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space. Prove thata maximal linearly indepen-

Q.1 " Define basis of a vector
dent subset of a vector space is a basis of the vector spaces. (2014)
Ans. Basis:- | |

ver the field F. A subset S of V is called

Let V be the vector space 0
basis of a vector space V over F.
if(HLS) =V
(i1) S is a linearly independent set. ,
Let S={V,. V, coeoeens v } bea maximal linear independent subset of V. Then §
_ becomes a basis of V, if we prove that L(S) = V.

Let veV be arbitrary. SINCe V, Vj, V, cooeee v _are nt
linearly dependent and so there exist scalars a, o, O,
Such that av -+ VoV, T +tov = 0
ifa=0 then equation (i) becomes -

VR e +o v =0 ' SR
a=0(.".8 is a linear independent set)

=5 a, =0, a,= ; I— : ‘
and o = 0. This is a contradiction to the fact &, o, &,.......0, are not all zero.

Consequently, o #0 €F and so o' €F and o-'a = 1. From equation (i), we

1 vectors in V, they must be
o ; not all zero.

.......... (1)

have av=—0,V, 0LV, = A
or  ol(aw)=-a(oV,) -0 (O,V,) i alov) -
or  V=(-ala Vo)V, ALY,

—  V=L(S)andso S is a basis of V containing n vectors. |
: 1

Q.2.  If Wisasubspace of a finite dimensional vector space V, prove that ‘/

dim (V/W)=dim V - diim W. (2012,14)
"N

Ans. We have to prove that dim (V/W)=dimV -dim W
J

Proof:- LetdmW=m
LetS= {a,a,,......a_} be abasis of W. Since S is linearly independent subset

of V. Therefore S can be extended to form a basis of vector space V (By extension

theorem). e
Pt T A . T— b } be basis of V. :
dimV=m+n |
=

consider S,={W+b,W+b,,....... W+b }
Claim:- S, is basis of V/W. "
(1) S, 1s linearly independent.

LetA,(W+b) +h(W+b)+......+ =

= W+, b,ixz'%;......i).m b =wk"(wfb") "

= A b+A,btth b eW  (+W+a=We> aeW) '
= A b+ A bt Fde b =108 + B F veomicens +v a

= (=008, (<0,)8, ..o+ (=0 )2+ A b+ A, b ot A b =0

R =0 SR =R, s =X ={k B

( Visit us for more detail at : wwnvv.winsomepublication.in )
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Therefore S, is linear independent.
(i) VW =[S)]
Let W+x eV/W
xey b
X =08, FOA, "t vvenss Fou @ KD b, T D, .
W+x=W+’—(o{|uI P OLB, * yorsasts oo B0, APb, T P,
WH+x=W+ B b +B b+ H Db,
o (W boga o, t suonunes TOR B W)

WX =(WH Bb) (W B0 o (WD)

=B, (W+b)+p,(W+Db) ot (WD)
VIW=[§]]
S, 1s a basis of V/W

dim V/W=n |
=m+n-m=dimV-dmW

=5 dimV/W=dimV -dimW

VIRV

\!

Define linearly dependent and linearly independent vectors of a vector

Q3. . : ¢
space over a field. Let S={a ,a,, .ccivecenny a_} be alinearly independent subset 0
a vector space V over a field F and a€ Vbutae L. Thenshow that {a , a,, .......... )

a , a} will be linearly independent. (2014)
Anns. Linearly dependent and linearly independent vectors of a vector space
V(EF):- ‘ .
: Vectors a , a,,......... ,a_are called linearly dependent if 3 scalars 2,
________ J_€Fsuchthatd a + Aa,+......+A a =0inwhich atleast one A # 0.
Otherwise vectors are called linearly independent. Let
‘Xla1+ L knanfBa=0 ........ (1) Xi_,BeF-
Claim :- § =0, in equation (i)
If possible let B # 0, in equation (i)
‘Multiply equation (i) by B . A '
a=-('OA)a -(BOA)a,...... -B'OA)a
| a=ua + va, tooatuas eSO
which is a contradiction because ‘a’ does not belong to L. Therefore our
assumption that 3 # 0 in equation ( i)ié-wrong.
Hence B =0, in equation (i) '

From (1)-
=Aa+La+t...+tha =0
A= A=A = 0, (.a,a,..a are linearly independent)

={a,a,...,a_,a} are linearly independent.

Q4. If W, ={xY,2):xy,zeIRandy+2z=0} and W, ={(x,y,2): x, y,
:i: IRand x+y+2z=0} are two subspaces of the vector space IR? (IR) then
d .

(" Visit us for more detail at ; www.winsomepublication.in )
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(i) abasisof W, (i) a basisof W,
(iiii) a basis of er\Wland (iv)n Imsl:ﬁ of W + W, 2014)
Ans.(i) O.M l.y~l 2.2=0 :
P(M = l |
Number of linear independent solution =3 - 1 =2 1
y+2z=0
= y=-22,X=X,2=Z : |
l
X x+0.z | 0
yl={0x+(-2)z|=x|0+ -2 |z
z| [0x+z 0] |l
dimW =2
Basis of W, —1(1 0,0),(0,-2, 1)}
(i)W, = {(\ y,z):X.Y,z € Randx+y+z= O1 -
x+y+z=0
= X=y-2Y=Y,Z=Z "
x] [ox+(=D)y+(-Dz| |0 ~1 -1
y|=[0x+1y+0z =|0|x+|1 |y+]0 |z
2 0x+0.y+lz 0 0 1
dimW,=2

Basis of W, = ((-1,1,0),(-1,0, 1)}
(iii) W "W, = {(X,Y,2): X, y,zeRandy+22 0, x+y+z 0}

We get y—-2zx A

x| [0x +O.y+1.z 0 0 1
y |=| 0x+0y+(=2)z|=|0|x+ 0ly+|-2|z
z 0x+0y+1z 0 0 1
dim W NW, =1
Basis of (W NW,)= {(1,-2,1)}
(iv) We know that
dim(W +W,)= dimW, +dim W, - dim (WNW,)
=242-1=3" '
(Q.5.  Define a vector space. Let V be a vector space over Fand g be the
zero vector of V, Prove that
(i) a0=0 VaeF (ii)0a=0 VaeV
(2015)

(iii) ‘3(— )=—(3(l)=(—a)a V aekFandVaeV

Sol. Vector Space: -
( Visit as for more detail JE WWW. mnsomepub‘h@
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Let (F. @, ©) be a field and o system (V. 1 ) conssting of

(1) A non-empty sct

(i) An internal binary operation *1'in'V
(iii)Al\ external binary operation .7 in V over byls ealled a vector
field F iff it satisty the following propet lies

(i) (V. 1) 1s anabelian group.

(i) () “-(P’-“\) =(aO B)a Vo,peFand Vae \%

|
qpace gverd

M la=aVaeV

(iii) (8) a(a +b)=aa+ab Vo.pel and a.be V

®) (a®pla=aa+Pfa Vv a,peFandaeV

Maod=6 YVaeF
Proof - We know that

0+0=0
So a0=a(0+0)=a0+a0
— a0+0=a0+al
Hence 0= a0, by cancellation law in the group (V, ]
(i) 0a=0 VaeV ,
Proof-Since  0+0=0
~ 0a=(0+0)a=0a+0a
— . 0a+0=0at+t0a = 0=0a :
Hence 0a=0, by cancellation law in the group (V, ).
(iii) o(- 2) =- (ca) = (-a)a Vo eFandVaeV
Proof - We know that

a+(-a)=0 '
= {o+(-0)}a=0.a=0 (by eq.(ii) 0a =0)
— oa+(-o)a=0

Hence (-a)a=-(0a)

Similarly,a+(-a)=0

=5 oafa+(-a)}=al

— oa+of-a)=0 (by eq.(i) 0=00)
Hence of-a)=-(0a)

Q.6.  Prove that the set of non-zero vectors o, 0., «.ceeeees 0L, of a vector
space V over F is linearly dependent if some o, 2<k <n» is a linear
combination of vectors preceding it. - (2015)

" Other Related Questions - ,
Q. . LetV beavector spaceover afield Fand S={V,V,,~..V } bea

subset of V with each v, # 0 (1<i<n). Prove that S is linearly dependent
( Visit us for more detail at : www.winsomepublication.in )
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1S linear comhlnation

ofy

PV,
arly dependent, Now, t he Sing|

Cl()n “L‘[
1o} 18 linearly independent. Since o, # 0. Consider {8, YN IR T

aly,
C the

is lilncarly

over Fif and only if 3k (2 <Kk <n) such that v,

Sol.  Letia. o ... a } be line

linearly dependent. then consider {at, Oy O} Procecding thus, Let K b
first positive integer (where 2 < k <) for which { 0y Oy o, o, )
independent.

Atmost k = n.

N

Hence 3 scalars QAL a, not all zero, such thatalocl a0+

......... + ak Q‘k
=0.Now a, =0, for ifa =0, then L o} willbe linearly dependen;
contrary do the definition of k. &
Hence x = alax - alax, ... -3.'a_x.' which proves that x_ is a linear
combination of the preceding vectors Xp> Xps sevnnne .

Q7. Show that the vectors (1,2,1), 2, 1, 0), (1, -1, 2) from a baj; of
R(R). | (2015)
Sol. (i) Sis 2. -
Leta(1.2,1)+B(2, 1,0) +y(1, -1,2)=0
ki o i TR IR R e (1)
20+ Bop= . . - e TR (i)
a+0.p+2y=0 ik (iii)
= a=-2y '
So fromeq.(i) and (i1)
2B-y=0
B-5y=0

- Solving them we gety=0And soa =0, B=0.
(i) R *=[S] |
Let(x,y,z) ¢ IR 3.

Let(x,y,2)= (1,2, D+B(, L0)+v(1,-1,2)

(x,y,z)=(a+2[3+y,2a+[3—y,a+27)
X=0+28+y o a+2B+y=x
'y=2a+B—y, = 20c+[3—y=y
Z=0+2y — a+2y=z

Ix 2 ]

y b=l

¢ 0 2 ~2X 45 +27
w2, (\9>’l

AN

I 0 2
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1 x |1
2y -l
oz 2] Sx+y-
B —97 - 0
1 2 x
2 1y
Y=l 0 z| x-2y+3z
9 9
—2X+5y+2 5x+y-3z
o ()=, G a0
{ — 3
o e Z)(1,—1,2)

9

Q.8.  Provethat corresponding to each sub-space W, of a finite dimensional

vector space V(F), there exists a subspace W, such that V is the direct sum of
(2015)

W, and W,.
Sol. LetS={a,a, . a_} be the basis of W .ie. dimW, =m.
' Since Sis £. 1. subset of vector space V. Therefore it can be extended a basis of

V

letS, = {a,, 8, ereeeene a,b,b, st K5 be basis of V.
k2 dimV=m+n
' letS,= {b,, b, ...} such that W, = [S,]

Claim - S, is £.1.

Since S, is a subset of S,and S, is linearly independent. Therefore S, is also

£.1. (because a subset of £.I. set isalso £.L.).
" Hence S, is basis of W,
| 1e. dimW,=n
dimV =dimW, +dimW.,.
dimV =dim(W, & W,)
— V=W e W,

Q.9. If W is a subspace of a vector space V(F), Prove that the set V/W of
all cosets W + o, where o is an arbitrary element of V, is a vector space over
F for the vector addition and scalar multiplication compositions defined as

- follows:
(W+a)+(W+B)=W+(a+B) Va,peV and

(" Visit us for more detail at : www.winsomepublication.in )
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a(W+a)=w+aa VacFand VaeV. 0y,

\Y%
—,t i tor space.
Sol. ~ We have to show (W , ) is a vector Sf

(i) (_\_V_ ; +j is a commutative group.
(1) Closure property -

V V 4
Let W+a,W+BeW,. a,peV -

v
(W+a)+(W+B»)=W+a+BeW
‘+’ is a internal binary operation.
(ii) Associative property -
‘ oV
Let (W+a),(W_+B),(W+y)eW

= {(W+a)+(W+B)} +(W+y)
= {(W+a+p}+(W+y)
= W+(a+B)+y

=5 W+a+(B+7y) * (Associative property of V)
= (W+a)+{(W+B)+(W+)}
(iii) Existence of identity -
Let W+a e b4
\\
W+W+a)=(W+0)+(W+a)
=W+(0+a)
W+(W+a)=W+a
b Identity =W
(iv) Existence of inverse -
V -
V(W+a),3 W+(-a) (:_“7

Suchthat (W +a)+ (W +(-0))= N +a+ W + (- )

. =WHa+(-a)=W+0=W
Therefore inverse of each element is exist.

(v) Commutative property -
let W+ o, W+B e
W

= (W.*a)+(W+B)=W+a+B=W+B+OL (". (\/’ +)iscommutative)'
( Visit us for more detail at : WWw.winsomepublication.in )
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=(W ) (W)

V .
S0 (—“7+) is an abelian group.

an @ a.(b.(x) = (a Ob)a Va.bel, VaeV
?\{H(W +t1)} =A(W+ po) = W +k(p.(x)

=W+(Aop)a=(Aop)(W+a)
(i) La=qa, VaeV |
1.(W+a)=W+l.0£ (vloa=a,aeV)
" =W+a

@ @) a.(a+p)=ao+aP vaeF apeV

MW +o) +(W+B)]} =MW+ (a+B)}
CW M@+ B)=W+(Aa+AB) =W +ra+t WA

=MW+ ) + MW +)
(i) (a®b)a=aa+ba Va,beF,VaeV

(k@p).(W+a)=W+(k®u).a=w+;§a+ pot
' '=W+7»0.+W+pa\=?»(w+a)+u(W+a)

\Y%
So — is a vector space.
W Y

Q.10. LetSbhea generating set containing n elements of a vector spae v
over a field F. Prove that any linear independent subset TofV c‘ontains at most

elements. (2016)
Sol.  Let V be a vector space over field F and X = {X;,Xyees X, } be a
generating subset of V ie. V = [s]

Y = {y,, V000 ¥ } be linear independent subset of V.
Claun -m<n

V =[X]andy, €V
% y, =ox t A Xy o T OLX o, €F
=y (-I)yl+a|§l+a2xz+ ...... +a X =0 " el (1)

" Claim -At least one o, # 0 in eq.(i) |
If possible letall o =0 ineq.(1)
(' l )y| =0

- Visitus for more detail at:www.winsomepublicatio'n.in )
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= y,=0
Which is a contr

independent set is zero.

Therefore our assumption t
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action because none of the element in g lincy,

hatall o = 0'in eq.(i) is wrong. Hence J atleast o

o, #0ineq.(1)
Let o, # O = Jaq; eF

Multiplying eq.(1) by dl‘ ' we can write X, as a linear combination of

Yy Xpp e Xy

- V=[x ], wherex, = A - X}
V=[x ]andy,eV

=5 Y, =By, F X Y X +y X,
= By, + -1y, + Y%, F o +yx =0 e (ii)

Claim - At least one y; # 0. in eq. (ii)
~ Ifpossible letall y, =o.in eq.(i1)
= ﬁy1+('1)y3=0

=5 {y; Y.} isLd.
= Y =AY Yo ooee Yol 18 1.d. (- supersetofld. set also 1.d.)

Which is a contradiction because y is linealy independent.
Therefore our assumption that all V.=01in equation ..(ii) is wrong. Hence
atteast one y, # 0, in eq.(i1)
Lety, # o, in equation (i1) = Y, ef
Multiply equation (ii) by y," we can write
X, as a linear combination of elements of
X, = {y”)'z’—""xs "_"'xn}

: v=x,]

Proceeding in this manner a question arise which one of x and y exhausted

first.
Claim :- y will be exhausted before X if possible let X exhausted before y.

Using replacement prosses n time we get
X, = {Y1sYgure¥a )
V=[x,] and vy, eV

= Y. =0,Y, +5,¥, ¥...... +8nyn_
VAT ZTTT YosYas 18 linearly dependent

= y = {y,,yz' """" YnoYnsreeeees Ym} is 1.d. which is a contradiction
because Yy is linearly independent. :
Therefore our assumption that n <m wrong then m < n
Which proves that y can have n vectors. I
( Visit us for more detail at : WWW-WinSOmep;lblication.iD
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Q.11.  LetV bea finite dimensional vector space over a ficld F. Let w, and w,
be subspaces of V. Prove that

dim (w,+w,)=dimw +dim w, - dim (w,"w,). (2013, 16)
sol.  Letdim(wnw)=/(

andlets= {a ,a,....a, } beabasisofw Nnw,

since s is linearly independent subset of W, N W, Aherefore s is also L.1. subset
of w, and w,. Therefore s can be cxtendcd to IOI m a basis of w, and W, (by
extensnon theorem)

Lets, ={a,,a, ... a,b,,b,...b, } beabasisof W,

And s, ={a,,a,..... a,,¢,,C,.....c, } be basisof w,.
dimw,= ¢ +manddimw,={+n
Consider §, ={2,,8,..;, 0,0y 0,,,€1,5,06, }

Claim:- s, 1s basis of w W,

@)s, is £.1. - _
Let 0,8, + 0,8, +.....+,a, +B b +B,b, +.....+B b,
L T A T L T | (1
= Vi€ +¥,Cy o ¥ Y, C, € W, =(—0 )2, (-0 )3, —+(-0t,) 2,
+(=B,)b, +(-B;) b, +———+(-B, )b €W,
=5 . ¥l Tl Fve +Y,C, EW, AW, '
= ¥,C, +¥,C; + .o+ ¥,C, Can be written as a linear combination of
element of s.
=% Vi€, +Y,Cy oot Y,Cp =88, 48,3, +.e t 82, and 3, ef
= (=8,)a, +(=8,)a, +.c+ (=8, )2, + 7,0, + 7,6+t ¥,€, =0
8,=08,=...0, =7, =Y, =———=Y, =0
(v 8,80y, Gy, AELL)

— o =0y =0, =B =B, =..... =B, =0
(. a,8,...8,b,b,...b, areLlL)

n

Hence s, is linearly independent.
@M W, +W, =[s, ]

(" Visit us for more detail at : www.winsomepublication.in )
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Let x,tx,€ W+W, ) A
N x, €W and x,e W,
= X, =Aa, +Aa, +...+Aa, +ub +p,b, +..... +u b

T = T e W

W +W, = [53]
Therefore s, is basis of W+ w..
dim(Wl+W2)=€+m+n=(€ +m)+(£+n)-¢
— dim (W +W))=dim W ,+dim W, - dim (W W)

Q.12. Let w ={(x,X,x,X) € R*: X, ¥ 2x,+x,=0} and w,={(A,2A,-3),
4A) A : € R }. Prove that w, and w, are subspaces of |R “ and [R *is a direct sum
ofw, andw,. : " (2016)
Sol. Given that

W, ={(x,x,,x;,x,) € R* X, -2x,+x,=0}
and W,={(A;21,-3X,4A,): L € R }
Therefore .
dimw,=3 and dimw, =1

Now , ,
W nW,={(x,x,x;,x,) eR* X, -2x, +x,=0}

X,=2X,
x3='3x|
x4=4xl

So from condition ’

X, —4x,-3x,=0
= -6x, =0 = X, =0

Therefore x,=0, X,=0 and X, =0

Hence W,NW, ={0}

Now dimV=dimW‘+dimW =3+1=4
. . 2

therefore dim V = dim W +dimW

and  WAW, {0 '

Hence V=W1€B W2

ie, w, and W, is direct sum_

Q.13.  Define subspace g

ene ) . ‘
(__ Visit us for more de::;fgtb i Sllbset_ of vector space. qu the equa
Wpublication.m
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tions ol the subspaces of IR (IR ) ge

S, =11, 1,2),(2,3,8), (3, 5 §))
(i) S, = {2, 2,4), (3,3, 0))
Also obtain the

nerated by

p dimension of the linenr sum of the subspaces generated hy §,
e (2012)

Sol. The subspace renerated by a subset is the smalleaf subspace con

taining the subset. It s denoted by |8].

