&&\

. -(iv)
Further, since F =F (xy2) and z= f(x, ¥), we have
OFilx.y, f ()] _oF (5\0,2) | OF (x,,7) o OF OF of
—me b, SO OF
ombining (iii), (iv) and (V), we find that RHS of (ii) reduces to
f Fide=-jf, (%, 0 of
R %= &.ﬂ.
z Y @
OW, consider LHS of (;; ! ]
Y.A)=z-f(x y)=o, Then, é_.SA_:MN W_w.u””n SRS/t Ve
. Vg
n= £ LY | m m
RIECar s G
Also, f - : : "
Cosq +8m3+8m<wu (cos a, cos B, cos Y)
1
oou,,nulw.m“\.ﬂ.nomuul._l:mh Cosy = 1
agy’ m«lM (V1)
Furthe

OJection dx Qv. =dS _ :»._m _" ds cos y= dS/a, the
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G o (_13S) A\ aeany
Jls m%_\no%..%ooﬁ @5=1lx x ady) o\2 Sl
= R lay & oy
Now, combining (A) and (B), we get
Ils mmm nOqu%no: dS =¢ Fdx ©)
z y C

Similarly. taking representation of Sasy =g (z. x)and x = h (y, z) and

the orthogonal projections of S on zx-planc and yz-planc, respectively. we get

0R 0F,

—cosy——=cosa [dS=§ Fdy (D)
Hs ox i 0z C

oFy oF3 _ .
ff¢ ml,:noglﬂnomm &.l% Fyd z ()

. Adding (C), (D) and (E), we get

(g {20 g qf R _0F, oF, 0R

A ~— |cosP+| —=-—|cos y }dS
cy 0z dz Ox Ox Jdy

fe (Rdx+ Fydy + Fidz)
or [[s(curl F). 1 dS= $cF.dr
Q.5. Evaluate the line integral
F.dr, where F=(x + Y)+Q2x-z)+(y+x)

and C s the boundary of the triangle with vertices (2,0,0), (0,
3,0) & (0,0,6) (2014)

Ans. _.mm.&urmm.%L;mmm.a:_O__...%
Now, equations of the line 48, in parametric form, are
x-2 _y-0 z-0
0-2 3-0 0-0°
and the points 4 and B correspond to t=0and =1

orx=2-2t,y=31,z=0

o [4gFdr= _A_v {(2-2t+30)(-2dy) + (4-41-0) 3dy) + (3t + 0)0}




€x
R Se . p
¥ Year  Mafhamatics - Panw- | (] B.Sc. ¥ Year- Miathamatics : Paper - [H 69
v rans (v (< / - (dpF + pFUGHF - (dzr o
- Hencz. for cylmdnical conrdamates
» : £n o P00, b =08y =k
£ ¢ ' -
L4 ¥ \\ i - _.u “—.7;““.#_\."_ 42
¢ , ! * =
ot B Y Substituting these values . we get for the scalar fapction /(D@ =) 2nd
ry > 3. ector ?:nzczmuwﬁpfnvnnv v-né MQDN. tha
O 0-60(-3dn) (3-3 60) (Gdt ) Ny ) k
‘a ol (15 I1%6) - 36 NQ\H V%l\f&lMI#r.nW'n e
g cp pcCo c=
Few € 4 .. . - v\u d(pa ca c
2 p G 0 @.gxlN—,Y,O.V @u@— div N.—Ilbw.fl_ll“\YIOW'n s
FarC 1= Gand e A ¢~ | p Op pcp cz
le s F ar - (2t~ ) (2dt wu O& m
g ’ L)« (41-6 + 610 -
o (40 - 3, g (07(0+6-6y) (-6an; 1le e @
5 - ‘4 g - - . - d -~
\ 18 (2 - 361) - - 16 Curla= p|Cp C¢ Oz 16
5 e Foe-1-3%.16-9 a, pag a.
€ Define
cylindrical polar Er &
coordinates (p, ¢, z) of a point P 2 _1e nnmhfhms\»n\\ -
- . (20 | V=0 ep) P es e )
he ‘NWSM?P\.‘DN:CD € S ﬂ& ”
ACNET Uanbonates ( 7) Qucn:c:ﬁ connecting the .7 'Q.7. Find the work done by the force  (x,y,z) =4xy +8y + 2
. v 7yand the ¢ . X
nees (5 6. ¢ )i s it Snaw%__:n_:om_ polar coordi- m # in displacing a unit mass, along a circle once, x’+y’=4,2
™ 0 = ° “°.
\. \\\.0 Jopsngsing, s o/ “ 7 ¢ . Ll
.0 922 2% .y~ ,.-. | -
(in W) ;\v‘ hron " B 1 J pns = M F.dr
Ty The psitiom vecton 1 of the poing p. is ! ! J [ +8yj+ 2k i+dy) 2
Fiis i £ » 18 ¢ Mw i = Tk\ﬁ+w\§+~»ZB:‘r&_o&n£
§ ;) 7k \“\,n\\.\e\» . \“w $In é\\h p \h 4 \ C
i, = — 7 i = — 2 i
! J 2\\:\ Rz " | .Maxv\.ax»vaa<¢_w&|m»xz»|x-&uww.\.uvuo
i ‘i ’ Let 4-x2=1t then, -2xdx =2udt
) i T coxdx - -tdu
2y
4y ¢ ‘Q v 7 dJ T : 5
f i L4 Ky
[ em b il - ;i-::a:-ﬂxv.awlﬁlﬁn- S
() ol \ [2 i1 4 JI o b 4 —.\;\ L A
opingdyy oy Mg g cem ty e, / ‘ L 337 5.2
7 dr dr (., 44 . 7y oy A2 : 4(4-x ) . 8y
’ 3 2