@ let(x,y.2) e R :
(xyszuhli)wuzlﬁ)iw&ix)
X=0+ 284 3v,y=a+ 3B+ 5v, 2= 20 ¢ 50 + v
A=3Ix-2y+k,B=y-x-2k v=k

X yv2)eR?
(X, y2)=a(2,2,4)+B(3,3,6)
X=2a+3B,y=2a+3p,z=4da+06p
a=KPB=(x-2k)/3.x=y=2z

dimension of § =2

dimension of §, = 1

dimension of linear sum = dim S,+dimS§ =2+1=3

Q.14.  IfWis a subspace of a finite dimensional vector space V, prove that
there exiss, a subspace, W' of V such that v = w@ w'. Is W' unique?
Justify your answer. (2012)
Sel. LetdimW=m. LetthesetS = {a, Q,, ..... a_} be a basis of W. Since
S, is a linearly independent subset of V, therefore S can be extended to form a

besisof V. Letthest S={0o., 0, ... , B, B, ..... B,} be abasis of V.
Let W' be the subspace of V generated by the set S, =B By s P

We shall provzthat v=w @ W’
For this we need to show that
V=W+W' and WNnW'={0}
Let a be any element of V. Then
o = a linear combination of elements of S

= a linear combination of SI + a linear combination of S2
= an element of W + an element of W' '

V=W+W |
Againlet € WN'W'. Then 8 can be expressed as a linear combination of S,
and also as a linear combination of S,

So we have |
L XA A S— +a o Zbf +b,B, t i +b,B,
= an tao, ... taa -bp -bp, - -bB,=0
=5 & =0,8, 50, ws a_=0,b =0,b,=0; o b,=0
Sincearea,,a, ...... o, B, By B are linearly independent.

L Visit us for more detail at ; www.winsomepublication.in j
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. B =0 (zero vector)
Hence V=W® W'

Q.15.  Define linearly dependent and linearly independent vector space, |

{a, b, c} be a basis of R (R ) andd=ca +pb+ye,0, B,y € [R.Then proy,

that {a-d,b-d, c-d} will be basis of R*(JR) if and only if o+ P +7# 1.
(2012,

Sol. Proof - Vectorsa ,a,, ....... a_are called linearly dependent if 3 scalar;
Sy NE— A, €FsuchthatAa +Xa,+... +X.a =0inwhich atleast one
A; # O otherwise vectors are called linearly independent.
Letx,y,zeR
x(a-d)+y(b-d)+z(c-d)+z(c-d)=(0,0,0)
= x[a- (aa+pb+yc)] +y[b-(aa+pb+yc)]
+z[c-(ca+Bb+yc)]=(0,0,0)
= x{(1-a)a-Bb-yc} +y{-aa+(1-P)b-vc}
+z{-oa-pb+(1-1x)} =(0,0,0)
=> {(1-a)x-ay-az}a+{-ﬁ+(1—B)x-Bz}b
+ {'Yx'yy+(1 'Y)Z} =(Oa Os O)
Since a, b, c are linearly independent
therefore (1 -o)x -ay - az=0

or (a—l)x+ay+ai=0
and ~ px+(B-1)y+pz=0, . -~ (i)
and yx+yy+(y-1)z=0

{a-d,b-d,c-d}will be linearly indepe_ndent iff values of x, y, z will be zero, or
system (i) has only trivial solution or iff coefficient matrix of system (i) 1s non-

“singular or iff )

a+B+y-1 a+p+y-1 a+B¥y—1
oriff p p-1 B =0
Y R | Y -1

(___ Visit us for more detail at ; www.winsomepublic@
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oriff a+Pry-120

Q.16.  If Wisa subspace of a finite dimensional vector space V over a field,
prove that:

dim V/W=dimV -dim W,
and hence find the total number of cosets of Win V when W is a subspace of

V over the field 7 and dim V=5, dim W =3. (2012)
Ans.  First Part: - |

Go through Q.2.
Second Part: -

GiventhatdimV=5,dimW =
Total number of cosets of subspace W in the vector space V = Total number of

element in nquotient space.

v
( No. of elements in a filed Z, )d'm

— (3)d1mV-d1mW: (3)5-3 — 32 — 9

Q.17. Show that the vector space R(IR) is the linear sum of a vector
space. If S={a ,a,....... a }is asubsetofa vector space V over a field F, then
~ prove that the followmg statement are equivalent:

I: Sis linearly independent and S generates V.

I1: S is a maximal linearly independent and S generates V. (2013)
Sol. Giventhat W ={(x,y,2):X,y,Z€R andx-y+z= 0}

1.3
let(x,y,z) eR*(R)
= (a,b,c)+(a', b, c')=(x,Y,2)
or ata'=x,b+b'=yc+c =2
since a-b+c=0anda’=2b'=2c
c-bt+ta'=x

z-c'-yt+b' +a'=x
a'tb'-c'=x+y-z
2" +b'-b'=xty-z

ho Xty-z
2
a=x-(xty-z) = a=-y+z

(__ Visit us for more detail at : www.winsomepublicationin )
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a=x+ty-z

X+y-z\| -x+y+2
b=y-b'=Y" 5 = 5
C,=x+y—z
: 2

x+y—zj_—x—y+3z
2 2

(x,y,2)=(a,b,¢)+ (@, ;)

c=z—c'=z—(

=(_y+z,—x,+y+z —x—y+3z)+(x+y_z,—x+y+Z,—.X—y+3z)

2 .2 2 2
e W, eW,
Let(a,b,c) € er\W2 |
_ 1 D
a-b + c=0 37171
= a—3+%=0 a=2b=2c
= a=0 — b=0and c=0
(a,b,c)=(0,0,0)
= w,nW,={0}
Q.18.  Define maximal linearly independent subset of a vector space. IfS=
{a,a,..... 2 } isasubset of a vector space V over a field F. Then prove that the

following statement are equivalent:

I: Sislinearly independent and S generates V.
11: S is a maximal linearly indépendent subset of V.

Ans. -

(2013)

Maximal linearly independent subset of a vector space: -
A subset S of a vector space V over F is called maximal

* linearly independent subset of the vector space iff it satisfy the following

conditions -
(1) S js linearly independent
(2) A proper super set of § is linearly independent.

=10

: LetS={a.a,....... a}c Vbeabasisof Vie.Sis linearly indepen”
dent and S generates V. |
=% V=[S]
Let xe V
Xx=q.a + a:az ............ + allan . . F ........ (i)
; 1

i
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If possible let X has another expression i.c.

X=Pa +pa, ... +B.a, Biel ... (i)

Fromeq.(1) and (ii)
aa toa, ... toa =fa +Ba+. .. HPa

= (a B)a +(a ~ B cniiass ((x [3") )
T TE— a_are linear ly mdependem
e U e R a -B =o,
= (Xl = TCLITEETINNA (Xn = .
Therefore expression is unique.
n=>1:-

LeteachX € V can be uniquely expressed as a linear combination of
S.
Claim: - S is linearly independent.
Let Ag +AEF .., +ha =0 +oa +... 0.2
— A =0; (- Expression is unique)

A,=o,
S is linearly independent.
Therefore S is a basis of V i.e.
S is linearly independent and S generates V.

Q.19. LetS ={a,a,.. a_} be lilnearly independent subset of a vector

space Voverafield Fandae Vbut ag Ls
Then show that the setS,={a,a +1 ,a, +A,5 @ +A } where € F will be
linearly mdependent. (201 3)
Sol. {al, By siansion »a } 1s linearly mdependent andag L. Therefore {a,
. N— ,a,a}is a]so lmear independent. -
Let -

Hatp(a +ia)+p(a,+Aa)+.... +p(a tAa)=o,

= patupa +pa +.. tpa tpA tpd +otpd =0
= patua +pa +.. Tpa tAa(u . +tu)=0
— ¥(TRE g TG tp)tplatpa +....+pa =0

= =0=1=0 =p.=0 :

ind A, Fe tp)+p =0
- {as {a, a,a,...a } are linearly independent}

=% AO+p =0 =5 p=0
— B =1=0=p=0..... =] |
{ence S,={a, a tAa,a,+Aa, ... ,a *+Aa} are linearly independent.

(" Visit us for more detail at : www.winsomepublication.in . )
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Ing ¢ 01Q el F. " - P r . . i
contains l‘, b“:/“t:“ mﬁnitely generated vector space over field I then | finit.
Sol.  LetVbea

subset ’ .
= I3 \ such that
S= {88, ...8}CY .

V=[S]orV=L(S)
.+ S is finite subset of V without loss of
the vector in S is zero vectors.

Now, if S is linearly independ
we are done. Assume that, if S 1s linear

independent subset of S'of S.. .
;e P S'={a,a a ) is maximal linearly independent subset of S contair
£. iRl

gen.erately we can assume that non (|

ent then S will be a basis of V and the;
ly dependent then 3 a maximal linar,

ing r vectors (r <n) of Sand anya € Sbut a; & S .
Now, since {a,a,, ....... a} are linearly independent and {a,, ....., a } is maxima
linearly independent then 3 scalar o, o, ........ ,o € Fsuch that |
g tod +....taa=0 o e (1)
where at least one a’s # 0
=5 a# O, ‘
otherwise if a. = O_ then by eq.(i)
% AES— ,aa =0
. where at least one ¢'s # 0.

then S’ is linearly independent which is a contradiction to a #-0.

and hence a, will be linear combination of {a, .......... ,a} 1.e.elementof S'.
=5 a=aataat..... . toa.
= = V=[§]

Hence S’ is a basis of V.

Q.21. Prove that W= {(xs X, X, X, X)) € RPX, + X, +X, =ﬁ0} is a subspac
of IR %, Determine dim‘;{ and a subsphce U of subspace U of [R *such that [R *
wWoeu. (017
Sol. Given that .

W={(x, X, X;, X, X) € R°X, +X,+X,=0}

LetA,Be W
le. - A=(a,a,a,a,a)andB=(b,b,b,b,b)e Wanda,peR
AeWandBe W |

then a,*a,%2,=0 andb,+b,+b,=0
= (x(a2+a3'+a4)=0and[3(b2+b3+b4)=0
= (0, +Bb,) +(aua,) + B(b,)) + (aua,) + B(b,) = 0

= (ca, +Bb,, 0, + b, o, + Bb,, oa, + Bb,, oa, + Bb,) € W

( Visit us for more detail at ; www.winsomepublication-iﬂ —
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o oA + e W

i.c- V A. B € “1 mam (‘A | I‘l“ e “/
Hence. W is a subspace of IR *.
Clearly,

Let X, =-=X;-X,

Take X,= 0\-1\4-1
\,vl\n-l\—l

X=-1%=1,%x =0

\:—-lx—O\—l

)\1*1\ =0,%x,=-1

Let (01-1)(1-11)(110)(101)l() -1)}
which |slmearly dependent because (1,0,-1)=-(-1,0, 1)
~ Let —{(01-1)(1-11)(110)(101)}

No one is scalar multiple of other .

Hence, dim W =4

Given, R’=W®V

= 5=4+dimU == dmU=1
Thus, the subspace U is generated by (1, 0, 0, 0, 0).

Q.22.  Prove that union of two subspaces of a vector space is a subspace of
* the vector space if and only of one of them is contained in the other. Give an

example to show that the union of two subspaces of a vector space may not be
a subspace of the vector space. ' — (2018)

Sol.  Letw, and W2 be subspace of vector space V(F) and let w, € w,or

w, C w,, then we have to show that w U w, is subspace.
w,UW, =W, (f w, cw,}
And w,UW, =W, {If w, c wz}

Thus w, Uw, is a subspace of vector space V(F).
Conversely -
Let w, Uw, is a subspace of vector space V(F) then we have to

show that w, c w,or w, c w,.

Let, if possible w gw, or w, Zw,.
letaew,—w, and bew, -w,

= aew,andag w,andbe w,andb ¢ w,
If faew, = aew,Uw,

And bew, = bew Uw,

{ Visit us for more detail at : www.winsomepublication.in )
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a,be\\'luwz =\ {I-H)ESW'UW2 {

= abew uw, = atbew, Ora+bew,
Case (I) When atbew, -
atbew aew, and be w,
A€W, -ae w,and bew,
-a+(a+b)éwland bew,
(-a+a)+bewlandb$w1

(associativity)
0+bew and begw,

-4 U U Uy

bewand beEw

which is self contraduction or which is not p0551b1e
Case (I1) When a+b EW, -

a+bew bewandaew
a+bew bewandaew
-b+(a+b)ew andasz
'a+(b+b)ew andaEw
at0ew, andaEw2
aewW, anda%w

-y 4 Uy -

which is self contraductlon or which is not possible which is contracduction
to on assumption w, ¢ w,andw, & w, is wrong

Hencewcw Orw,C W, :
Thus union of two subspace of vector s
in other.

Example -

(1) Letw, = {(x,0,0) : x €R }andw,={(0,y,0):y R } be subspace of R*(R).
(l OO)ew = (1, OO)ew UW,

And (OIO)ew = (0,1,0)ew, UW,

O (1,0,00+(0,1,0) = (1,1 0 gw Uw,

Thus, union is not subspace. -

(2) Let, V, (Z,) be vector space.

'Letwi= {e,a} and w,= {e, b}

"+ W, and w, is a subspace of V (Z,).

butw, Uw, = {e, a, b} is not a subspace of V,(Z,).

Thus union is not subspace.

pace V(F) is subspace iff one contair

Q.23.  Define a subspace of a vector space. If Wis a subspace of R * gener-
atedby {(1,1,-2),(0,-1,1),(3,-2,-1)} then find the dimension of another sub-

(" Visit us for more detail at : WWW.winsomepublication.in )
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space W’ of R *such that IR ' = WOW'. (2018)

Subspace: -
) Let (V. +,.) be a vector space over filed (1, M, O ). Anonempty

W of V(F) is called subspace of vector space V(F) i W also forms V.9, over I

Example -

(1) Q is subspace of R (Q).

(2) R isa SllepaCe of C( R).

gubact

1 1 =2
Let A={0 -1 1
3 =2 -l

1 1 =2
3 -2 -1
0 -1 -1
1 1

R, ©R; A:[
-2
R, >R,-3R, A=|0 -5 5
“lo -1 1
1
-—R -
57 [

1 -2
R, - A=|0 1 —1]
0 -1 1

' | =2

R, >R, +R, A=[o 1 =l
00 0

This is an Echelon form.
Dimension of W = 2.

Hence R*=WOW

= dim |R3=dimW+dimW'
=% 3=2+dimW’

= dimW’'=3-2=1

So dimension of W' is 1.

 Q24. Let W beasubspace of a vector space V over afiled F. If V is finite
dimensional, then prove that

dim(V/W)=dimV - dimW. o (2018)
Sol.  Since W be subspace of vector space V(F). Let S, = (3, 8p -+ a_)be

the basis of W then
( Visit us for more detail at : www.winsomepublication-lﬂ
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dmW=m e (1)

S, is linearly independent subset of V{ScWcv = S |

' - <

(hen by extension theorem S, is either basis of V or can be extended tlo f b
orm !

basis of V.

Let S, =18, 8ecinny a.b, B, sisises b, } be basis of V then |
dmV=mn e (2)

NowLet S={W+b,W+b,. ..., W+b }c VIW

Claim - )

S is basis of V/W -

i SW b W+, v ,W+b } € V/W and al,az,....., a e€F /

Such that »
al(W+b|)+az(W+b2)+ ....... +an(W+bn)=W S e (3)

— (W+ab)+(W+ab,)+ ... +(W+ab)=W
{from scalar multiplication of a cosets}

==, W+ {ab+ab,+... +ab } =W
{because of property of a cosets}
= ab +ab,t... +tab eW

{becausé property W+a<>aec W=W |
@b, + b, * +ab € WandS, is basis of W.

= 1=l 272

— ab +ab,+... +ab e[S]

= ab +ob,* ... +tab =Ba tha,+. .. B.a

= (-Ba, + (-Ba, * .. + (-BJa, tab b, F o +ab =0
= -B.=-B,= e =-B =0, and &t =, = o..co. =a =0,
{becausea,a,, ... o, by s b, being basis elements are linearly indepen-
dent}

=5 oL, = Oy = e =g_= 0,

Hence S is linearly independent.

(2) V/IW =1S]

For this

LetW+xe VIW = XxeV

.+ xeVandS,is basis of V.

=% x=6]al+62a2+ ........ + Bmam+¢lbl+¢zb:+ ,,,,,,, +¢nbn

{where 0’s and ¢’s ae unique elements} '
W+x=W+(0a+6a,+..+0a +ob+obt. ..+)b)

- we W .
CWHx=(W+w)+(W+(0b+¢b+....t¢b))
W+x=W+(¢b+¢bt. ..t¢b)
WHx=(W+o,b)+(W+¢,b)+...F(W+db )
W x=0,(W+b)+ 0 (W+b)+ .t 0 (WHD)

! h‘?m defination of scalar multiplication of coset |
| Visit us for more detail at : www.winsomepublication.in )
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— V/IW =§]
From(1)and(2)
g is a basis of V/W
then dim V/W =n
_ dim V/W = (@m 1 n)-n

—

— dmV/W=dimV-dimW

26, Show that the vector space R ' over [R s the sum of its sub-spaces
Q | p

7
\\"={(\'-_V.Z) eR’:X+2y+z:0} and w, ={(x~y’z) eRJ: ‘l o : - i} ,

Is this sum a direct sum? Justify your answer. (2019)

Sol. Giventhat w, = {(\vz)} cR%x+2y+z=0and

W, ={(x‘y.z) ER3:§=X:E}

Let(x,v.z) ER*R)

= (a,b,c)+(a',b,c")=(x,y,2)
or at+a=x,b+b'=y,c+c'=z.
since a+2b+c=0anda’'=-b'=-¢
Then -2b-c+a'=x

= -2(y-b')-(z-c')+a' =x
=3 -2y+2b'-z+c' +a'=x
- = a’+2b'+c'=x+2y+z
= -b+2b'+b'=x+2y+z
(x+2y+2)
> F=sm—

anda'-2a"-a'=x+2y+z

(x+2y+2) (x+2y+2)
g = —————and ¢' ¥ ——
-2 2
Now a=x-a',b=y-b',c=z-c
o (x+2y+z),b=y_ (x+2y+2z) . (X+2y+2)

b

-2 | 2 2"
+3x+2y+z —(x+2) —(x+2y-2)
a=—————,b= ,C=
2 ) 2

(X,y,Z):(a,b,C) +(a’,b’,C')

“(___Visit us for more detail at : www.winsomepublication.in )
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_((3x+2y+z) —(X+2) ~(x+2y-yz)
2 o2 7 2 ) & W

(—(x+2y+z) (X+2y+2) (X+2y+z
+ ——— [y L)
3 2 2 = Wy

Let(a,b,c)ew, nw,

a+2b+c=0and 1=19=§
Then a-2a-a=
= a=0
a=-b=.c = b=0andc=0
w0 w, - {0}

ye€s sum is the direct sum.

Q.26. Determine the dimension of subspace of W of R ¢ generated by S:

(19 1’ 29 o)s (1, ‘19 29 0)9 (09 19 2a 1)- (2019

11 20
Sol. I -1 2 ¢
0 1 2 1

I 1. 2 0

Rz_)RZ_Rl ‘ 0 -2 0 0

, 0 1 2 1

1 1 2 0

R,—>2R,+R, |0 -2 0 0

0 0 4 2

Rank of this matrix is 3. So the dim. of space generated by vetor is 3.

Q.27.  For the subspace W = {(x,; x,, x,, x)e R*:x + X, =0,x,+x, =0}
of the vector space R*over R, give a basis of the quotient space R*/W.

(2019
| ) X, +Xx,=0
\ = X ’ X ,X .
Sol. w (X] S e X, +Xx, = 0
So X, =-X, —
( Visit us for more detail at : www.winsomepublicatlon.lﬂ:j
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Therefore basis of W be (10 P

Now this basis of can be extended to besis of R s

1) oY (1[0
1o flof]o

and || 0 [ =11[0 [ 0|[ Will form a basis for R*.
Lo L1l

V
So, the basis of '\;,is given by {w + B} Where {3 belongs to basis of R* not 18
basis of W. |

{W+{1.0,0,0{,W+{0,0, 0,1}} is form basis for _\\Ai/

{(x,,xz,x3,x4)+(1,O,O,O),{x1,x2,x3,x4}+(0,0,O,0)(x1,x2,x3,x4) € W.

—
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Q.1 Let M, denote the vector space of IxI matrices oyer the fie

numbers. Amap T:M,— M, isdefined by T(A)=A-A'Y AeM
that T is linear tramformation Find a basis of Ker T and hon
nullity of T and rank of T,
Ans. LetAandBe M,anda, P e
T(aA + BB) = (a/H BB)- (aA4 pB)'
=aA+pBB-aA'-BB'
=a(A-AY) + B(B - BY)
T(aA +BB)=aT(A)+BT(B)
Hence T is linear transformation.
KerT={Ae M,: T(A)=0}
={Ae M,:A-A'=0)
={Ae M:A'=A)
= Set of all symmetrlc matrlx of M.,.
Nullity of T=dimker T

I (||

Then lm We
Ce fing the
(201 4)

3

=%x3x(3+1)=6

Q2.  Prove or disprove-

OUT:R*>Rand T,: R*—> R are two linear transformatlons such that
KerT =KerT,andI_ T =1, T,thenT =T, (2014)
Sol. If T, : R? — Rand T,: R? — R are two linear transformation
such that kerT1 =kerT,and | ) I o ’

LetT (x,y)=x- yandT(x y)= y-x

X—y=i) )
x=yor x=y=(0

y—x:“
y=X0 (=y=0}
Ker T,> KerT,
for all a € R, then there exist (a, (1 € R2 such that T,(a,0)=a-0=a
Similarly foralla € R
T,(0,a)=a-0=a
Here T & T2 are onto on R,
I T =1T=R
So,but T, # T,
- Hence this is disprove.