MY
YAy (o 4dp purdby - (d)

e el
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Q.8 State & proof Greens theorem. (2015 2 Hence, if T is the position vector of the point P,
Ams__ Green's theorem: Let ¢ m.:g v be mom_m._. point functiong whigh 5. then o .
.mn?u with their derivatives in any direction are uniform and Continugyg . to. g ik vm+ zk = (rsin O cos ¢)
the region V bounded by a closed surface S, then thin . R i
(v y-yv®dV=[[s® V-V ¢).nds. +(rsnBsing) j +(roos By
Proef: By divergence theorem, _or 7 +.m|w&c+.m|\.
wehave [ [, FdV=[[sF.ndS. or o0 o¢ .
Putting F=¢ V y.weget V.F=V (¢V y) % dhacose ”_ sin @ sin ¢ + k cos 8) dr + ( i rcos 6.cos ¢+ .._ r oS0
SHV.VVHTOAVVI=VE WV H).(Vy). sin ¢ - rsin ©) d® + (- r sin O sin ¢ + r sin 6 cos ¢) dd
Also. FEn=(¢Vy).n nAmFonomea_‘:,OOmooomeQm-_.mm.:ommseaev+@5om_:e&..+~.8m
.. divergence theorem gives 0sin ¢ d6 +~_. m__u.“ ¢OWMM%AMW +(cosOdr-rsin® ﬂ%W
2 = . ds?= dr.dr=(dr)* + # (d6)’ + r’sin
Hirlév2w+(vi(v 5_ &\. Hs@vw).nas =) Hence, for spherical coordinates,
This is callled Green’s first identity or theorem. ..
Interchanging ¢ and y in (1), we get u=ru,=0,u,=¢, ¢ =r,é; =0,63 =¢,
Subtracting (2) from (1), we get . h,=1,h,=r,h,=rsin@ . :.lOV
11, (¢ viy-y y2 ¢)dV= :.m OV y-yv ). ndS 0 for the scalar function f (r, 8, ¢) and the vector functiona(r, 6, ¢) =a,
Thisis called Green's second identity or Green’s theorem in Symmetri _ i+3,5 +3a,4,reduce toyield
] ] m
cal form » ; !mw+®~lg+m 1 R, , @
Since vy = no).ﬂnea Vo= .wm:;rnanmo?. gradf= "5 " 50 rsin® 9¢
1 9 (2 1 8. 1 Oay
5 iva= 35— ——(sin6ag )+ ———+— .A5)
or “ diva= "3 m..Aw nwv+wm»=® chmE %) rsine o9
(dVy-y Q@.:nmﬁwﬂalfﬂ\ﬂzw.: , r
Hence (3) can also be written as t r® rsinf¢
. > | 1 o o )
¥ c¢ | e —
%%r AGQM €|€ QNGVQ/\”%.*‘J h%ﬂléﬂﬂu&%. _M OE—N" ﬁw.—b@ @ﬁ @@ @&. .A@
: - e a r rsinfa
Q.9. Definete spherical polar co-ordinates (r, q, f) and express r T ¢
the unit base vector 7,4.0 along the co-ordinate curve !l v2p 19 h 2 of u+ SN - AV o f .
.- . =— | pc = _— _— 5 .- 7 .-
terms of i.j. k, the unit base vectors along the x, ¥, Z axes 2 or or) r?sing 09 98 ) rlsin’0 3¢
respectively. (2016 |

i\\\
LT ——

5. The transformation ¢
(x.y.7)and the sphe

. ) . . {natc*
quations connecting the cartesian coordt

'Q.10.  Verify the stokes theorem for the function F = —yi +x j + zk,
where S is the circular disc x* +y* £1,2=0. (2016)

nical polar coordinates (r.0, ¢ ) of a point Parc giver y >/ . 2
¥TEMINGeosfy < rgin gginf 2 = rcosq "S. The equation of curve, Carex*+y*=1,2=0