Then KerT, ={(x,y)eR2

And KerT, = {(x,y) eR?

( Visit us for more detail at www.winsomepublication.in )
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Q3. Prove or disapprove -
IfT: vV, V,islinear transformation suc
pullity of T will be 3.
Sol. Given that T:V,
p(T)=2anddimV,=5
By rank Nullity theorem. We have
rank T + nullity of (T) = ¢imV
Let T':V,—V, be linear transformation
By Rank-Nullity Theorem
For T' we have
rank(T") + Nullity (T') =dimV,
2 + Nullity (T') =5
‘Nullity of (T')=5-2=3
Hence it is true.

VZ = 5, then

h that p(T) =2 and dim
(2014)

—V, is alinear transformation such that

Q4. IfWisasubspace of R* (IR ) spanned by subset
S={(2,3,-2,1),(4,2,-1,3), 2,-5,4,3),(4,10,-7, 1)},

of the annihilator of W will be 2.
Sol. 8= {(2,3,-2,1). 4,2,-1,3), (2,-5,4,3),(4, 10,-7, 1)}

then dimension
(2014)

2 3 2 1
4 2 -1 3
2 -5 4 3
4 10 -7 1]
s 3 =3 1]
R, —» R, -2R,
. 0 -4 3 1
R, - R;-R,
0 -8 6 2
R, - R, 2R,
0 4 -3 -1
2 3 2 1]
R, >R;-2R,[0 —4 301
R, >R,+R, [0 0 0 0
0 0 0 0]
dimW =2
WeknowthatdimW+dimW°=dimV
2+ dimW’=4
N dimW°=2

Hence Proved.
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Q5. LetM, denote the vector space of 2x2 matrjeey over )

s he fie
real numbers. A linear transformation 'l tM,-> M , I8 define or

by T(A)=p

2 1
-B.A, VA€M, andB = [1 3} y then find 1T, KerT and trace ofp, (2014)

Ans. Standard basis of M, is

- 1
S {en' elz’ ezl' ezzl

T(en)=enB-Be,1=[l 0][2 1]“[2 l][l 0}:[0 I}
0 Ofl1 3 1 31(l0 o =1 0

T(e,)=0.e,+1 €, (-1e, + O.e,,

T(e,,)=¢,,B-Be =[0 1]{2 1J=[2 1][0 1]{1 1}
12 12 12 0 0 1 3 I 3o o 0 -

=)+ (e, + (0).e,, + (-1).e,, |
0 0|2 1 {2 1{0 o
ep-e-se, =1 o2 7 Y]
-1 0 ‘ ' |
=|:—1 1]=('l)eu+(0)e12+('1)'621+(1)e22 I

Similarly T(e,) = e,B - Be,, |
0 ol[2 17 [2 1[0 o
SLo {1 3] {1 3]lo 1

0 —1]
=|:1 0 =(0)e”+(-1)e12+(1)e21+(0)e22

[0 1 -1 0]
. 1 1 0 -1
matrix X (T), ¢ = A4 %o 3
0 -1 1 0

tr(T)=0+1+(1)+0=0

a0 0 e )

(0.1 -1 0
1 1 0 -1 )
. . — Reduced in Echlon form'
-1 0 -1 1
L0 -1 1 0 |

(___ Visitus for_more detail at : wWww.winsomepublication.in J




‘KerT= & b
; c a+

Basis of Ker T ={[1 Q},[O 1}}
; 0 1[f1 1
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Ry R IR,

(-+ UsingRN.T) .

11 0
R, © R, 0 1 -1 0
-1 0 <1 1
L9 =1 1 -0
R,—>R,-R, L1 0 -l
R4—+Rd+R: 0 1 -1 0
00 0 0
00 0 0
Echlon form
1 070 1
Basis of I (T)=
sat={g 35 o]
p(T)=2
dimker T =dimM, - p(T)
=4..3=2
a b Ker T
€ KNCr
Let ¢ d
T(a b]) [0 ©
= (e d]) [0 0
[a b a_pl® b oo
= |c d c d] [0 0
[a b][2 1] [2 1][a b
= e dJ1 3] [1 3flc d

[2a+b a+3b| [0 0
_2c+d c+3d 0 0

b=c,d=b+a,a=c

[a b b
e

]:a,beR}
b

a 2 a+0b 0a+lb
¢ b+al| |0a+lb la+lb

oo

o il

(___ Visit us for more detail at : www.winsomepublication.in
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lmTz{\:'\ .\+y} x.yeR} p
Q.6. Find dual basis to the (_)rdcred basis
X = (12, 3y (1,1, 1, (2,4 D) O IR* (R ). Qo |
Sol.  Giventhat X ={(l, 2.3).(1,-1,1),(2,-4, 1)}
Let X* = {f,, f,, f;} be the dual basisof X. :
bet(x,y,z)e]R3 |
x,y,2)=0(1,-2,3) +B(1, -1, D+y2,-47 . e (i)
= eEPprRp=x L - . meem Gy
da-B-dy=y. . e (ii)
3a-p+Ty=2 PO e R e (iv

Solving eq.(i1), (1i1) and (1v) we get
. a=-3x-5y-2z
B=2x+y
y=x+2ytz
Putting the value a, B, v in eq.(i) we get
f,(x,y,z)=a0f (1,-2,3)@BOf, (L-11)®yOf(2,-4,7)
f(%Y, z)=o=-3x-5y-2z | '
Similarly f(x, y,2) =B =2x*y
fo 4D TY=x+2ytz

Q.7.  Provethatanon-zero linear functional bn a vector space V is injecti
if and only if dimV=1. ’ (201:
Sol.  Let f(#fy):V—>F bealinear function and injective.

= Ker f= {0}
Using rank-nullity theorem for f

& dim Im f+ dim Ker f=dim V ,
o dimImf=dimV L)
Since image f is subspace of ‘f’ |
dimImf < dimf ( -+ dim of field is always 1)
< 1

dimImf=0_or |

If dimImf=0,

=l f=f,  which is not possible.
dimImf=1

(___Visit us for more detail at : www.winsomepubﬁcation.r
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I;Ct ] VA .
8. " .“\ and W be vectort spaces over the field ¥ and let T he a linear
gransformation from Vinto W, Suppose that V is finite dimengional. Then

rove that
rank (T) + nullity (1) = dim V
Sol, We heve prove that ‘2‘”5)

rank (T) + nullity (T) =dim V
proof - Let dimker T'=m
LetS=1a, 8 a_} be the basis of ker T.
Since S is (.1. subset of vector space V. T ofe i
_ space V. Theref Y
- forma basis of VS. V. erefore it can be extended
LetS, = 1) 8oy 8,0, b i b } be basis of V.
dmV=m+n
Since S, generates V. Therefore T(S,) generates ImT.
T(Si) ={T(a), T(a)........ T(a ), T(b), T(b).......... , T(b )}
15,0 =10 ;05 ceonne 0,,T( ) T(b))..... T(b )}
LetS,= {T{b)), T®,) ...... T(b,)} generates I T.
Claim - S, is basis of [ T - ‘
For this it is sufficient to prove that S, is £.I.

Let o, T(b)+, o, T(,) + coevisiennn ¥ L. T(b)=0,

= T(a1b1»+ Jab to + ab)=0, {-- Tis{.T.}

= ab + ab,t ..tab ekerT e

= ab, +,0b,F +ab=Bat Patv..... +vp a

= (-Ba,+ v(-B,)a, V.. +v(-f, Jam+ab, +Vv b, + V...tV b
| =0=0v = - ‘ '

= —B, =B, = e =-B =0, =0, = B, =6

Therefore S, isf.].and S, is basis of I T.

- dimImT=n=m+n-m=dimVidimkerT

= dimV=dim ImT +dimker T

Q9.  Provethatanytwo finite dimensional vector spaces V and W defined
dimension.

over the same field are isomorphic if and only if they have the same
' - (2015)

Sol.  We have to show that

Vel & dimV=dimW
- Proof - Necessary part - -
Let =~ V=W

J alinear transformation
T:V — W which is one-one and onto

= KerT={0,} and [ T= \\

Using Rank Nullity Theorem '
dimKer T+dimI T=dimV

=

{ Visit us for more detail at : www.winsomepublit‘?‘ﬁ“
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0+dim lmT-= dimV
dimW=dimV
-Sufficient part: -

Let dimV=dimW=n (hnm)

X}

n

= X= 1\\

Y ={y, y2 ........ y,} are the ord

defineamapT:V 5 Was
T(Otlxl tvax,+

--------
;

(i) T is linear transformation -

Let a'ax+a2x2+

And A,pe

b=B, xi:+ JX Y itin

- lyl +wa2y2 + W +

T(ha+ HB) T(LOa, ®poP; )X, +

| ={(»0)® (N@BJ}
tw (}".an)@(u@ﬁn)_}'n

+a9yn)+w “(BIYi +u Bays 4y Buta)

--------

= M0y y; +y 0 Y5 Fg e

=T(a)-+, u(b)

.
(ii) T is one-one -
Let T(a)=T(b)

T 1s linear transformation. -

- B.Sc. I .

M;
J]

i y f
ered basis of V anq w e |
b C”'V(l
\

.......
.

v (L0x, ®u08,)x, .

(XOa Ouop, )x,

“’A{(.}“ = 0‘2)@(“%@32 )}y, +,

ay + oy, T oy = ﬁlyl+ B2y2+w ________ +wﬁnyn
= (0B, (O BV F e (0, B, =0
= (=B)=0p(a,-B)= Q— ........... (o, -B)=0,
= a, = Bl, 2 Bz’ ........... O =P
=% a=b '
(iii) Tisonto

T : V— W is one-one.
=> ker T={O,}
= dimkerT=0

. By Rank-Nullity Theorem

diml T =dimV =dimW
I T=W

S m

T is onto
. Tisan 1somorplsm

Therefor¢ vaW

(v dimV =dimW)

’ ] ° . . . 'in -
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onT:V
of Tls 2

(2015)

.10. Define ranges space, null space of a linear transformati
_, W. Show that range of T is a subspace of W and null space

subspace of V.
Ans.  Rangespace of a linear transformation: - 5
Let T:V — W be a linear transformation. The range of T,

denoted by R(T) or T(V) is defined as T(V) = {T(x) : x € V}.

Null Space: -
LetT:V — W be a linear transformation. The kernel of T, denoted

by ketT or N(T), 1s defined as
KerT={xe V:T(x)=0¢€ W}
Ker T is also called the null space of T.
Now we prove that range of T is a subspace of W and null space of

T is a subspace of V.
By definition, range of T is

R(T)={T(x):x e V}

Q.11. IfAis a real symmetric matrix, then prove that there exists a real
symmetric matrix B such that B*=A. A _ ~ (2014)

Sol. If Ais symmetric over R.

Then it is diogonalizable
A=PDP"! Such that D is diogonal

let B=PD, P such that D, is a diogonal matrix whose values are thlrd root of
the matrix so we get .

B'=PD:P~'=PDP "'=A

Let u, u, eR(T)and a,pB,€ F.Then u,=T(x,), u,=(x, ), forsomex,,

X, eV we have. - ~
=aT(x,)+B(x;)

=T(ox,+px;) (asTisC.T)
' =T (x) where x=ax, +px, € V.
since T(x) ER(T), so ou, +Bu, € R (T). Hence R (T) is a subspace of W.
By defintion, ker T={x € V: T(x)=0 € W} :
We know that T (0)=0and so 0 € kev T that is ker T is non - empty.
letx,y e kerTand o, B € F.
thenT (x)=T (y)=0.since Tisa LT
we have T(ax + By) = a T(x) + BT(y)
=a.0+B.0=0
= ox+PyeKerT
Hence ker T is a subspace of V.

([ _Visit us for more detail at : www.winsomepublication.in | )
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) is of the basis
1 Find the dual lmg ‘
’ B {(1,-1, 3, (0, 1,-D. (0, 3, -2)) for IR (R ). o

- ., (0,3, <2
Sol. Leta, = (1 1.3).a (0, 1,:1), o, ( 2)

Then B {aa, a,) -
B’ = {f. . 1,} is ducl basis of B,

C(a)= 1.1 (a,)=0.1, (0,)=0
f; (“1 ) = 0.1, (az ) = 0,1, (at): 0
f (o )=0.1, (a0, ) = 0.1, (a,)=1

Now to find explicit expressions for f,'fzi f,

Let a.b.o)e R(R) |

e (ab.c)=x(1,-13)+y(0,1,-1)+2(0,3,-2) .q)
= XQ, + YO, +Z0l,

Then f, (a, b, C) = X, fz (33 balc) = y

f, (é,b,c)zz
- Now to find the values of x, y, z from eq.(1) we have
Xes
-x+y+3z=b
3x-y-2z=0
Solving there equation |
x=a,y=7a-2b-3c,z=b+c-2a
Hence f (a,b,c)=a
fz(a,b,‘C) =~ 73—2b—3c (
and f3(a,b,C) =2a+b-—c

therefore B' = {fl . A } as a dual basis of B.

Si ?r ' LetV ,V,and V, be finite dimensional vector spaces over a field F ‘
| TeOT ] .VVl = V,andT,:V, > V, belinear transformations. Prove tha!
01, :V, = V. isalinear transformation and rank (T,oT,) < min k(T)
rank(T,)}. B 331116( 1l9]

b

(" VlSIt us for more detail at . www.WiHQnmunnl‘I!A-L! B Y 3\
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Sol. Let VsV, and v, be finite dimensinol vector space over g ficld F.
let T,:(V|,+,,) - (v,,+,,) and

T, (v, +,\)—>(v‘,+‘,)bu (.
Then T oT F VL) = (v, )deﬁndas

(T, OT)(X) =T,(T,(x)) V XEV,
Claim:- T, 0T, is a £

letab € v, ando,p c
(T,0T,) (ca+ pb) =, (T,(aa+, b))

= T.(aT (a) +, BT (b)) (. Tisalt)
" OLM@)+BT,Tb)

= o(T oT)(a)+ B (Tonl)(b)
Now, we have to Prove that

rank (T,o0T,) < min {rank
Proof :- (I) P(T,0T,) < p(T,)
TV c v,

T,isalt)

(T,), rank (T)}

CTiv, >, isf.t)
=% T(T(v))<T(v) B ‘ :
= (T oT)(vl)<T(v)

= Im(T, 0T)<ImT
Since Im (L, 0T,) and Im (T ,) are subset of v,and Im (T oT) < ImT,
Therefore Im (T,o T,) is a subset of Im (T)
— dlmIm(T oT)<d1mImT
’ rank (T oT)<rank(T)
P(T,0T) < P(T) . (D)
(ID) Claim :- p (T, oT)<p(T) -

-Using rank nulhty theorem for T and (T,oT)

P(T)= dimyv, dlmkerT

........ )
and P (T, oT)—dlmV dlmker(T oT) ........ 3)
Claim :-ker T SkerT, oT ‘

" let X ekerT,

= T®=0,

=TT (x)) T,(0,)
= . . T,0T, (x)=o, | |
= xe ker (T, 0T,) " KerT, c Ker(T,oT,)

Ker T, and ker (T oT,) are subspaces of vector space v, and
kerT < ker(T oT)

( Visit us for more detail at : www.winsomepublication.in )
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: Ker T, is subspéce ofker (T,o0T))
= dimker T, < dimker (T,0T))
fromeq.(3)andeq.(4) weget 4)

P(T,oT)<p(T)
P(T,0T )= p(T)ifT,is one-one
ie. multiplication i injecti
- rankp ofa ¢.t. from left side by an injective ¢ t dog - g
from (1) and (5) | |
rank (T,o T) < min {P(T)), P(T,)

P(T,0T) < {p(T)A(L)} .

Q.14.  State and prove Fundamental Theorem of Vector space homgy,
phisms. o (201;
Sol. Fundamental theorem of vector space homomorphism:-
Statement - A homomorphic image of a vector space is homomorphic t

quotient space of the vector space.
LetT:v, > v, be v.shomomorphism
Im(T)=T(v,)

. " V] ‘
by o m—e— Ty
Claim T (v))
LetkerT=k' - E‘
difine arelation
f 3 (Xl‘) — T(V,)
k
f(k+x)=T(x), VX eV,
(I) f isamap :-

letk+x, and k+X €730

k+x,=ktX,

X, — X2 €k

X, — X2 ekerT | :
T(x,-%)=0, : _
T(x)- T, | ¥

T(x)=Tx)
fk+X,) =f(k+X,)
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- fis a map.
(IN) Fis a linear transformation,

etk +aandk + b e% and a,Bel

Flack +a)+ Bk + b)) = F{k+(ata +, pb))
= T(aa, +, Bb){" f(k +n) = T(x))}
= . T(a)+, B.T(b)
= af(k+a)+, Bf(k +b)

— f1s a linear transformation ((.t)
(IID) f is one - one: -

letk+x andk+x, el
w

f(k+x,)=f(k+x,)
= T(xl)=T(Xz)
= TE)FETE)D=0, ' -
s T(x,)+T(-x,)=0, (Tea)=-T(a))
= T(x,-x))=0, ' (- Tisart)
= X, -x, € kerT
= X -X, ek
— ktx,=k+x
= fis one - one
(IV) fis onto: -

forall T (x) e T (v,)

X eV,

U

k b
= X E—
k

f(k+x)=T(x)
= fis an onto map.
fisan isomorphic
\
f ~ T(v,)
v

~ T(v
— (v))

Q.15. Let V, and V, be finite dimensional vector spaces over a field and T :
( Visit us for more detail at : www.winsomepublication.in ]
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v, V be a linear transformation. Define the transpose T' of T. pyqyq th,

rank (T') rank (T). o
Sol. Transponse T'of T :-
Letv, and v, be finite dimensional vector space over a fic|

fand T:v, > v, bea lmear transformation.
Then dlﬁne a map Thv,* > v,* as

T (t) =fot,V fev,
Now, we have to prove that

rank (T') =rank (T)

Since dim w+ dim w’=dim v (- w is subspace of v)
take w=ImT '

= dim (Im T)+dim (Im T)’ =dimY, .
dim (Im T) + dim (ker T') =dim v, ()

using rank - nullity Theorem of T*

dim (Im T') + dim (ker T') =dimv, *=dimv; ... ()
From eq.(1) and (2) we have ,

rank (T*) =rank T .

Q.16.  LetV be a finite dimensional vector space over a field F. Let V:
- denote the dual of dual space V* of V. Prove that for each v € V, the map fv : \
— F defined by fv(¢) = ¢(v) (¢ € V*),is lmear transformatlon and the map
0:V > V** defined by \ |

0(v)=fvisanisomorphism.. . : ' : (201

Sol.  Ifvevand v, Then ¢ (v)isaunique element of f. Therefore t
correspondence fv defined by , _
OB PRI |
is a fuction from v * into F. -
Let a,beF and ¢,pev’ Then
fv(ap+be) = (@p+bp)(v) fromeq.(1)
= (ad)(vV)+ = (bg)(v) |
{by scalar multiplication of linear functionals}
a[fv(¢)]+b|: (o) ] fromeq.(1)
Therefore fv is a linear transformation on v * and thue fv ev”
Now, let 9 be the function from v’ 1nto v" defined by
B(v)=fvv ve V

(I) 6 is one - one; -
If V,W €V, Then

Vi i »
‘ isit us for more detail at ; Www.winsomepublication.in
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B(v) = 0(w)
= fv="~1w = fv($) = fw(P)Vde V'
= O(V) =d(W)Vh e v’ fromeq.(1)
= V) -d(W)=0Vde V'
= o(v-W)=0Vdev
- v—-w=0
= V=W
- @isone-one

o g »
(I) O is a linear transformation.
leta,p ef and v,wev. Then

6(av+bw)=f(

av + bw)

' ‘(by definition of 0)
forevry ¢ e v', we have | '
fav + bw() = d(av +bw) {fromeq.(1)}
—ap(v)+bh(w)
= af, (¢)+ bf, (¢) {fromeq.(ID)}
= (afv)® + (bfw)® ‘
= (afv +bfw)®.
B f(av+bw) = af, +bf, =a8(v) +bb(w)
Thue  6(av+bw) =ab(v)+bO(w)
0 is a linear transfarmation —
From v" into v"* we have dim v’ =dim v" |
Therefore 0 is one - one implies that q must also be onto

Hence 0 is an isomorphism. of v" into v™.

Q.17.  Define the transpose of a linear transformation and annihilator of a
non-empty subset of a vector space, and prove that: | '
(i) The transpose of a linear transformation is a linear transformation.
(ii) The annihilator of a non-empty subset of a vector space is a subspace of the

dual space of the vector space.
(iii) kernel of the transpose of a linear transformation is the annihilator of

the image of the linear transformation. (2012)
Ans.  Transposeof alinear transformation: -
Let a linear transformation T: V, = V,, .

Then define a map ' . e
( Visit us for more detail at www.winsomepublication.in D
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)
:‘Aéﬂh [

his (i

. 4 ‘
L » 4 .,

T(f) = foT Vf e V; is called a transpose of 4 Ilnc,xrtmwm;rnm.

Annihilator of a subset of a vector space: - ‘
Let *S"be the subset of a V.S, *V' over field *F* which iy p,,,,,
annihilator of S is denoted by ‘S” and is defined as

0 . : Y
S ={feV":f(s)=0pVseSjc V

ity 1,

20 f,eS’
Claim - T'is a linear transformation

Let f,geV,anda,peF

T(af+Bg)=(af+pg) oT = (af )oT + (Bg)oT
=o(foT) + p(goT)=uT'(f)+ pT'(g)
= T'is a linear transformation.
(ii) Claim S° is a subspace of V* -
Letf,ge S°anda,p e F

fs)=0,and g(s)=0, VseSanda,p e F

=
= a0Of(s)=0pandBOg(s) =0
= (a-f)(s)=0,and (B.g).(s)=0,
=5 (af +Pg)s)=0, ¥seS
= (af +Pg) S°

S° is subspace of V*, -

T:V, > V,andT':V, 5>V,
let fe kerT .
& T(f)=fo
~ foT =fo
= (foT)x)="fo(x)= 0,
& fiTx)]=o, VT(x)el,T
&

fel,T]
Therefore Ker T'=(ImT)

Q.18. (i) Define linear transformation. If T: V — 'V, is a linear transfor-
mation and W is a subspace of V , then prove that T (W) will be subspace of Vy
(i) Let T: V, — V, be a surjective, linear transformation. Suppose tha!
dimV, =12 and dimV, =8 and W be a subspace of V, such that dim W =3. Thes

( Visit us for more detail at ; www.winsomepublication.inj
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find the dimension of T-'(W). (2012)
Sol. Linear transformation: -
Let (V. +.)and (V,. 1. .) be two vector space over o filed I

Thenamap T:V, =V, iscalled a lincar transformation iff

(i) T(a +,b) = T(a) +,T(b) Va,beV,

(ii)'T(O‘a) =aT(a) Va e FandVae V,

Let W is a subspace of V.. Then we have to prove that T-'(W) is a subspace of

V.
LetC..d, € T(W)and A, p e F

= TE)Td)eW (xef™ (V) & f(x)=V)

- AT(c;)+, uT(d;)eW (- W is subspace)

= T+ pd)eW

= g+ pd € TI(W)

=5 T-'(W) is a subspace of V.

(ii) Since T": T™' (W) > V, isrestriction of T over ”l:"(W) and T is onto map.
(T (W)= T[T'1 (W)] “W=L.T ... ()

Also  kerT'=kerTAT™ (W)=kerT  .....(2) (“ker T T (W))

Using Rank-Nullity theorem, we have

dim ker T' + dim JmT’ = dim(T"'(W))

dimker T +dim W = dim T (W) (- usingeq(1)and(2))
dim V, - dim ImT +dim W = dim T"(W) (UsingR.N.T)

dimV, -dimV,+dimW=dimT'(W) (. T'isonto <> ImT=V))
12-8+3=dimT'(W) | ‘ |
dim TY(W) =7

Uu Uy

Q.19. Define dual space of a vector space and prove that the dimension of th
dual space of a finite dimensional vector space is equal to the dimension of the

vector space. - (2012)
Ans.  Dual space of vector space: -
A linear transformation f: V — Fis called linear function. If
Hom (V, F) = {all linear functional : V— F}
=V* -
and V* is called dual space of vectgor space V.
We have to prove that
, dimV =dim V*
Proof - Construction of a basis of a dual space from the basis of vector s ace-
Visit us for more detail at : www.winsomepublication.in




Let dim V=nand o
Jet X={X}, X5 evevnens X } be basisof V
and X*={f,5 . L}V*

where f:V — Fdefined as-

1 if i=)|
ﬂ(”)=5“'={o,= if i;tj}
Claim - X* is a basis of V*.

(I) X* is a linear independent
af+afz+ ......... +af =1L,

= 0. 190.08....... ®a,0=0p ~

= al = OF
Similarly o, =0, = ......... =a =0,
Therefore X* is linearly independent.

(i) V* =[X*] |
LetgeV* = g(xi)‘=Bi | _wherei=i,_2,3, ....... n
Claim-g=B f +B.f,+...+pf ,

13- . m

letxe V. : : A | ;
— X=Y X, HY Xt e FYX sl 1) V,eF "
L= LR, K i +yX)
— fy (x )—Ylefl(xl)®12'®f2(x2)® """" Dy, Of, (x,)
= fi(x)=7,0107,008@......... @y,00.
= f,()=y,
Similarly f,(x)=v,=.......... =f(x) =7,
Consider R.H.S. |
(B +BL + o, +Bf . -
=B Ofi(x)¢ B, 0L, (x)@.....0B, OF, (x)
=B OV, ®B, o1, @....... DB, OYy e )
Consider L.H.S.
g8 =gy, x, +v,X, + oo +y.x )
=71 08(x)®7, @g(xz)@ ......... Dy, Qg(xn)
=Y,0B,®y, OB, ®...... Sy B, - i 3)-

VlSlt us for more detail at : www, wmsomepubhcatlon in

J

Y e



B.Sc. 1" - Math 1 - Upit 11 - A2
Fromeq.(2) and (3)
E=Bil +BE # i B,

Hence V*=[X*]
. X*is a basis of V* and X* is called dual basis of X.

Hence dimV=dimV*

Note - d}'m (Hom(V,V,))=dimV dimV,
dim(Hom ( V, F)) =dimV.dimF
dimV*=dimV

Q.20.  Let M, be the set of all 2x2 real matricces. If T: M, > M, is linear

i 2
transformation defined by T(A)=A.B- B.A, VA € M and B = [1 Z:I then

find (i) ker T (ii) Im T and (ii) Trace of T. v (2012)

Sol. Standard basis of M, is -
S= {en’ 12 S ezﬂ

we have to find matrix (T) =7
T(e,,)=¢,B-B.¢

L
R

=0, t4e,* (-e,, + 0.,
T(elz) - elZB -Be,,

o 172 4] [2 4]0 1]
|0 oj[l 2}_[1 2}[0 0}
1210 21 [1 O
"o 0_—[0 1}2[0 —J

=le,+0e,+0e,* (-1e,,
T(e,)= e, B - Bez,,

0 olf[2 4] [2 4][0 0
Tl ook o2 [1o2)it o)

0 0][4 0] [—4 o}

|2 4Jl2 0f [0 4
. —-4e +Oe ,10e, +de,
T(e,,) = eB Be

[ Visit us for more detail at :'www.winsomepublication.in B
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o olr2 4] [2 4]0 o
"[o 1}{! 2Hl 2][0 IJ
o 0] [0 4] [0 -4} |
z[t 2]{0 2}[1 0 4
=0, t4e,* l.e,+0.¢, |

‘o 14 0]

mat (T)SS =

trace of matrix =0

Im(T)=span{[_(_)I 3”(‘) ﬂ}:basisoflm(r)

a b
kerT
Let L dj|E» T

e~ LRI LD

_’2a+b 4a+2b] |:2a+4c 2b+4d]

|2c+d 4c+2d] |a+2c b+2d
) b-4c 4a_—4<i _ 0 0|
= ‘d-a 4c-b | [0 O
= b-4¢=0, d-a=0, 4(a-d)=0, 4c-b=0

Solving these equations a=d,b=4c
Solet a=A,c=p
a=A,d=A,b=4p,c=p

a b| |A 4u o
S c d| [p A A g
basis of ker T = . ; 0 4
0 1]|1 0

dim(ker T)=2

(___Visit us for more detail at : www.winsomepublication.in )
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Q.21 Define kernel of a linear transformation. F
tionT: R*> R ’such that ker T and 1,,T arerespe
1,1),(1,0,0, D} and {(1,1,0),(1, 0, 1)),
Ans. Kernelofalinear transformation: -

Let U(F) and V(F) be two vector spaces
transformations from U into V. Then the kernel of T o null
N(T) is the set of all vectors a in U such that T(a) =0,
Thus NM={aeU:T(a)=0eV)

LetS= {e,.€,.€,,¢,} be the standard basis of R * extending to 11,1, 1) (1,0,
0,1)} inbasisof R *.

ind a linear transforma-
ctively spanned by {(1, 1,
(2013)

and let T be a lincar
space of T written as

{(1L1.1,1),(1,0,0, L), e,e} are lincar independent.
T(l,l,1,l)=(0,0,0)andT(e3)=(I,I,O)
T(1,0.0, 1)=(0,0,0)and T(e,)=(1,0, 1)

Let(x.y.z,4) e R*
Xy.zu=a(l,1,1, 1)+B(1,0,0, l)+ye3+6e4
TO.y,z,u)=aT(1,1,1,1)+p(1,0,0, D) +yT(e,)+8T(e,)

=040,0,0) +(0,0,0)+(1,1,0)+ (1,0, 1)

T(x,y,z,u)=(y+38,7,8)

Q.22.  Define transpose of a linear transformation and prove that the rank

of the transpose of a linear transformation is equal to the rank of the linear
transformation. (2013)

Ans.  Transpose of a linear transformation: -
Let a linear transformation T : V,— V,. Then define a map
T:V*>V*as
T(f)=foT Vf eV, * is called transpose of linear transformation,
Now we have to show that
Rank (T) =Rank (T),ie. p(T')= p(T)
Since  dimW +dim W°=dim V

Take  W=ImT
— dim(ImT) + dim(ImT)°=dim v, :
dim(ImT) + dim(kerT") = dmv, . (1)
(- (ImTy = (kerT?)
Using Rank Nullity Theorem of T,
dim(ImT)' + dim(kerT") = dimV *=dimv, . (i1)
from eq.(i) and (ii) we get

Rank (T) = Rank (T)

Q23.  Ifalinear transformation T: R~ [R’is defined by T((x, y, z, u)| =

(X-y+z+u,x+22-u,x+y+32-3u) V (x,y,2,4) € IR *, then find (i) a basis
of ker T and (ii) a basis of IT (2013)
Sol. ,T(x,y,z,u)=(x-y+z+u,x+22-u,x+y+3z-3u)thematrixformcan

( Visit us for more detail at : www.winsomepublication.in )




be written as
| I B
[T]=[1 o 2
1 1 3

Changing echalon form

ROR, R 0

R,—-R,-R, 0

1 0

: -1 1
basis of ImT = < ,

\ 1 -2

Let(x,y, z; € ker T, then

x-y+z+u=0

y+Z-2u=O
Let u=k z=A.
y=2k-A

x=y-z-u=2k-7»—7»-k=k

so the basis, ker T
(

1) (-2Y
2{1 2
4 N (
ol 1
1)L0

Q.24.

—

-1 11
o 1 1 2|’
0 0 0 0

-2\

R,

B.8c. qp Ma, |

2R

» O
()

()

()

Uiy I

()

Define the annihilator of a non-empty subset of a vector space #

prove that the sum of the dimensions of a sub-space of a finite dimensio!
vector space and its annihilator, is equal to the dimension of the vector sp#

@9!

Sol. Annihilator of a subset of a vector space:' -
Let ‘S’ be the subset of a vector space ‘V’ over field

( Visit us for more detail at ; www.winsomepublication.i,’D
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which 1s non empty, then annihilator of S is denoted by ‘S and s defined ag -
S° =1f .0 (Q) = ' e

(feVair(s)=0, VSeslc v
prove that
dimW+dimWe=dimV
etdim W =! rang

X, = X\ X, \ is o' W. Si 15 |1

{ -X,} be the basis of W. Since X s linearly independent

subset Ofveum <pau \/ therefore it can be extended In form a basis of vector
«y* (By Extension Theorem). Let

X; ={f BB i £y €V
be the dual basis of X, and basis of V*.
Consider S = f 0 i, £}

Now We

space

Claim- Sc W°
Letxe W
=5 X=0X T OX,F i, tax t where o, € F

= frﬂ(x): G’lerH (xl)®a2 @fr+1(x2)® .......... @erfrH(xr)
= frH(X) = OF
= fﬁ1 e W°
Similarty f _, .....- e £ € WO
=5 ScW°
(I) Sislinearly independent -
Sc X, and X, is linearly mdependent

Therefore S is also linearly 1ndependent.

am w° =[] -
LetgeWe =  gx)=0,  leisr
g'e Vv
n
~ g=pex)f
=l
g=gx)f + g(xz)f2 . T +g(x)f + g(x I, T R g(x)f,
= g=g(x ), to +g(x )f ,
gis alinear combmatlon Of f | (s ovvenenes N
°=[S]
S is a basis of W°.
dimWe°=n-r
= dimWe=dimV -dim W
=  dimW°+dimW=dimV

publication.in
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Q.25. Define an isomorphism between two vector spaceg OVEr thi . .
field. Prove that two finite dimensional vector spaces over 4 field F are iq(:am
phic if and only if they have same dimension. ‘(2':'1".
Ans.  LetV and V, be two V.S. over the same field then we say th, I
isomorphicto V,if3 al.t. T:V, — V, whichis one-one ontg. at ‘

B.Sc. 11" - Magh | -

Q.26.  Define the annihilator of a non-empty subset of a vector space gy, |
’r

field. Determine the annihilator of the subset S = {(%,y, z) elR": Xy =1} of ¢,

real vector space R . (2077
Sol. Let Vbea V.S. over field Fand f: V — F be linear functional. Let s }‘

a non-empty subset of vector space V. Then the annihilator of S is denoted 1,

S° and defined as - ‘ o
S°={feV*:f(s)=0, v seS} |

where, V*is dual basis of V. '

giventhatS= {(x,y,z)e R xy=1} -

&

’ 1
Let x =—

Y.

‘Take, x=1,y=1,z=0

x=-1,y=-1,z=0 t
LetS={(1,1,0),(-1,-1,0)} , Tees (
then S is £.d. | - '
wetake S={(1,1,0),(0, 1,0),(0,0,1)} ' | ;
Leta, =(151,0),a,=(0,1,0),a,=(0,0,1) g
define f;:R*—> R> e .
f(a)=1,f(a)=0,f(a)=0 - L “
f,:R*> R*and f;: R’—> R’as
f,(a,)=0,f(a,) = 1,f(a,)=0,£(a)=0,f(a,)=0,f(a)=1. (
Let(x,y, z) € R >and S is basis of R .

(%.%2)=Ba,*B,a,+Ba,=B,(1, LO+B,0,1,0+B,0,0,)
= (xayyz)z(B]’ B|+Bz’ﬁ3) . ' :
= B=xpB BTy = B,=y-x | _

B,=z . :
thenf(x,y,2) =X, f,(X,%,2)=y-x, f.(x,y,2)=z : |
Then {f, f,, f,} is dual basis of S and this is annihilator of S. (

)2 <22

Q.27.  State and prove the fundamental theorem of vector space homomo' -
phisms. | (2014

Sol. Fundamental theorem of a vector space homomorphism: - -
A homomorphic image of a vector space is isomorphic {0

quatient space of the vector space.

Proof: -

LetT: V. —» V_ be a vector space hon’iomOrphism. :
(___Visit us for more detail at : www.winsomepublica‘tion.il@
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ln ('T) = T( \/’ |) (hﬂl]](\l“(".l’hic in]nt{(\ ”l' Vl)
v

Claim: KerT T(\ .) :

define a realation -

f (V‘] T(\
=1 '
K/ ( l)
f(k+x)~>T(x) V xeV,
(i) “f” is a map -

Letk+xandk+x, e V, /K
and  k+x =k+x,

> WX

W

wt+a=w+b
= e Ll < a-bew
= X,-x, € KerT — T(x,-x)=0,
= T(x))-T(x,)=0, — T(x,)= T(ij
= flk+x)=fk+x)

therefore “f” is a map.
(i) “f is a linear transformation -
| Letk+aandk+be V /Kanda,B € F
fla(k+a)+ B(k+b)}
f{k +(a, + Bb)} | (r w+oa=a(w+a))
T(aa+,Bb) (e k) o T(X)
=aT(a) +, B.T(b) = afik +a) +,pfk + b) '
“f” is a linear transformation.

(ul) “f” is one-one -
Letk+x andk+x, € V /kand flk +x )"1(k +X,)

= 1 )= T(Xz)
= T(x)+(-T(x,)=0, =  T(x)+t(-x,)=0,
= T(x,-x,)=0, . . (T isalinear transformation)
— X,-x,=KerT =3 X, -Xx, €K
— K+x,=K+x, (‘a-beW o yv+_a=w+b)
(iv) “P is onto -
v T() e T(V,)
= xeV, = @ KtxeV,
fiK +x)=T(x)
= fis an onto map.
’ fis an isomorphim.
vl V ~
E?T(V') = KerT (%)

(___Visit us for more detail at : www.winsomepublication.in )
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.Q.28. Define rank and nullity of linear transformation, Let'T
operator on a finite dimensional vector space V such that rank(1?)

“Unig

Prove that range (T) N Kernel (T) = {0} "‘("Zk('l 1
Sol. Let T:V — V be a linear transformation of fiaite dimensiong| v::l H
space over field F such that o

p(T*) = p(T) L

Then we have to prove that

Ker TN ImT= {0}
Let, T: V — V be a linear transformation , 9
T?:V — V be also a linear transformation using Rank - Null

dimker T +dimImT=dimV
And  dimkerT’+dimImT?=dimV (ii)
respectively then from eq.(i) and (ii) AR

~ dimker T + dim Im T = dim ker T2 + dim Im T2 | 1

ity theorem we ha,

= dim ker T = dim ker T? ' {-- p(T)=p(T)}

=5 kerT=kerT? = kerT?=kerT {--kerT isasubspace ofkerT
= x € ker T? = xekerT S

= T(x)=0 =, TO=0 -7 s (iii) ‘ |
Let ae kerT() ImT —  aekerTandaeImT

— T(a)=0and 3 be V suchthat T(b) =a

= T(a)=0and 3 be V suchthat T(T(b)) =T(a)

=5 T(a)=0and 3beV suchthath(b)=T(a)

=1 TAb)=T(@)=0 . = = T%(b)=0 |

= T(b)=0 2 T2 (x)£ 0. = - T(x) =0}

= a=0 (. Using (ii))

Hence KerTNImT ={0}

Q.29. Define the transpose of a linear transformation. Prove that the rar
of the transpose of a linear transformation T between finite dimensional ve!
tor space over the same field is equal to the rank of T. (201!
Sol. Transpose of a linear transformation: -

Let V (F)and V (F) be two vetor space and T : V, =V, be a linear transformy

tion. And V,"and V; is dual space of V| and V, respectively.
Let f: V, — F be linear functional

- Composition of two linear map is also a linear map.
. foT:V, — Fbea linear functional. .
Theorem: - '

(___ Visit us for more detail at : www.winsomepublication.in )
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HET V> Vs Tinear transformation

then p(T) = p(H)

 Proof: -
: T:V, — Vs a hinear transformation then by (R - N) Rank - Nullity
theoren.
dimker T+HdmImT=dimV
il dimker T+ p(T) =dimV, D

and T': V. =V, isalso a linear transformation, then by R-N theorem
dimker T'+dim ImT'=dim V;

- dimker T'+ p(T) =dim V,

dim V, =dimV, =  dimkerT4p(T)=dimV, ... (i)
Since, we know that ImT is a subspace of V.. |
- dmImT +dim{dimT]’=dmV, ... (ii1)
from eq.(i1) and (i11) ~
dim kerT' + p(T") = dim ImT + dim [ImT]°
= dimkerT'+ p(T") = p(T) + dim[ImT}* ... (1v)
Cliam- ker T'={ImT]"
LetfekerT
= T =1, (zero linear function and by definition of Ker T)
= foT =1, (from definition of T')
o (foT)x)=fo(x)  (by definition of equalmapx € V)
e fT]=0 {vx eV}
o fT)]=0 (VT(x)eImT=T(V,)}
& fe [ImT]O {by definition of Annihilator}
Hence, ker T'=[ImT]’
=> dimkerT'=dim[ImT]* e (V)
fromeq.(iv) and (V)
dim ker T'+ p(T") = p(T) + dim( ImT)°
= p(T) =p(T) -
T:V,—>V,

Q.30. LetV andV,be vector spacesover the same field F and
be a surjective linear transformation. Suppose that W is a subspace of V, of
dimension 2. If dimV =7 and dimV,=5, then find dimT'(W). (2018)
Sol.  Let us define a map-

TT"(W)—>V,

T[T'(W)]=W {--Tisasurjective map |
Since T' is restriction of linear transformation T over su

T[T (W)]=W ‘ o
( Visit us for more detail at - www.winsomepublication.in
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N ImT' =W = dimImT'=dim W
= dimIimT'=2 (o dimW =2) :
gince ker T' =ker TNT' (W) '
.- we know that, :
kerTe T'(W) ,V W subspace of V,
kerT' =ker T :

. From Rank-nullity theorem,
dimker T+dimImT=dimV,
= dimker T=dimV, -dimImT
dimkerT =dmV, - diml T=7-5=2 .
Again by Rank Nullity theorem-
dimker T' +dimI_T'=dim[T"'(W)]
2 + 2 =dim [T"(W)]
dim [T (W)] =4

Uy

Q.31.  Define the dual space of vector space. Find the dual basis of the du;
space of R relative to the ordered basis S={(1, 1, 0), (1,2,0), (1,1, 1)} of R
Sol. Dual space: -
A linear trousformation f: V— F is called linear function if.
Hom (V, f) = (all linear functional : V> F)=V"
and V" is called dual space of vector space V.