F=0.026270<¢ec .U Suppose x = cost, y = sint, z =0, 0 <t 27 are parametric equation of

LS »
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C.Then, 2
2 - 3 2 4-y
$.F.dr= b (-yi +xj+z). (dx itdy j+dz ) = [z- _wnum—umn_- q\ dydz = _wuoﬂu-wuu as.-.N dydz
= $ (-ydx +xdy +2%dz) = § - ydx + xdy + 0,
2 .
= ¢ - sin t. (-sint) dt + cos t (cos t)dt= ﬁma sin’t + cos¥) 4y - Rﬂuw P.NN| Va- vh dy=18 _N,nuu ﬂ 4-,7° ua%
= %wa dt=2n. , z=0
(1) s 2
Now, ,
h Yy 2 . =1)
let us evaluate [ Curl F.ndS. 18 [3 4\A|w dy T.g Y© #2sin wu—o
i j ok =18[sin" 1]=18x2x —=18x.
d a9 0 -
= elme . B = Q. 12. Establish the Green’s theorem Is a particular case of stokes
CurlF= v xF=|ox dy oz
theorem. If R is plane region enclosed by the Curve C, then
-y x z? using Green's theorem for plane regions, establish that the
A area A(R) of the region R can be expressed as a line integral.
CurlF=0 itOj(+1) =21 ) Hence obtain P(x, y) and Q(x, y) such that,
J k=<k
IIs CurlF.nds = [[s(27 ). k ds. __AR=! (Pax+qay) (2017)
=[5 (2)dx. | )

.:.w 2 M Ans. LetF(x,y) i= F,(x,y)j +F(x,y) k be a vector function which is
=2 [[ds { "+ S=Areasofcircle = n(1)?=n} continuously differentiable in a simply cormected bounded closed simple closed
=2r. Q) , region R whose boundary is a piecewise smooth closed curve C. Then dS = dx
Hence from (1) & (2), the theorem is verified. 4 idy,dr=dx dy] and

= | 1 ?
the entire surface of the cylinder x? i)k
X%+ y*=4boundedbythe |

Planesz=08&z=3 (2016, N.MQ. o 0 39 uhﬁuw@vm
Ans.  From Gausss Divergence theorem. CurlF=|ox oy o & oy

[IsF.adS=[[], v gdv. | R R 0

== N 4 R . OF;, OR

wlaxm-wvb._+N~r. | & m.OE_mnmocn—muwwl%aw.rx«-vﬂmsov

V.F=divF= m+mlww+mb F.dr=(F, }+F,j).(dx} +dyj)=F dx+F,dy

s Consequently, the Stoke’s theorem takes the form
V.F=4-4+2z=9;
. . (8F, OF
2 ! Is ﬂtbvll—/uaxawn?cu_ax+mua5
i1 Aa_.<3a<wl._.uuo_\+~ _} fwu | & O s in the plane is 2
v #=0ly=-2] Ja,? 2zdxdydz which is the theorem. Hence, the Green’s theorem in the p

! special case of Stoke’s theorem.



74

B.Sc. I Year- Mathmatics : Paper- 11

(2017,
Us 1 & centye of

Q. 13. Verify the stokes theorem for following details.
F=-y'+x]
S: circulardisc x* +y*£1,z2=0
Ans.  The boundary C of S is a circle in xy-plane of radius | & o —
ongin.
Suppose x =cost,y=sint,z=0,0<t<2a are parametric o quation
of C.

Then, §cF.dr=(y’] +x°j)(dx +dy j+dzf).
. - 2x = o'l
=dc (¥ i+ )=liz0 T ar X ar

= [2® [-sin® t(-sint) + cos’t (cos t) dt = 27 (cos't + sin’t dt
0 0

3.l m 3.1m 3n
=4 — —— = =—
2 2 2 2

)

—

J

4 a

Also VxF=|ox 0oy
Hu

-y

o Rlo =

Here n =k, because surface is in xy-plane

S (VxF).n=(3x+3y) kk=3(x2+y?)

ate —.‘M Aq X muw .ndS=3 ‘—‘—.WAXN + v\uv ds
3n

. 3 2
=3J3% fo erdodr= 23" do==2
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