Here S= {(l,1,0)(1,2,0),(1,1,1)}

X] XZ x3
Let S* = {f, f,, f, } be the dual basis of S.

Let(x.y,z) ER?

(x,y.z)=a(l,1,0)+B(1,2,0)+y(1,1,1) R -
— oa+P+y=x g e (2)

a+2B+y=y ‘ e 3)

Y=z S S ()
Fromeq.(2) and (3) we get ’

P=y-x

Putting the value of'y and B in eq.(2) we get .
aty-x+z=x

= 0=2x-y-z

Now. Putting the value of ., B, yineq. (1)
Lix.y.2)=aof (,L0)@Bof (1,2,0@y0 f (1.1,1)
t(x,y,z)=a ° |
f. (x.y,z)=_2x-y-z

Similarly f(x.y,z )=B=y-x

‘ f(x.y,z)=y=2

' Visit us f ore detal '
L for more detail at ; www.winsomepublication.in’/j
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Q.32. Define the annihilator of non-cmpty subsct ofn vector space, If V is o
finite dimensional vector space over a field Fand Wis n subspace of V, then

dim W+ dimW=dim V.,

where W'is the annihilator of W. (2019)

Sol.  Annihilator of a Non - empty subsct of a veetar space b -
- Let *S® be the subset a vector space “V' over ficld F which is

non-empty then annihilator of S is denoted by ‘S" and is defined as -
' ={feV :f(s):OFVseS}_C_V'
z¢ f,eS’

Claim : S®is sub space of V"
Letf,g €Sanda,B € F

= f(s)=0,and g (s)=O; VseSanda,BeF
= a® f(s)=0; and Bogs)=0;
= (ou.f)(5) =0, and  (B-8)s)=0;
= (a.f+B.g)s)=0; ‘VseS
= of+p.ges’ |
S? is subsace of V*.
Now we prove that ,

dim W+dimW’=dimV
Let  dimW=randX, = {X,X, ... X}

be the basis of W. } , e
Since X, is linearly independent subset of vetor space V therefore it can be

extended to form a basis of V.S.V (By extension theorem).
Let X; ={f,,£ysierefp s Frirsne: fle V' be the dual basis of X, and

basisof V. - ,
Consider S={f £, ... £}
Claim: -

ScW’
= X=0,X, +oX, B s mina tox
= f”,(x):a,Ofm(x,)@aZOfm(xz)@ ......... +,0t,Of,+1(X,)

-where o, € F

= fm(x):OF g f’” = WO
Similarlyf , ......,f, € W'

= ScW’

Now we prove that S is a basis of W°. »
epublication.in )

( Visit us for more detail at : www.winsomepu




B.Sc. II"" ~-Math 1 -Unit ]| ..

@ Sis linearly independent
Sc X, and X; is line
independent. {* A subset of L.1. set inL.I.)

ar independent. Therefore S is also ling,

an wW°=(S]
Let geW' = g(x)=0>  1SiSt
geV' == g= g(xi)fl
i=1
g=(x)f, +g( ) | R +g(x)f, +g(xr+,) g T +g(x )t
g= g(xm) SRS +g(x)f,
= gisa linear combination of £, -+
a3 we=[S]
. S isa basis of W°
dim W°= ‘ '
dlmW"—dlmV dlmW - dimW°+dimW=dimV
Q.33. Define an elementary matrix. Write
(1 1'1)
A=|2 2 1|eM;(R)
0 0 2 '
asa product of elementary matrices. _ (201
Sol. Elementary Matrix: - N
A matrix obtained from 2 unit matrix by a single element?
transformation is called an elementary matrix (or E-matrix). \
Given that ,
1 1 1
A=|2 -2 1]|eM,; (R)
0 0 2
Now =L;A |
1 1 1 00
1|=(0 1 OfA
10 0 2 0 0 |
‘ 1 1 1)Y-(1_ 0
R, >R,~2R, |° 4 -1|=]-2 1 0]A
0 2 0
/

us fOl‘ more detal] at « WWW Winsomepubli i j
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11 1 0 01 00
R <R, /2 0 -4 -1 01 0 21 0A
' 0 0 1 00 1/72)L0 0 1
1 1 0 0 1M1 0 01 0
R >R -R, 0 4 -1|= 1 offo 1 01 =21
0 1 0 10 0 1/2)Ll0 0
C2'4>C2_C1
1 0 0) (1 O =1}f1L O O 1 OO0 (1 =10
0 4 -1l=/01 OfO0O 1 O J-21 0[A|0 1 O
o 1 1)J1{oo0o 1Jlo o 1/2){0 O 1) (O O 1
R, —>R,/4 »
1 0 0 1 0 O0Y1 O =1)(1 0 OY1 0O
011/4:01/40010010—210
0 0 1 o 0 1/lo 0 1/lo 0 1/2)L{0 O 1
1. -1 0
0 1 0|A
0 0
1
C3—>C3—ZC2
1 0 0 (1 0O O)1 0 -1 001_0'0
01 0l/=|0 1/4 0[j0 1 0 1 0210
0 01 0 0 1/l0 0 1 0 1/2)L0 0 1
E, E, E, E,
1 -1 0)(1 0 O
0 1 0/l0 1 =1/4|A
o 0 1)lo 0 1
So A =E;'E;'E,'E;'E{'E{'

Or A =E'E;'E;'E,'E;'E;

( Visit us for more detail at : www.winsomepublica*:
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ated with a square matrix j;
sociated with the

(2014, 16,

V — V be a linea

il

tion assoct

.1 If a linear transforma
inear tr ansformations as

nonsingular, then prove that thel
matrix will be non singular.
Sol. Let A = [a,] be nxn ma

transformation associated with ‘A’ relate
X = {X)s Xy corveneens X }of V

trix over a field and T, :
d to ordered basis -

Tl(xl)z_z;ai.lxi o N (1)

Let T,:V — V be another linear transformation associated with matrix A

relative to basis.
X' = {x’l,x'z, .......... X

: ~
Tz(xj)=z%xf vi

Let T, be non-singular.
'Clalm -T,is non-singular i
= X= {x, J=1 2,00 '.,n} , X={xi;i=l,2,...,n}

V—>—YV

Loy=x ¥ 4 LeI=x
V-—+—T Vv

L,and L, are transition map Wthh is one-one and onto that is non smgulz'lr.

Now we wull show that
LZOT_OL =T;

- LOTOL, (xj ) =L,0T,(L, (xj ) )=(L20T2)(xj’)

(e o) (S
=ia”fd2l(xi') = Zn:oci,xi =T (x;)

. from equality of map
LOT,0L =T,
Therefore, T, is non-singular,

' m . (] p

se——
i
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™ L,0T,0L, is non-singular.

L.0OT, is non-singular. (0 L, v non-singular)
= 202 & '
= T, 1s non-singular, (0 Ly 1w non-uingular)

Q.2.  Find the inverse of the matrix
13

2
3 4 06

and hence write A as the product of elementary matrices, (2014)
Sol.  Given that

1 1 3 1 0 0
3 4 6 0 0 1

113 10 0
010 0 3 2
o Ll
l | 0 __2 _3 __3
0 1 0 0 3 2
0 0 I Lo
Rl'—)Rl—R:
(_ Visit us for more detail at : www.winsomepubReationin )
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1 10 2 -6 -5
010 0 3 2
0 0 1 ||
R; = (R +Ry)+R; R, = R, +2R,
1o 1 00
A={0 1 0 21 0
111 0 0 1
Rz“’Rz—zR3 .R1—>R1+3R3 R,—>R1+R2
1 0 0 1 0 3 1 10
A={0 1 -2 0 10 0 1 0
0 0 1 0 0 1 0 0 1
R, >R -R, - R, > R;-3Ry R2 —> R, +2R;
o o 1 0 3] 1410
At=|0 1 -2 010 010
0 1 0 0 1 0 0 1
1 00 1 0 0
2 10 01 0
0 0 1 1 1 -1
Q3.  Definerow-rankand determinantial rank of matrix and prové tha

row-rank of a matrix is equal to - he determinantial rank of matrix. (2014

AnS.

Therefore A =

Rows of A -

Row rank: -
Let A= [o,] be nxn matr) < over field F.
O Opp e B |
Ay Olyy  verrnnnn Uy,
a
L Y%m1 Oy e,
m2 . aan

( Veitmsieo—————
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R =(o 0, a,) el
R, —(OLN.OL:2 .......... o, ) €F"
R =(a .« Pa—— a ) el

ml m mn
B = IR, Ry s R el
L(S)) =[S,] = {all possible linear combination of element of S, }
[S,]1s a subspace of F"and is called as row-space of ‘A’ and dimension
of row space of ‘A’ is called row rank of A.
Determinantial-Rank of a matrix: -
An mxn matrix over a field F is said to be of determinantial rank ‘d’ iff
there exist a dxd submatrix D of A such that

|D| # Op and determinants of all submatrices (d+1D)x(d+1)is zero.

Let ‘A’ be mxn matrix over a field ‘F’and ‘d’ be the determinantial rank of A and
‘r’ be rank of matrix. ' |

- Claim: -d=r

Since ‘d’ is determinantial rank of A.

= there exists dxd submatrix (D) of Aie. D # Og

= D is non singular.

= p(D) = d (Because the rank of non-singular matrix is equal to order of
matrix.) , '

=% all d-rows of D are linear independent. _
= Those d-rows of matrix ‘A’ which are contributing the elements of D
will be linear independent.

= A . . T sk (1)
Letrank (A)=r |

= rowrank of A=r

= There are ‘r’ rows in ‘A’ which are linear independent. Consider a
submatrix ‘B’ having r-rows of ‘A’ which are L.L.

= rowrank (B)=r

= Coloumrank of B=r

= 3 B of order rxr submatrices of B (hence submatrix of A) by those r-
colums of B formed by those coloums B which are L.1.

= p(B)=r

= B, is non-singular.

=5 |B,| # O

y = r<d L e (i1)
Fromeq.(i) and (i1)
- r=d

(_ Visit us for more detail at : www.winsomepublication.in )




Q4.

Define adjoint of a square matrix, If A is nxn (n 2> 2)

prove thatadj adj (|A[)" " A.

Sol.

Let

Casel-Whenn=2-

e [ B] -2
ad_]ad_lA=[Y 8]=A=(|A|)n A

Casell-Ifn>2o0rn> 3
(i) If Aiis singular: -

uusu ¥

p(A)<n-1  and Al=0,

p(adjA) <1 and  |A|=0,

S ——

H.S(»‘. il - 1
- Math 1 . Unig 1y

matriy, th

(201

p(adjA)<n-1 = p(adjadjA)=0

adjadj A=0=0,.A=(0,))">.A
adj adj A = (JA])™A

(ii) If A is Non-singular: -

U U4l

U

5.

()

/—\ :
Sol.

Using adjoint theorem for adj A
adj A. adjadjA = |adjA|In
A(adj A adjadj A) = A(JadjA|In)

- |Alln(adjadjA) = adjA|(Aln)

|Al(adjadjA) = jadjA|.A
|Al(adjadj A) = (|A|)"".A
A”lAl(adjadj A)= |A"|(|A)™A
adjadjA = (JA)*2.A

Reduce the matrix

1 4 3 2
a=|1 2 3 4
2 6 75§

1 4
as=|l 2
2 6

(201

3 2
3 4 R, =R, -(R, +R))
7.5 | |

(___Visitus for more detail at : www.winsomepﬁblication.inJ
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1
0
0

o

0
1
0

0
1
0

[

-_ O O

0
0
]

o L

0
0

.2 C,—2C,
C,—C,-3C,
A —>C4+C2'

c,—C,-C,

which is normal form of matrix a.

- Hence p(a) =

3

B.Sc. 11" - Math | - Unit 1T - 60

Q6. LetV=R*andT:V — V bealinar transformation defined by T(a,
b,c)=(a+c,-2a+b,-a+2b+c).
Find the matrix of T with respect to the basis.

(__ Visit us for more detail at : www.winsomepublication.in )
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Bl
{(1, 0, 1), ("1, 1,1), (0, 1, 1)} (2015}

Sol. Given thatv=R’
and T: V2V be a linear frausformat on

T(a,b,c) = (a+c,—22 +b,—a+2b+c) (1)

defined by

LetS= {aj =(1,0,1),a, = (-L,L1),0;, = (0, 1,1)}

from eq.(1) we have
T(al ) = T(17 07 1) = (2a —23 O)

T(a,) = T(-1,1,1)=(0,3,4)
T(a,) =T(0,1,1) = (1,1,3)
let (2,-2,0) = xa, +yo, + 205
(2,-2,0)= x—y,y+z,x+.y+z)
implies x—y=2,y+z=—2,x+y+z=0
After solving we get ~
x=2,y=0and z=-2
A TLB1)= (2,-2,0) =20, — 20,

Similarly (0,3,4)=(x-y,y Tz, X*y +2)

implies x-y=0,y+z=3,x+y+z=4

Solving we get :
x=1, y=landz=2

T(-1,1, 1)=(0,3,4)=al+a2+2a3

Similarly(1,1,3)=(x—y,y+z,x+y+z)

, x-y=1, y+tz=1 X +y+z=3

Solving we get, y=1, x=2 z=0
T(0,1,1) =(1,1,3) =2a, T

Hence the matix of T w.r.t

basic s = {o, =(1,0,1),0, =(-LL1),a, = (0,1,1)}

2 0 -2
o 11 2
21 0

Q.7.  Showthatx+y+z=6,x+ _ |
and solve them. ¢ »X+2y+32=14,x +4y+7z=30 are consist?
(201

‘Solve. X+y+z=6
X+2y+3z=14

e



NS 1 Math

4 7 30

11 1 6
012

-

N
0 3 6 24
R:~—)R;“3R:

1116
0 218
0000

P(A)=2 p(A")=2
Hence it is consitant
X+y+z =6 (1)
y+2z=8
letx=k
then y+z=6-k
y+2z=8§
-z=6-k-8
-z=-k-2 =5 z=k+2
Putting the value of x [z1in ...(1)

k+ty+tk+2=6 = y=4-2k
Hence x=k,  y=4-2k, z=k+tz
Hence there is infinite no. of Solution.

Q.8.  Define the adjoint of a square matrix and prove that
adj (AB) =(adj B)(adj A).
Sol. Adjoint of a Square matrix -

nit 1T - 62

(2015)

LetA=(a)) be an n - square matrix, let C, be the co-factor of
a, then the transpose of the matrix [C, ] that [C, ] is called the adjoint of the
mamannd is written as Adj A. Let A and B are non smgular Therefore A.B is

also non-singular
By adjoint theorem for A.B
(AB)adj(AB)=ABn ... (1)
- Consider
(A.B)(adj B. adj A)

(" Visit us for more detail at : www.winsomepublication.in ]
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=A(BadjB).adjA

=A(B|In).adjA . (by adjoint theorem,

= |B|(A.In) adj A | 2
= B|(A.adj A)

= |B|(AlIn)
=(B|®|A]) In

= (JA|®|B|) In (commututive property of field,
-ABjln e (2)

" Fromeq.(1)and (2)

(A.B) adj (A.B) = (A.B) (adj B.adj A)

(A.B)' (AB)adj (A.B)=(A.B)" (A.B)(adj B.adj A)
adj(A.B)=adjB.adjA - » ‘

(by adjoint theorem) :

[

, 3 0.7 %3 "
Q9. LetA =[ » _J Esza(lR_)' Find the basis of ker T. | (2012

Ans. Given that X

" 2 0 -1 o " _
=111 -1 Mas(®R) ey | ;
since T: R 3 —> R be the liner transformation ossociated to A with respect

to the standard bassis of R * and R*

Therefore :
T (1,0,0)=2(1,0)+1(0,1)=(2,1)
T(O,1,0)=(1,0)+1(0,1)=(0,1)’
T (0,0,1)=-1(1,0)+ (-1)(0,1}=(-1,-1)
T (x,y,2) =xT (1,0,0)+yT(0,1,0) + zT (0,0, 1)
Ty =x@D)+yO)+z(11)
T (xy,2)=(2x-2,x+y-2)
Now ker T={(xy,2) €R* T (x,y,z)=0}
ie- «  2x-z=0
x+y-z=0

Letz=k then X=+5

k
—+y-k=

y==
2

Soker T={(/2,k/2,k) :k e 7}

Basis of ker T = {(l’_l_ 1)}
‘ 29"

: (
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or basisof ket T= (1.1, 20

Q.10.  Define rows-space of a matrix. Find a basis of the row-space of the
matrix:

2 4 6 0]
I 1 0 -1
203 31
-1 -2 2 2
4 6 4 -6
13 4 -3
Hence obtain the rank of A. - (2012)
Sol.  Row space of a matrix: - '
LetA= [a,],,,., be an mxn matrix over the filed F. The row vectors of A
are the vectors a. , ......... a_ € V (F) defined by

o =(a,,8, .. 8,) 1<i<m
[he row space of A is the subspace of V (F) spanned by these vectors.

2 4 6 0] | 2 4 6 0]
1 1 0 -l 0 2 16 =2
a2 33 1 o1 31
12 2 2| RomeRT|0 0 2 4
4 6 4 -6 ﬁ:;’f{‘}gg]‘ 0 -2 -8 -6
1 3 4 3] RePRAR 0T 2 2 6]

2.4 6 0

00 0 0

Jo 1 3 1
Rore: (000 2 4
0 -2 -8 -6

0 0 -6 -12]

2 4 6 0]

0 0 0 0

R 1 3 ]
R,—R,+R, 0 2 4
-2 -6 -2

0 0 -6 -12]

( Visit us for more detail at : www.winsomepublication.in )
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D 4 6 0
o0 0 0
o0 2 4
KW |00 0 0
o1 3 1
00 -6 -12
2 4 6 0]
000 0
001 2
FRE |00 0o
01 3 1|
0 0 1 2
2 4 6 0]
00 1 2
o131
T L
TOWS 0 0 0O
0 0 0 0]
1 2 3 0]
0131
001 2
S —
R,—R,/2 0000
000 0f
0 0 00

RankA=3

(?.11. : Define adjoint of a square matrix and prove that
(i) If A is an n-square non singular matrix, then
adj adjA=(A)*.A
(ii) IfA and B are non-singular matrices of the same order, then
adj(A.B)=adjB.adjA » o
Sol. Adjoint of a square matrix: -
| LetA= [ai] be nxn matrix over a filed F : ‘ )
and C_ be the mat”
of co-factors of elements of ‘A’ then the transpose of matrix of tlije co-factor?

( Visit us for more detail at : www.winsomepublication in j
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qents of Ais called as adjoints of *A’ and it is denoted as A adj A or adj A
we have to prove that

adj adj A= (|A)™A

fAis an n-square non singular matrix then using adjoint theorem, we gel

adj Aadj adjA=|adj A|In

A.(adj A.adj adj A) = A(jadj A|.In)

© |AIIn (adj.adiA) = adj A(AIn
,  |AladjadjA)=ladj A|A

© |Aladjadi A)= (A" A

S adjadjA=(A)A

(i) We have to prove that

adj (A.B)=adjB.adjA
proof -
Since A and B are non-singular matrix therefore A.B is also non-

rljngular
yadjoint theorem for A.B

(AB)adj(AB)=|AB/In e (1)
Conside (A.B) (adj B .adj A)=A. (B adjB)adj A
=A(/B|In)adjA=|B|(A.In) adj A
=[B|(A. adj A) =B (|A|.In)

- (Bloal)m=(lAlo[B)n -

JAB[In . i 2)

From eq.(1) and (2) we get
(A.B)adj (A.B)=(A.B) (adj B.adj A)
% adj(A.B)=adjB.adjA

Q.12. Definetraceofa sduare matrix. IfA and B are mxn and nxm matrices,
respectively, over a filed, then prove that A.B and B.A have the same trace.

Hence prove that similar matrices have the same trace. C(2012)
Sol.  Trace of asquare matrix: - |
‘ Let
(o, Oy coeeee oy |
Oy Ogp e 0lgn
A=| benxn
(O Oy e Olpn |

(" Visit us for more detail at : www.winsomepublication.in )




“

WS A Math 1 gy, Iy
called trace of matrix and denoted by “t(A)", f
Now we have to prove that tr (A.B) = tr (B.A)
LetA= [ ] bemxn matrix
and B = [B, ] be nxmmatrix.
where  AB =y ]
n

where Vi = 2 % OBy,
=l

lTﬂCt‘(.‘\.B) =Yn & Y2 ®. Ym

mxm

= ZYii = Z[ Qi Oﬁjl]
- ]

1=1 =1\ J=

ngE!

. aij O] Bji
B - [Bjk]nmx .

A - [ak[]mm
B.A=[0

jl]nxm

I}
_

)=l

m
where OJ-[ =ZBjk Oy,
k=1 ‘

t,(BA)= i%’ = i(ﬁjk Oay)

Sl
= k=1 ‘
!

=2 2 B0 R @)

j=1 i=l

from eq.(1) and (11)
r(AB)=tr(BA) .

we have to show that |
Similarly matrices has same trace. Let A and B are similar matrices the \
B = PAP" ' | ‘
tr B=tr (PAP") =tr (PP'A)
~ =tr(In.A)
trB=trA

l

Q.13.  Find the basis of the solution space of the following system of lines"
equations over the field of real numbers:
2x+z-u+v=0,x+z-u~v=0,6x+y+4z+v=0. (2012)
Sol. We have given that
2x+z-u+v=(

(_ Visit us for more detail at : www.winsomepublication.in j
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6 ‘,\'+Z-U-\’:0
ex+ytdz+v=0
20 1 -1 1
A=l 0 1 -l |
6 1 4 1 0

01 -2 6 5
00 -1 1 -l
Basis of Ker T

=1{(1.0,1,-1),(0, 1.-2.6,3),(0.0,-1, 1,-1)}

(.14, Define trace of square mavix. If A is a real matrix such that trace
(A.A") =0, then prove thatA=0. (2013)

Ans.  Traceofasquare matrix: - . |
Let Abe asquare inatrix of order n over a field . The sum of

clements of A lying along the principal diagonal is called the trace of A, i.e. if A

=[a] _then trace A= Zaij .
i=|

10 x

1
Let.A =\:aii_|mxh

Then A' = [b. .]n, where b =a; _
Now A'.A is a matrix of the type nxn. ’

Let AA=[C] . . Then ’
C,. = the sum of the products of A'and the i column of A.

=b.a, tb,a,F +b. a

il 2i 1 im mi .

= a“a“+ 2,8, 1 e +ta a_ L% bij = aji]
2

=8y Fgyt sovissiase +ay;

Now trace(A'A) = icii
i}

n . ‘
2 P .
=Z{a]2,+321+ ...... +am,}
i=1

— The sum of the squares of all the element of A.

Now the elements of A are real numbers.
Therefore trace(A'.A) =0

= The sum of the squares of all the elements of A is zero.
Visit us for more detail at : WwW. wmsomepubllcatlon in )
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s Each element of' A is zero.
= Ais null matrix i.e. A= 0. |

Q.15.  Define determinantal rank of » matrix. IFA I8 an n-square mariy of
rank n - 1, then prove that the rank of adjoint of Ads 1. (2013 )
Ans.  Determinantal rank of matrix: -

An mxn matrix over a field F is said to be of determinani,

D' # Op and determ.

rank ‘d’ iff there exists a dxd submatrix D of A such that

nants of all submatrix (d + 1)x(d + 1) is zero.

Letp(A)=n-1<n
= A is singular matrix and 3 atleast one co-factor ot element of A differ.

ent from zero.
=  |A|=0f and AdjA #0

=  AadjA=0and adiA#0 (-.-A.ade;|A|1n=o.In=o)

= p(A.adjA)=0and p(adjA) =0

p(AadjA) > p(A)+p(ade)—n
0> p(A)+p(ade)—n and p(ade) #0

0>n-1+p(adjA)-n and p(adjA)=0
p(adjA)<1 and p(adjA)=0

U U U U

p(adjA)=0orl and p(ade);&'O |

Q.16. Canweexpress(1,4,5) € IR*(R)as a linear combination of (1, 1,
2),(2,3,5)and (3, 5, 8) in IR *? If yes, in how many ways? - (2013)
Sol. Let(1,4,5)=x({1,1,2)+y(2,3,5)+2(3,5,8) '

Then x+2y+3z=1 '

x+3y+5z=4
2x+S5y+8z=5
123 .11 123 .1
A*=11 3 5 . 4|~|0 1 2 . 3
258 .51000 0

p(A*) =2 (infinite solution) ,
Therefare (1,4, 5) € R*(IR ) can be expressed as a linear combination of (11

2), (2, 3,_5) and (3, 5, 8)} in infinite number of ways,

L Visit us for more detail at : wWw.winsomepublication..inj
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—

11k K3 :
R3—->.__1—k—R3 o1 -l k(k+1)
1—
0 0 (k+2) (1+k)(1+k+k2)
fork=-2

p(A*)=3and p(A) = 2
Since p(A*)# p(A)

Se. 1™ _ Math 1 - Unit 1 - 70

of linear equation kx +y+z

17 Find the value of k for which the system
b1, Xt Ky +z=K,x+y+kz=k"over the field of r eal numbers does not have
olutlon (2013)
SOI' AX=B
k11 |
- where A*=|1 k 1[|.X=|y|.B=[Kk
‘_1 I k z kz
k11 1
' Then A*=1"k 1 k
' 1 k . K
\ 1 1 k K’
R,<oR;|1 k 1 k
k 1 1 1
11 k Kk’
R R, —R :
RQ%R’ o0 k-1 1ok K-k
Loy
S 1 T S I B
1. 1 k K’
0 1-k 1-k’ =k
B , 1
i 1 k k?
| ) 0 0 (k+2)(1-k) (1+k)(1-K)

(

Visit us for more detajl at WWW. wmsomepubhcatlon in
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Theretore in this cone nolution doen not exint,

Q.18.  Define non-singulnr matelx, Prove that an n-squnre matrix iy oy,
singular if and only If the rank of the matrix iy n. (20 l
v )

Sol. Non-singulnr Matrix: -
A square mintrix over a filed ig gnid 1o be non-singilay iy,
4

lincar transformation associnted with matrix is non-singular,
Let *A'be n=n matrixover filed Fand 'ITA 177 » 17 be alincar frangfc,

mation associated with matrix A,
A is a non-singular < TA is non-gingular
<5 TA 18 one-one

) < kerTA= {O,}
& dimkerTA=0
< dimImTA+ dim ker TA = dimF"
< p(TA)+0=n
< p(A)=n ]

Q.19. Define an elementary matrix. Write

1 1 1 |
A=10 2 31 oM (R). | (2017
0o 0 |
Sol. The matrix associated with elementry linear transformation is knows
as elementry matrix.
(1 1 1]
A=|0 -2 3 M(R)
0 0 3]
1.1 1] 1 0 0
A=0 -2 3 L=|0 1 0
0 0 3 0 0 1
1 1 17 10 0
R, & —2 0 -2 3 ;=0 0
-3 0 0 |
i 0 0 1/3
. LI 10 0
Rz—’(“EJRz 01 -3/2 - L=|0 -1/2 0
LR 0 0 1/3

(_ Visit us for'more detail at : www.winsomepubliéationﬁ




1 0 5/2
0O 1 -3/2
R] "')Rl _RZ
0 0 |
3 1 0
R, >R, +5R3 0
5 01 0
RV+K—ER3 0 0 1
t3

1 0 Off1 0 Ofj1 1
A={0 1 01}j0 2 0|0 1
0 0 3|0 O 10 O
1 O 0 1 0 5/3
0 1 -3/2{j0 1 O
0 O 1 0O 0 1

Q.20.

tions over [R is consistent:

-0 O

B.Sc. H™ - Math | -
11/2 0

0O =1/2 0
_O 0 1/3
1 1/2 -5/6
0 -1/2 1/2
0 0 1/3

A

x+3y-z=1, 2x+7y+az—3 x+ay - 72=0

Sol. Given system
x+3y-z=1,
2x+ Ty+az=3,
x+ay-7z=0
AX =B

1 -1
Where A=|2
1

B9 W
oV]
s
I
N < X
w
Il

=7

Agumented matrix

=1

>

*

Il
p— N

S W =

Unit 111 - 72

Find the values of a for whlch the followmg system of llnear equa-

(2017)

Visit us for more detail at : www.winsomep“bl'ic“tio“'ln J
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Tod =

: : D
Rl -)‘\l LRI 7]

R,—R,=R O l o 2

=

LS

1 a+2 .
0 6-(a+2)(a-3) - 0

1
R,2R,~(a-3)R, > 0
0

(a+2)a-3)=6 -  a’-a-6=6
= a*-a-12=0 = a?-4a-+3a-12=0
-  a(a-4)+3(a-4)=0 = a=4,-3
~ Ifa=4,-3 then system is consistant with infinite solution and if a # 4,3 the
system 1is consistent with unique solution.
Q.21. Find the inverse of the matrix:
' (113
A=[2 34 /
- [346] |
and write A" as the product of elementary matrices. - - (2018)
11 3] |
Sol. A=(2 3 4
34 6
11 3] | 100
A=|234| and L=[01 0]
3 4 6] 001
R,—>R,-2R, and R, > R;-3R, w get-
113 100
A=[0 | -2fand L=[-21 0
0 1-3 -3'0 1

i R,— R -R,and R, —> R -R, we get-

(___ Visit us for more detail at ; www.winsomepublication in. )
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10 5 -1 0
A=10 T -2]. l_,= 10
0 0 -1]° BT
1{3-——)(-1)R3 .
1 0 5 -1 0
A=|0 1 -2 . L=(-2. 1 0
0O 0 1 1 -1
1 0 0 -6 5
A=|/01 0 3 -2
0 01 1 -1
- 3
-3 uf 8
Al=| 0 3 -2
1 1 -1

1
0 0 1 0
* 71 o o].1 0o 5]t o o
o1 o0l]0 1 o0fl0 1-2
o 0 1{|0 0 1{{0 O 1

1 o ol1 o-5}1r o o}ff1 0 O

and A'=lo 1 2|01 0o/l]/l01 off0 1 O

0 0 1/]|0 0 1]0 0 -1]J{0 —-1 1

:Visit us for more detail at : www.winsomepublication.in )
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Q.22.  Reduce the matrix
2 3 -1 -1
1 -1-2 -4
A=
3 2-3 -2
6 3 0 -7]
to normal form and find its rank. (2018,
(2 3 -1 -1]
Sol ao|l -1 -2 -4
o 302 %5 -2
|6 3 0 -7]
R,OR,
[1 -1 =2 =4]
p SR L I o
A = ,
| 3.2.-3 -2
6 3 0 -7]
R,—R,-2R,R,>R,-3R,,R, >R -6R,
[1 -1 =2 —4]
0 5 3 7
Aot
10 4 9 10].
0 9 12 17]
€, C,+C,C,>C+2C,,C,>C,+4C,
1 0 0 ]
o 5 3
A=
0 4 9 10
0 9 12 17]
R,>R-R,
1 0 0 o
A 0 “1 -6 -3
04 9 10
109 12 17
(_Viltwsic
’ it us formore detail at WWw.winsomepublication.in )
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TR oy
Ly 0 0
- ] | . !
U 0 13 @,
0 0 g 24
C,™>CH 6C_ ¢ € 43¢
\‘ 0 0 0
A=Y 1 0 g
0 33
0 06 44|
R.— :
7 3K
o -
a=|% 1 0
0 0 1 213
0. 0 66 44|
R, R,-66R,
1 0 0 ¢
01 0 o
A= 0 0 1 2/3
0 0 0 o]
2
C4—>C4-§C3
1 0 o ]
0 1 0 __l:ls OBXI]
A=l o0 0, 0,
00 0 0]

p (A)=orderof I,
p(A)=3

i i t i u t i . lf . . -
. . ‘ il ' il t : . i p bl' l "-in
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matrices of the same order over the same field F, then prove that agj Aly

adj(B) adj(A) O |
Sol.  Adjoint of a square matrix:- | o )
Let, A=[ot] benx nmatrix over l wldql' un‘d ¢, be the o

of co-factor of element A then the transpose of matrix of co-factor of Clc”lc,,, X
will be called as adjoint of the matrix A and it is denoted by adj(A) or adj A "
Le,

adj a definition Transpose ol matrix of co-factor of elements o A
If A and B are non-singular matrix of same order over it then

adj (A.B)=adjB.adjA
Proof:-

Since, A and B are non-singular.

A.B is also non-singular.

A (AB)(adjAB)=|AB|l, .. (1)
Now, (A.B)(adjB.adjA)=A(BadjB)adjA

= A([B]1, )adjA =[B|(A.adjA)
=[Blo(AlL,) =(|Alo[B))1,
 =|aB|, i)

From eq.(i) and eq.(ii) A

(A.B) (adjA.B)=(A.B)(adjB.adjA) ;
= (A.-B)'(A.B)(adj A.B)=(A.B)"(A.B)(adj B. adj A)
= adjA.B=adjB.adjA . '

. Q24. Letthe i'ank of the coefficient matrix of a non—homo’geneous systemﬂ
of mlinear equations in n variables be p. If the system is consistent, the shov}
that the number of linearly independent solutions of the systemisn-p+1.

| | | (2018
Sol.  Let AX=B | e B (1)
Let Y be a solution of AX,=0 | _
AY=0 : ke (i)
Let X, be a perticular solution of eq.(i) .
AX,=B SRS B AT (i)
Claim: -

| (X, *Y) will be a solution of eq.(i)
For A(X0+Y)=AX0+AY=B+O=B
So (X, +Y) will be a solution of eq.(i)

I:;\_(l(,) . T Y, , be linearly independent solution of homogeneous systell1
XX Y Xy I
Claim- = 0 Tz X,+Y, , are solutions of A.X =B.

L Visit us for more detail at : www.winsomepubﬁcatioﬁ.inj
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)‘xﬂn/ +Y s erreees \“+\' Yislinearly independent subset of 1

j For ihl\\\’L have to \hm\ that X is not a lincar combination of Y, Y
’;1 y . Forifpossible let X, be a lincar wmlnn.nmn ofY YooY

o’ np

| ? X =0 Y, Haiii oY,
[, AX= 0 AY )+t (AY)

= AX,=0

Which is wrong as X, 1s particular solution of A. X =

Therefore our assumption that X, 18 linear combination of Y, Y ....... Yn_p 19
' wrong. S0 X, is not lmear aombmalnon OFY . X0 v Y,
u - (7 pR.-—- Y p‘ is linearly mdx,pcndunl sulml of F"and X, 1s not
| linear combmatlon of {Y Y, i }

S0, (X Vs Yoo Y I8 also lmeax ly independent.

= KKt Y o X Y }IS also linearly independent.

Q.25. Define the row reduced Echelon form of a matrix. Let

1 -1 20
A=|2 3 1 1|eM,,(R)
12 02

Find a non-smgular matrix P € M,(R) such that PA s in row reduced Echelon
form. ' (201 9)

Sol. Row-Reduced Echelon form of a Matrix: -

An mxn matrix R is called a row reduced echelon matrix if :
(i) Every row of R which has all its entries O occurs below every row which
has a non-zero entry.
(ii) The first non-zero entry in each non-zero row is equal to 1.
(iif) If the first non-zero entry in row i appears in column k. are zero.
(iv) If r is the number of non zero rows, thenk, <k, <..... < kr.

1 -1 2 0
Given that A=|2 3 -1 1|eM,,(R)
| -1 2 0 2,
A=1A
1 -1 2 0) (1 00
2.3 -1 1|=(0 1 0fA
120 2) (001
| R, R R 1 -1 2 0 1 00
| R;ﬁR2+R.I 0 5 -5 1|= f2 1 0]A
L o1 2.2 1 01
@t us for more detail at : www.winsomepublicationin )
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R, > SR, -R,
' ‘ 0O 0 15 9 7 =1 3
1 0 0
-] D
S P={-2 1 0
7 -1 5

' Q.27. Define adj(A), the adjoint of 2 matrix, A € M (F), where Fis a fielq
and prove that A.adj(A) = det(A)l, =adj(A).A. - (2019

Ans.  Adjoint(A): -
Let A = [a ] be n x n matrix over a field F and [C] be the

matrix of cofactor of elementsJ of A. The the transpose of the matrix of cofactor
of elements of A is called a adjoint of A’ and is denoted by adJA’
Now, we prove that .
: A.adjA=adjA.A=|ALL
Proof: LetA=[o, ] benxn matnx over a field F- therefore

adj[C ]where G, =G A (1)
AadjA=[y,] .
Where Y = Zaﬂ OCx = Zdu OCy, =0y ®|A| ~using eq.(1)
J=1 e X
Therefore | ‘
—Yn Yz o Tin ]
Yo Yy oo Yan i
AadjA =
L'Ynl . Ynz """ Ynn _
10|A| O 04| .. 0; O|A|.
=|0,0[A] 10|A| .. 0; OJA|
0; O[A| 0,04 ... 104
| =lAL (i
Fromeq(i)and (i) |

AadjA=adjA.A= AL,
(___ Visit us for more detail at : WWW. wmsomepubhcatlon in j
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0w~ W
any field F and A o rank and the column-rank of a matrix. Prove that for
1 (w |
mxp (l* ) s (row-rank)(A) = (columm-rank)(A). (2019)

Sol. Row
~rank
an
: : Column-rank of matrix: -
= [(xi_i] be nxn matrix over field F
&, o, Q, ,
n
2 Q
A 2 avene a,,
L I'ﬂl amz ..... a
mn _J
Rows of A - '

S;={R,R,...,R } eF"
. LS(S 1_) =[S,] = {all possible linear combination of element of S}
[S,]isa sgbspace of F" and is called as row space of A and dimension
of row-space of A is called row-rank of A. |

Column of A is
...Cl=(a”,a2|,.v ...... oY EFY
C, = (005 0lys i ;o e

' Cm=(aln, ' A 0. )€ F"
S,={C;C,, g i} B F™ :
L(S,) = {all possible linear combination of elements of S}
is a subspace of F™ and is called column space of A and dimension of column
space of A is called column rank of A. ) :

Now - We prove that

r (Row-rank) (A)= (Column-rank)(A)

Coy, O e - o,

o, Op - Oy oo oy,
Let A=
_ , | o ’ |
(0 A, oo amj ..... mn | _
/ . . n
S t: www.wmsomepubllcatlon.m )

" Visit us for more detail a
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be mxn matrix over the field (F.®, ©).

= e I
R (a”.n”...un”....(xm)

- E Fn
R, = (0,0 Gy oo gy OLyy)

Rm = (aml‘ a’m? “"amj"“‘ amn) € F"
5 Do}

Claim - Column rank of A< liow rank of A
Let dimension of row-rank A=r

= ‘Number of row rank A=r
= Number of elements in a basis of row-space =r
LetS = {X,, X,, ..... , X} be the basis of row-space.
AL ¢ R - B -eevee B,)
R = B woonrs Py s I
X =B s s B ok B

Rl, R,, ..., R belongsto row-space of A.
. Itcanbe umquelly expressed as a linear combination of elements of S.

=(a,, 0, )=y X, F ALK A X)
lg ((12,,(122, S0 )= (XZle + XXt L ALK )
—(aml, e Ol s a )=(A_X +k 2 F otk X 5
Now J* column of A il
(o, ] M,,GB,J-GBX,ZOBZJ.@ ........ @)\.hQﬁrj 1
ay, L, OB, ®X,, OB, ®........ DA, OB,
CJ =] =
] | A OB, @1, OB, ®....... 01, OB,
(| L™k 'r?»,r 1
)“21 ,7\‘22 ;"Zr
=BIJ ¢ +B21 . g T +BU .
-;\'"‘l o _}\‘n12 g - L}\'m,
Yy, ' Y ‘ Y,

( Vjsit us for more detail at ; www.winsomepublication.in' ,j
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: !B”\" /]

\“ \‘nl .

“""\ l\i A i i 1 i
" is linear combination of eleme A
ILI“(‘NS of i 1of elements y(’ Y )’

= B \) 4

. I ‘ :

which are show'thl | Tt
: at

..... Y, which are o

. {Y,Y )

. ' Ty oY ) peneas
= dimensiop m‘.\' &T nerates column space of A.

cO
ie. dimension iy Olumn space of' A is always less or equal to r
— dim oFelie column space of A < r < dim row space of A (1)
— dim of row M space of A' < dim of row space of A'
Space of A < dim of 3
N A<dimofc
from eq.(i) and i) colummnofA . (i1)
Column rank
nk of A = Row rank of A.
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[ UnitIlv )
Schmidt orthonormalization process orl'hunormnn-,Q

Q.1 Using Gram-% ‘
the ordered basis {(0, 1, 1), (1,0, 1), (1,1,0)} of R'(R)- (2014,

Sol.  LetS={(0,1,1),(1.0, D.(1, 1,0)}
b b, b,

1

by _(031,1)_"0__1__1_)
vl V2 L 2’\2

_( 1 =492 1/2)
J312°312°\3/2

c,=b,-<b;a>a- <b,,a,>a,

Cz(llo)_»l(ol 1)_[ T, o4 +0’)( 1 -1/2 12)
=L Z P2z ) B2 B2 \\Bi2 B2 B
. N A \
_(1L0)- 0’1,_1_)_ 1 ) 1 B

("2°2) \ 2372 )\V3/2°2V3/2° 243/2)

)
=(1,1,0)- o,l,lj_ ;( 1 , =] , 1 )
| \2°2) \2v3/2 \N3/2 2J3/2 243/2

=(1,1,0)- o,l,l)_(l,_l 1)(242
2°2) \3° 6’6) \3°373

2.42) -
; a3=a—3= (3,-3,3 ' =( 2 4 2 j—A 1.2 1 J

9 9 9

( VlSil.t us for more detail at www.winsomepﬁbﬁcationaﬁ
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3 therefore normalization basis is = {a .0, 0]
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gl

Q2. Defineadjoint T* of a linear transformation T on an inner product
space (Vo <>) and prove that
| Ker (T*oT)=Ker T and hence prove that p(T*oT) = p(T) =p (ToT*). (2014)
sol.  Adjoint of a linear trasformation: -
Let T: (V, <>) = (V. <>) be a linear transformation. Then we

defined a map.

T*:(V,<>) > (V. <>)as

<T(xX), y>=<x, T¥y)>. Vx,y € V

Then the map T* is called adjoint of T.
Claim : Ker (T*oT)=Ker T

| Letx € Ker(T*oT)
S (THT)®=0 > THIR)=0
= <X (T*T)x)P>=0 = <x, T¥(T(x))>=0
=5 ITX)|P=0 = Tx)=0
= x € kerT | |
Ker(T*oT)c KerT (1)
let xeKerT . '
= T(x)=0 - e THIE)=0
=> (T =0 = xeKer(T*oT)
Ker T c Ker(T*oT)
From eq.(1) and (i1) -
Ker (T*oT)=Ker T Y it (111)
Using Rank-Nullity Theorem for T and (T*oT)
dimKer T + dim ImT =dim V f il (iv)
dimKer(T*oT)+ dimIm(T*oT)=dimV ... V)
fromeq,(iii), (iv)and (v)

we get p(A)=p(T*oT)

Q3.  Prove thateign valﬁes of a Hermitian Mairix are allreal. (2014)
Sol.  Suppose A is a Hermitian matrix, X an eigen value of A and X a
corresponding eigen vector. Then

AX=AX e " g (i)
Pre multiplying both side by X°, we get
XAX=AXX I —— (ii)
| Teking conjugate transpose of both sides of eq.(ii), we get
(X AX)e L (KX"X)O

@sit us for more detail at : www.winsomepublication.in )
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or l\’tl‘,\t\(.\'n)n }\ Xl\( X“)”

or X'AX = AX"X N

[+ (X)"=Xand A"= A, Abeing Hermitian]

From q.(i1) and (111) we gel
AXPX =AXX =

But X is not a zero vector,

Therefore X®X #0

Hence A - A=0, so that A= Aand cosequently A is real.

(A= A)X"X=0

Prove that eigen vectors of a Hermitian matrix corresponding ¢,

Q4.
distinct eigen values of the matrix are orthogonal. (2014,
Sol. Given that A is Hermitian.
Le. AP=A
Also, we have
Ax, =AX and Ax, = 1. X, ,
0 ' . i -, s
or il (xg) = XXX, [7»1 isreal = A] :ﬂ

Since A, -\, #0,

we have x?x, —O

x, and x, are orthogonal with respect to each other.

=

Q.. Prove that the determinant of a skew-symmetrlc matrix of odd order }
is zero. : (2014)
Sol. Suppose that n is an odd integer and let A be an nxn skew symmetric
matrix. |

Thus we have A'=-A . ... (1)

Then det(A) = det (A7) = det( A) from eq.(1)

=(-1)"det (A) = - det(A) Since n is odd

Therefore 2 det(A)=0and

Hénce det(A)=0

Q6. IfAisreal skew-symmetric matrix such that A*+1 =0, then prove
that A is of even order. ' (2014)
Ans. . Giventhat Ais real skew symmetric matrix such that

A+1 =0 = A2_ L
- |AP=(CLy
So,  |AP=-1 Only if |A| is pure imaginary.

In case of skew symmetric matrices. Since every lew-symmetrlc matrix 0fodd
L Visit us for more detail at www.winsomepublication. IC
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. » is al
A=
|A]#0

jence A is of even order.

o7 Define inner product on a vector space V(F). Let V(C) be the vector
ace of all continuous complex-valued functions on the unitinterval 0 < t <1

(f(0,g® € V; Letus define

£()g(t) = [, () (the

f

show that (f(t),g(t)) is an inner product on V(C). (2015)
Sol. Innerproduct space: -
~ Let V be a vector space over field of complex number (0r real
20.) Then an inner product in V isamap i.e. < >:Vx V— C which assigns each
ordered pair (a,b) of Vx Vtoa unique scalar (complex no.)
<a.b.> or a.b satisfying the fallowing conditions -
(1)<a+b,c>=<a.c>+<b,c> v abceV
(2)<Aa,b>=A<ab>V Lea,Vab eV
@)<ab>=(ba), vab, eV
(4)<a,a>> Oand<aa>=0iffa=0 W AeV and (v,<>) is called an inner
product space ; Py ‘
K Lo T8 . :
Given that (£(t)g(t)) = [, f(t)g(tde 0t o )
We have to show that all the properties of an inner product hold in eq.(1) '
(1) Conjugate symmetry: -
We have
1 e
@0fw) = [ gofoae  fomea(l)

(e (0) = a0 | = [ feoro e

- ['gfde= [ £0g® = [£(0).(0)]

| () Linearity: -
Leta,becandh(t) €V.

| Then  (af(0)+ bi(0), ho)] = | (af () + b (1)) h(t)t

=g jo' f(oR(Ht +b| g(Dh(t)de

P
¢ [Visit us for more detail at : www.winsomepublication.in )
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=a(f(1),h(1) +b(&(®), h(t)) )

- Non - negativity:-
We have

o— | 2
(F(0. £ = [ FOFOd =[O @)
Since [f(t)]" 20 for every tlyingin the closed interval [0,1]. Therefore eq))

> 0. Thus (f{t), (1)) >0
Also (f{t).f{t)=0

= [[fo] =0
= [f(t)]2 =0 for eVeryflying in [0,1] |

= fit)=0 for every-t lying in [ 0, 1]
Hence the product defined eq. (1) is an inner product on V (c).

Q8. Ifa,b are vectors in an inner product space V, prove that -

ole+sl<lol+ll |
@ la+BF +la-8f* =2(jaf" +IB). - oy

SolL (i). [la+B "< e[+ [1B] (fﬁangle inequality)
Proof:- We have
oo+ B} = (e +B,0.+B)
=(o,a+p)+B,a+p)
= (0,0) +(c,B) + (B)+ (B.B) .

=l + (@.B)+ (@B + B

=l + cr+ 1+ 8] -Whete y(o fec
=|lof* +2Rey+ || |

<"+ 2h+ o L (Rey sy

=lof +2|(a B)|+ ”B”z

: =|°‘, +2““”“B” “B” (by Cauchy - Schwarz inequality)

( Visitus fo
’ I more detail at : www, wmsomep ublication.in :j
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= o+ Iy
o+ B < e+ 8]
ence o+ B < o+ 1]
) oo+ B + o= = 2(Ja+ B (Parallelogram law)
Proof:- We have
ot B = (@t
=(o,a+P)+(B,a+P)
= (o, o) + (o, B) + (B, ) + (B, B) B e (1)
And Joc- BH (a B,a—p) |

=(o,a-B)~(B,a-p)
(o,)—(a,B)- UB@ (B.8)]
- (0, 00) (. B)~(B,t) +(B,B) ..

Il

Adding eq.(1) and (2) we get |
Ja-+B +a~BJ" = 2(a.0 o) +2(8H)

- (nqu +JBl")

Q9.  State and prove Bessel’s inequality for an inner product space. (2015)
Ans.  Basselis inequality:-

If V is an inner ptoduct space and if {wlwz ..wn} is an

orthonormal set in V. Then

v <l

Pm0f LetveV be arbitrary consider the vector

Jo+B +o-B

2
sforall veV

X= V Zaw gwhereai=(v,Wi), ER e (1)

| Then [ ZQWV Z%%)

CVISIt us for more detail at : WWW. wmsomepubhcatlon in )
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M-S (o) - S () B 0 (v

|
J:.‘ I= J 1

=||v||‘—;(v,w,,)(v,wi,)—i(v,wi)(ﬁ)@aiaﬁ.] *

[ (wiwj ) =0 fori¥F jand(wiwi) - 1]

VW

) n 2 n
=M = 2olww)] -
i=1 s i=1

=-||vu?-§\(?vv7)|\ Sl
| "—:le(wi,v)lz Sl e

Since Hx” >0,

so by eq.(2) "

vl *gl(wi’v_)r >0 = ||v||7 2 gKW.,V)l

Hence i|(wi,v)|- 3 ”v“2 , VveV
i=1 . :

Q.10.  Define eigen values and eigen vectors of a square matrix A. Prove
that the eigen vectors corresponding to distinct elgen values of a matrix are
‘linearly independent. (2015)
~ Ans.  Eigen valuves and eigen vectors of a square matrix matrix:-

To show eigen :ctor correspondlng to distinet eigen valeues
ofa matrlx are linealy independen

‘Let v,,v, be eigen vectors corresp nding to eigen valies A A, respectively.

To show that the vectors v, v, are £.I. consider linear combination
| ¢, v, te,v,=0 : (1)
Where ¢ and c, are complex numbers, -

We have to show thatc =c, =0 |

By definition of eigen values and eigen vectors

(___Visitus for more detail at : www.winsomepublication.i_nj
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J Av = Lv and Av, = AV,

| 0=A0=A(c, v, ¢,v,)

; :clAv| te, Av,
; 0=c Av, tc,A,Y, .(2)

- Multiplying by A , ineq. (1) we get

j 0=c AV, +c,ALY, (3
' gubtracting (1) from (3) we get
| 0==(clkzvl4-C2k2v2)~(c\klvl+C2k2v2)

|
|
|

| OZCKK:‘KJVI
= ¢, (A,-A)=0 (Sincev, #0)
Since 2, and A, are distinct we have
g =4
Putting c,in eq.(1) we get :
¢,=0 (since v, #0)

Therefore, the values of ¢, and c, are both zero, and hence the eigen

vector v, v, are lirearly independent.

Q.11.  Provethattwo eigen vectors of Skew-Hermitian matrix corresponding

to two distinct eigen values of the matrix are orthogonal. (2012)

Sol. Let A is skew Hermitian matrix. Then iA is Hermitian.

Let u and v be eigen values and A and p be eigenvectors respectively.

~ Au=Au,Av=pv - i :
A=, (AV=Gy

Take - (iMu*v=(iAu)*v=((A))*v
= u*(iA)*v = u*(-)A*V = (-)u*(-A)v - {rA*=-A]
=i u*Av = iu*pv {+ Av= v}

— (i )u*v =ipu*v

= iA-pu*v=0 = u*v=0

= u and v are orthogonal to each other.

- Q IfS={x,x, xn}'is an orthogonal subset of an inner product space
| (V,<>), then for x € V prove that ‘

t. | 2 ¥ ofl 2
% Z|<"~"i >| = ||x||
i=1

| ifand onl); if S is a basis of V.
{ Sol.  Sufficient Part: -
Let X = {X), Xp -eoon

(2012)

xeV = x=0o X ToX F v +O X,
: >
<X, x>=<a X, TOoX, oo T OLX L OLX, 0K, T v 0L X;
ublication.in . J
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Necessary Part: -

[

50 () A 0
i=1

Let
Then we will show that x will be basis of IPS (Y, <>).
.+ Xisan orthonormal set which is linearly independent.
Let x eV and ‘
Gt G . o SRR o SRR (1)
n
2 2 2 . . N
Iyl = IxI" - ZK"» X; >| =0 (using eq.(1))
i=1 '
— y=0
=5 X= <KX 7K F ot +<x,X >X_
=5 0 S o X
V=[X]
Therefore X is basis.

Q.13.  Define eigen value of a square matrix. LetA= [aij] be an n-square real

matrix such that Iaijl <m,V, =12...n and ) be an eigen value of A. Then

prove that _
A <mn

Ans.  Eigen Valueofa sqilare matrix:-
LetA=[a],, be any n-rowed square matrix and A an indeterminate.
Then the equation |A - Al|=0is called the characteristic equation of A and the

roots of this equation are called the eigen values of the matrix A.

Given that A = [a,] be an n-square real matrix such that |2;

(2'012‘) .

I<m

Then 0,8 S m+rrr:itlme+m < |mn|
or trace of matrix < |mn| '
or sum of eigen; value < |mn| :

( Visit us for more detail at : www.Winsomeubucatidn,iD
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(Hence Proved)

0.14,
‘ SPace, ¢ {

Euclideay,
Sol. Olf: R ey

Ronal components 8" of n non-empty subset S of an
(1, 1,2,0), (1, 1,0, 3)} generates the subspace W of
o 1 find an orthogonal basis of W', (2013)

BOnal complement of a non empty set of an inner product space: -
cOmplement of L .e‘ S *¢ be a subset of an 1PS (V.‘< >). Then orthogonal
orthogong elememm “V™is collection of all those elements of “V* which are

it is denoteq by “SﬁOf“V“ Which are orthogonal to every element of “S” and

ISTn SLQ{XGVK X,s >=0,‘v’seS}
ce -
- Sisa Easi{s(é’f]\i{z’ 0),(1,1,0,3)} is linear independent.
. dimW =)
SInce  dim V' = dim W + g W
dimR*=2+dimw:
4=2+dimWw-
> dimWies
Let(x,y,z,u) € W+

<(x,y, z,u),(1,1,2,0)>=0
and <(xs y,Z,u), (1’ 19 0’ 3)>=0

= Xty+2z=0
Xty+3u=0
AX=0
r'x-‘
1
Where A = 1- el X = y
, 110 3 Z
U]

T11 2 0

The above equation are equivalent to

a —x-'
[1 1 2 o]y
00 -2 3|z 0
.-.u-

X+ y +2z=0 .
( Visit us for more detail at : www.winsomepublication.in ~ )
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|
; 3
~2z24 3u=( N Al
N©o-y-du
; ly-3u
' 1 ' ) ' ¢
v A0
v | | 0
X= 2= k| - y+ u
z 0.y +4 S 0 [3/2
u N
- = L Oy+lu ALV L

Therefore linear independent solution is (-1, 1,0, 0) and (-3, 0, 32, or(-1,1 g
0),(<6.0.3.2).
Therefore S, = {(-1,1,0,0),(-6,0,3,2)} 1 basis of W,

Now orthonormalize above basis by Gram-Schmidt orthonormalizatj,

process we get.

1L N
sz_{ﬁ( 110.0), = 6,0,3,2)}

Q.15.  Define eigen values and eigen vectors of a linear operator on a vector
space. Find eigen values and corresponding eigen-vectors of the linear opera.
tor T on a vector space IR, [x] of all real poynomial of degree at most 2, given
by T(a,+ax+ax’)=(3a,-2a) - (2a,-3a)x+4a X’y (a, tax+ ax)e€R [y
Sol. Eigen value and eigen vectors of a linear operator: -
For a given linear operator T : V-V, a non zero vector X and

a constant scalar ) are called an eigen vector and its eigen values respectively
when T(X)=21X. | g

Let {1, x, x?} be basis of R [x].
Then T(1)=3-2x=3.1-2x+0x’

T(x)=-2+3x=-2+3x+0x*=-2.1+3x+0.x’

T(x})=4x*=0.1+0.x +4.x

matrix of T
3 20
=|2 3 0|=A(say)
0 0 4

Then characteristics equation is given by

A-M|=0
30 2 0
2 3-A 0 (=0
0 0 4-)

(_ Visit us for more detail at ; www.winsomepublicatio:fiﬁ'j
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(4-M[(G-Ap-4]=0

4-MO+A-6L-u)=0 = (4-A)A*-OA+5)=()
4-M(A-5)A-1)=0

p r=1,4,5

figen vector corresponding to eigen values A=l

A
(A-DX=0 where X =| X;
K3
3-1 =2 0 2 =20
-2 3-1. 0 |X=0 ie|-2 2 0|X=0
0 0 4-1| 0 0 3
2% -2x,=0
-2x,+2x,=0
3x,=0 = =0
2x, =2x, = X, =X,
1
Then X=|1
- 0
Similarly we find eigen vectors corresponding to eigen values A =4 and L = 5.
-2 -1
X=[1 |and X=| | [respectively.
0 0

Q.16. Define adjoint of a linear operator. Find the adjoint of the linear
operator T, on M (F) (Set of all nxn matrices over the field F) gi'yen by T, (X)

=AXV XeM (F), whereAis a fixed matrixin M (F). (2013)
Sol.  Adjoint of alinear operator: - |

Let T : (V,<>)— (V,<>)be a linear transformation. Then we
| defined amap T*: (V,<>) = (V,<>)as

<T(x),y>=<x, Ty v x,yeV
Then the map T* is called adjoint of T.

Given that
T(X)=AX,  VxeM,
| We have
<T(x), y>=<x, T*y)> vx,yeM,(F) ... (i)

51 Also  <T(x), y>=<Ax, y> = tr(AXY¥)

* mt us for more detail at : www.winsomepublication.in )
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=WXY*A) =t X(A*Y)*) = - x, A*Y- o) |
Fromeq.(1) and (i1) we get
TV =AY o THX) = A*X

Q.17.  IfT*isthe adjoint of a lincar operator T on the Inner product $pace

(V.<>) over the field of complex numbers, then prove that rank of T* - rany
of T. : (2013, H
Sol. First we prove that
ImT*=KerT)* L (1)
T:VoV; T™: VoV
dim W +dim W+ =dimV (W is subgpace of V)
dimker T + dim (Ker T)*=dim V
= dimker T +dim (ImT*)=dim V (using (1))
— dimker T + p(T*)=dim V A e (ii) h
Using Rank-Nullity theorem for T we have
= dimkerT+p(T)=dimv .. (iii)
Form eq.(ii) and (iii) '
p(T*)=p(T)
Q.18.  IfSis a real skew-symmetric matrix such that S+ 1=0, then
Prove that S is an orthogonal matrix of even order. (2013
Sol. S is real skew symmetric matrix then - S =S
or SS$'=-8.S = SSt=-§2
=  SS'=-§=] {given §? +1=0 = §=-1f
=5 SSt=1 =5 S is orthogonal.
Since S*+1 =0 = §?=-1

(det(S)y=(-1) '
L.H.S. is square quantity and must be positive because of S have real entries.
Then n must be even. (Proved)

Q.19.  State and prove the Bessel’s inequality for an inner product space.
(2018)

Sol. Bessel’s Inequlity: -

If {x,, X, ......., .} is an orthonormal subset of an inner product
space (V, <>), thenany x € V, we have -

<K, X P+ <K, X >, <X, x >P< | x |
n
Or ;
Proof: - ;
Let us consider :
' Y =X-<X, X >X -<X, e SR— -<X, X >X
(__ Visit us for more detail at : www.winsomepublication.D
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n
=X—Z< X, X; > X,

y=x-Yax e where o, <x, x
W ={s-Sonns-Fon)

- (x,x)—v<x,§aixi>—<§ aixi,x>+<§aixi,§aixi>
= %gai<x,xi>—gai (1) + w3,

=

i:

NI 5 o I N CENIEENES YIRS

.' ai =<X,Xi>
~ |And (x,x,) =l %, =1

(x, xi>|2

L =

i=1
Since Iyl 20O; |

W -Sjox) 200 = Sox ) <k

n
i=1

paceV,

Q.20. LetW be a subspace of 2 finite diménsional inner products
(2018)

Prove that V=W ® W
Sol. Proof:- :
| dimensional LP.S. (V; <>)-

Since, W is a subspace of a finite
rthonormal basis.

- 'W must be a finite dimensional and posses an 0

LetS, = {a), 8y s a_} be an orthonormal basis of W.
: dimW=m o L e (1)
Since, S, is a linearly independent subset of V. So,by extension theorem
it can be extendend to form an orthonormal basis of V. : ‘
Let S, ={a, 8, ,a, Y S b } isan orthogonal basis of V.
Le. dimV=m+n " () -

C'laim- bl.’ bz’ ......... bn € Wt
Since S, is an orthonormal basis of V.

[ Visit us for more detail at : www.winsomepublication.in |
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b

1 b:t; --------- b, are orthonormal to a,, 8.+ a,
=04 B i, b_are orthogonal to every linar combinationofa,a ...,
Henceb b, ......... b_are orthogonal to every element of W(or S)). "

Hence br . W b e Wt
Nowfor v-waew!
We have to show that

HV=W+W* (i) WOW* ={0}

HV=W+W-

LetxeV
= x=<x,3>8,+<%,3>8, +<x,8.>8

+<x,b>b, + <X, b2b, ¥ o +<x,b>b,

X = 0,2, + 0y, +orrrrst Oy T B0 +B,b, ot By

= - s — h
e eW eW

= In every xeV can be written as one element of W plus one element of
W+

— V=W+W!
(i) WNW' ={0}

Let xeWNwW- = = ’xe'W'anderl

= xlx R <x,x>=0;

5 x=0 wnw-={0}

thus‘ V=WeWw ' (Proved)
Q.21. Let S= {1, 1, 0), (1,3, 0), (1,1, 1} c R>. Use Gram-Sc(lzx‘l;il;i)t
process to orthonormalize S. ox

sol.  S={(LLO)(L3, 0),(LL1)} SR’

Let (IIO)V =(1,3,0),V,= =(1,1,1)

Let w =v,=(1,1,0) = H;v JP=(w,, W)

_11+1]+00—1+1*

W) )

-V, -
Lt 70l 4
.(Vz,col)=(V,, V)= 11+31+q.o=1+3_,

fromeq.(i)

omepubhcatlon .n
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wz=(1,3.0)—;(l,l,0)4x(l.3.0)-~(2.2,())‘ (~1,1,0)
o IwP=vw) =D DL 0.0 1112
w, | 13 )
2o (1,3,0)=| =,—=10
T E00 (5
w.‘=V1—(V wl)vsl*(V.".wl)w2
T Y g

we have (Vo w)=(V,, V) =11+ 11+1.0=2
(VW)= LD+ LI+10=-1+1=0
putting In eq.(ii) we get .

:

v =(1,1,1)—5(1,1,0)-07(1’3’0) _

=(1,1,1)-(1,1,0) = (0,0,1)

o [l =(waw,)=00+00+L1=1

W3 _ (0,'0,1) =(0 0 1‘)
ol _
Hence an orthonormal basis for R’i

| {LJ\E?};O)(%%O)(OOD} ’_

Q.22. LetVbeafinite dimensional inner product space and T eV".Prove
that there exists a unique y € V such that T(x)=<x,y> V X eV. (2019)

Sol.  SinceTisa linear functional on' V. So T V — F isahomomorphism.
We know that every finite dimensional inner product space has an orthogonal
basis. Let {X, X,, ----- X } bean orthogonal basis of V, then

<X, X>= 0 for i # j and <X, X> = lforeachi e (i)
Any x € V can be written as | St '

X=0LX, T 0K, T s ToX; aeF e T .(i1)
Let T(x)=BeE fori=1, 2;s el 5" e (i) -
Let y=BX, +B,X, o +B.x, eV | '

- We have
<x,y> =<Z] % %iv 4 ] Bjxj> = 2; : o, < i’xj'> =ZaiBi by eq.(1)
i= )= i=l j= i=l
(x,y)= ZaiBi ......... (iv)

(" Visit us for more detail at : www.winsomepublication.in D
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From eq.(;jzx) Tox + C 0% )=, T(x) o o T(x )
(since T is a homomorphism)
& dl L - +of, = ﬁ:aiﬁi ......... (v)
From eq.(iv) and (v) -
T(x)z(x,y> vxeV e (vi) F
Now, we show that |
y eV satisfying eq.(vi) is unique.
Let y, €V besuchthat T(x)=(x,y,) V X€V e (vii)
from eq.(vi) and (vi1) : ‘ R
(xy)=(xy,)  ¥xeV e (viii)
We have. (x,y-y,)=(x,y)-(x,y,)=0 by eq.(viii)
*,y-y)=0 Vx eV
Inparticulars, (y-y,y-y,)=0 ~ (Takex=y-y, €V)
= y-%=0 = YTy

This proves the uniquéness of y.

Q.23. Define eigen values and eigen vectors of a square matrix. Prove that
eigen values of a Hermitian matrix are real.. : (2018)
Sol. Eigen value and eigen vectors of a square matrix: - .

* An eigen value of square matrix is defined as eigen value of

a transformation associated with matrix.
Let A be a square matrix of order nxn over field F. .

AmapT, : F"— F"defined as ,

T,(X)=AX, VAXeF"
xl
X,

written as column vectori.e. X =

_an

 cigen value of A def eigen value of T, .

L.et A € F be an eigen value value of A.
< hisaneigen value of T . -

< 3X(#0) € F" suchthat T (x)=Ax or Ax =)x




&
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;rOOf’ ‘
Let ‘A’ be Hermitian matrix over & then A* =A

|etAbean eigen value of A (Hermitoin matrix)

3x (#0) € ¢" such that Ax = Ax
3x(#0) € ¢"such that(/u)‘ = (7&‘\')‘
3x(#0) e ¢"suchthatx’A’ = A"

3x(#0) € ¢"such that x'A = Ax' { A’ = A}

>
_ 3x(#0)e ¢ suchthatx’Ax=Ax'x {multiplybyx}
_ 3x(#0)e¢rsuchthatxAx =Ax"x  {byeq.(ii)}
L 3x(#0)eesuchthat(A-1)(x'x)=0 = (xy)=y'x
3x(#0) € ¢*such that(A-X) (x,x) =0 ({x,x)=xx) -
& a-k=0 [ (x)=[Kl #0asx #0} |
B A=) =D ) is purely real number.

'Q24. LetF beafieldandA € M (F). Define the trace of A. If B € Mn(F) is
' similar to A, then prove that A and B have same trace. Is the converse true?

' Justify your answer. (2019)

'Sol.  TraceofaMatrix:- |
' Let A be a square matrix of ordernovera field F. The sum of

| )
| the elements of A lying along the principal diagonal is called the trace of A. 1.¢.
(fA=[a] . Then

n
trA:Zaii=a11+a22+ ....... Tl

i=l
|

|if A,BeM, (F)

Now we prove that A and B have the same trace.
Suppose that A and B are two similar matrices. Then there exists an invertible

matrix C such that

% B=C'AC
Let C'A=D

=tr(CC'A) =tr(IA) = trA
Hence similar matrices have the same trace.

| Then ~ trB=1r(DC)=x(CD) (+ t{AB) = u(BA)
|

/ (" Visit us for more detail at : www.winsomepublication.in )
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2
. } is not diagonalizable. (2014,

Q..  Provethatthe matrix A = [0 1

The characteristic equation Qf Ais

Sol.
‘ le%. 2 _0 3
0 l-x— — (1-x) -0x2=0
= (1-x)*=0
= x=1,1

Since roots are equal. Hence A is not diagonalizable.

e that real quadratic from on a vector space V detremines,

Q.2. Prov
fs on V given by

unique symetric bilinear from

1 . |
f (x,y)=5[q(X+_y)—q(x)—q(y)], vx,yeV.
d with quadratic fromq on V.

(2014)

Let f be a bilinear from associate
qx)=fx,x) Vx e V

= f; fs+ fss '

From (i) and (ii) we have "

Sol.

vxeV

qx)=(f +£)(x,%)

=f(x, x) + 1 (%, X) vx eV
qx)=f(x,x) = vx eV
gx+y)=f(x+y,x+y) _
qx+y)=fx.x)+fxy) +{HX)* f(y,y)

q(x+y)=q(x)* 2f(x,y) +q(y)

f(x) =[x +y)=a()-a0)]

Q.3.  Reduced the equation 2y*+2zx +4y +4=0to standard form by

suitable orthogonal change of variables an identify the conicoid represented
| (2014, 19)

by it.
Sol. Matrix of quadratic form 2y? + 2zx relative to standard basis of RIS
00 1 ‘
A=|0 2 0 |
1 0 0] ‘j

Visit : i
C sit us formqre detail at : www.winsomepublicati@ji"j
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charactenishc equation is | 02
A=1,2.-1

ix corresponding to ) 1 Tet (/. m. n) he an eigen vector

) cigen vecto
mecspondmg to |

1 0 1 (
0 1 0¢m =3 \)
1 0 ~1|n
R. >Ry +R,
-1 i

— m=0,/=n

] ]
(1, 0, 1) - Unit vector (_\/—'27 »Ov—ﬁ)

n vector corresponding 10 A = 2. Let (£, m, n) be an eigen vector

(i) Eige
corresponding 10 A = 2
2 0 117
0 0 0|lm|=0
1 0 -2||n
10 2| ¢
R, &R, 0 0 0| m|=0
_-2 0 1]|n
1 £

(10 -2
R, >R, +2R, 0 0 0fmf=0
00

i -3 n
= /-2n=0
-3n=0 — n=0

- (bm,n)=(0,1,0)
 (iii) eigen vectors corresponding t0 A=-l

[ Visit us for more detail at : www.winsomepublication.in )
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1 0 1| ¢
R, > R, -R, 0 3 0|lm|=0
0 0 Offn
= (+n=0,0(=-n
3m=0 = m=0
(-1,0,0) or (1,0,-1)
Let orthogonal matrix
F L 29
' 7
P=0 1 O
L -y
50 %

Rotating the axis without changing the origin: -
Now axis are x', y', z' where X, y, z and X/, y', ' are related by
transformation - - '

A SRR B L- -1 54
x=—X'4+—7=2' y=v  Z=—FX*+—FZ
= NN y Yl, L2 2 |
from these transformation the given eq.(i) reduced to
A x' +A,y2 +20,2" |
eq.(i) becomes

x!2+2y12 _ZI2 +4yl.= _4
x12+2y12+4y1_212 =_4

(x') + 2(y’2 + 2y')—z’2 =4
(XP+2y +1)-(2)=-4+2
1 (x)2-2y3 + (Z)=2

Nature - This is hyperboloid of two sheets. |

Here y=y *+1 :

New transformation X', y, z'.

Final transformtion are -

(. Visit us for more detail at ; www.winsomepublica@ :
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Z= L X' = L 7'
i V25 2
4. Reduce the quadratic form

q(X,¥,2)=x*-2yz+xzon R (IR )to conical form A, x"2 + Ay Az
by congruent reduction and find the transformation relation between (x, y',
7)and (x, y, ). Also find the index and signature of the quadratic form. (2014)

sol. 3 qon R’ q(x,y,z)=x1- 2yz + xz matrix of q relative to standard basis
of R3is

(10 12]
A= 0 0 -l
172 -1 0 |
(10 1/2] [1 0 0] [1 0 0
A=[ 0 0 -1|=(0 1 0|Al0 1 0
172 -1 0| [0 0 1| |0 0 1
(10 127 [ 1 0 0][1 00
R3_)R}_lRlooq:o‘l 010
0 -1 -1/4] [-1/2 0 1][0 0 1
[ 0] [ 1 o0 0] 0 -1/2]
c3—>c3—1cl -1 |=| 0 1 0|]Al0 1 0
2000 -t -vaf [-v2 0 1) 00 1 |
(1 0 071 [ 1 00]/[to-1/2]
R, o R, 0 -1 -1/4|=|=1/2 0 1|A|0 1 0
00 -1f[0 01][00 1
10 0] [ 1 00] 1 -1/20
Afd <1 ]=1]-1 1|lAl0 0 1.
C, o, 0 -1/4 -1 1/2 0
-1 0 0 10,0 1 0
10 o] [ 1 o 0] 1 -1/20
~1/4 -1|=[-1/2 0 1]A|0 0 1
R, 5 R, g, |0 ~1/4 -

(" Visit us for more detail af : www.winsomepublication.in )
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1 0 0 | 0 0 I =1/2 9 (
0 -1/4 0= ~1/2 0 L [AlO 0 | ‘
Normal formof qis f
2 1 ) 12
X7 ——y" +4z
4)’
[ ]
1_ '1_‘ 2 ]
X D) X
yl={0. 0 1 ' (
When z 0 1- 4|2
Rank=3, ~ Index=2  Singneture=l

Q5.  Find the matrix of the quadratlc form- . ]
q(x, X, X)) =2X X, + 4x x,+2X,X; 00 R*(R) relatlve to the ordered ]
basis [(1, 1, 0),(1,0,1), (0,0, 1) of IR:‘(IR)] o Qmyf
Sol.  Given that 2 |
0%, X, X) = 2XX, 4K, X, F 200X, | RN

The polar form of the smmetric bilinear form f assomated with q is given by °

f(x,Y)=5[q(X+Y)-q(X)—q(Y)] -f

where x= (X, X, %), Y= (¥, ¥, ¥)
(X+Y)=(x1 +y1’x2+y2’x3+y3)

| ' . .
f((xlsxzaxs)(Y1aY2’Y3)) =-2-[2(x1 +Y1)'(x2 +Y-z)+4(x1 +y1)(x3 +3)

+2(x, +y,) (x5 +y3) — (2%, +4%X3 +2X,X; )= (2y,y2 +4y1y3 + 2y2y3)]

XYY P2, Y X) TR T YK,
Basis S={e,=(1,1,0),e,=(1,0 1),e,=(0,0, 1)} : |
NOW ) . . .
fle,e)=f(1,1,0),(1,1,0)=2i e, e )=4,fle, e ) =3
fle,,e,)=1((1,1,0),(1,0,1))=4, (e,.e,)=4,f(e, ¢,)=2
fle, &) =f((1,1,0),(0,0,1))=3, ‘e, e)=2,fe, e)=0
- Hence matrix of frelative to the t asis S is e

M2 4 3
‘A=|4 4 2
320

(- Visit u§ for more detail at ; WWw.winsomep ubliéatiOI@j
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6. Reduce the following equation in standard form by suitable orthogo-
»l change of variables
dy*+ 4z +dyz - 2x - 14y - 222+ 33 =0
jod tell the nature of the surface 1 -epresented by it. (2012)
ol. Given that
4y'+4z7'+4yz-2x-14y-222+433=0 = ... (i)
0 00
A=|0 4 2
0 2 4
Characteristic Equation of A is
A 0 0
0 - = ‘
AT 2100 S n=n6e
0 2 4-A

Eigen vectors corresponding to A =2 is (0, -1, 1)
Figen vectors corresponding to A =61is (0, 1, 1)
Eigen vec tors correspondingto A =01is (1, 0, 0)

orthogonal matrix
[ )
-0 0 1
1 1
P= .—E . E 0
ELTORN:
V2 V2 )

L

Let us rotate the co-ordinate axis to new axis (X, y, z)and (x',y', ') are related by
transformation

X X
y =Py
' ®
X=Z
| R
y —7—2-X +\—/—§')’
1 1,

Using these transformatlon eq.(i) becomes

27 6y 402 (\/_ \2/%) (—%—-2\/—_2-) ’+(-2)z'=—33

(T_Visit us for more detail at : www. wmsomepublication.ip
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) 36 '
8 12 ' =22 =-33
2__ 2 x'"|+]|6 "'*"‘,—-YJ
or (2x \/Ex) ( g V2

( 4 12 6 ')-22"—':-33
'2_ > ! —--—-*-":y
2| X X)+6(y J2

or \ \/5

or 2\)( —7—2‘ \/5
o 2X+6Y2=227-2

or 2X2+6Y2=2(Z'-1)

or 2X2+6Y*=2Z

or X2+3Y*=Z

X=x'—\/§‘
' 3
Y=y-—=
2

Z=2'-1
- x=z+1

Elliptical Paraboloid

2 2 -3

2 ' ' 2
2) +6(y,_i) _2z'=—33+4+27:_2

Q7. Ismatrix A=|2 1 -6|diagonalizable? Ifyes, find a matrix?

-1 -2 0
such that P'.A.P is a diagonal matrix.
2 2.3

Sol. Giventhat A=|2 1 -6/
: ’ 12 0

- Characteristics equation of Ais |A - AI| =0

193 . 2- 7.3
s 2 14 6]|=0
-1 _2 0_}\’

E

(L Visit us for more detail at: www.winsomepublicatioﬁ.Ej
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- A=-3,-3,5

(i) Eigen vectors corresponding to A = - 3.

Let X =(X,, X,, X,) be an eigen vector corresponding to A =- 3.

[A+3[]X=0
1. 2 <3 X,
2 4 -6 X, |= 0

On solving using Echlon form we ge ‘ i i ion’
get homogeneous equation havin solution

(2,1,0)and 3,0, 1). 4 g SOt

(ii) Eigen vectors corresponding toA = 5.

~ LetX=(x,,X,,X,) be an eigen vector corresponding to A =5. Then

(A-5DX=0
g 3 AT,
2 —4 _6 X2 :O
-1 =2 5] x;
RIHR:; 2 —4 —6 x2 ;0
7 2 -3llx
-1 =2 5| x
0 -8 -16|[x, (=0
R, >R, +2R,
0 16 32 ]|x%
1. 2--8 [| X '
0 —8 ‘_16 Xz =0
R, »R; +2R,
0 0 0%

1 2 5| %

Rz—a-ﬁo 1 2|[x, (=0
0 0 0] x

On further solving Echlon form whose ecjuation is equivalent to

xl+2x2+5x3=0 ;
x,+2x,=0
We get one linear independ
Thus there are three linear independent eigen vectors (-2,1,0

2,-1). Hence given matrix A is diagonalizable.

" Visit us for more detail at : www.winsomepublication;in )
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nity ™
-2 3 -l
Let p=[1 0 2
o 1 -l
2 4 06
Then P_l='é‘ 12 5
1 2 3
o -3 0 0
Therefore P"'AP=| 0 -3 0
0 0 5

Q8.  Reduce the quadratic form q(x, ¥, 7)=x*+5y*-42’ + 2xy - dzx o
R(R) to canonical form by ox2+ By + yz'* by congruent reduction and finq
the transformation relation between (x, Y, z) and (X', y',z") and tell the indey

and signature of the quadratic form. ~(2013)
Sol.  Given that
q(x, y, 2) = X2+ 5y? - 42’ +2xy - 42X .
q(x,y,z)=x2+xy-2xz+xy+5y2+0yz-22x+Ozy-4z2
11 -2 AN
A=|.1 50
11 =2 |1 0
1 0= 0(A|0O
2 0 4| [0 il |
R - R,-R, :
oy 1 21 [t oo} [100
042=—1.10AO'10 H
-2 0 -4 0 0 1|0 01
C,»C,-C. . .
0o 21 1 00] [t -10
0o 4 2|=[-110lal0o 1 0]

2 2 4| |0 01 0 0 1

f Visit us for more detail at : www.winsomepu@




1{3-—1)2RI+R3
1 0 -2 I 0
0 4 2|=|-1 1
0 2 -8 2 0
C,—2C +C,
1 0 0 1 0
0 4 2|= -1 1
0 2 -8 2 0
1 0 0 1
2210 2 1 |=|-]
0.2 4 2
R,-R,-2R,
1 0 0 1 0
0 2 1|=|-1 1
10 0 -6 4 -2
C,—»C,-2C,- -
1 0 0 1 0
0 2 0j=|-1 1
00 -6 |4 -2
Q
Normal form of q is
© X"+2Y".6Z"
x] [1 -1 4]
Where [y|=|0 1 =2|Y
2zl 00 17
x=x'-y +47
y=y -2z
z=7

Rank = 3, index =2, signature = 1.

- Qo.
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0
0

~|
I
0

Al0
0

2
0
I

-1
Al0 1
0 0

—_ 0 O

2
0
1

0} 11 =
0|A[0 1
1| |0 0

P

o |1 -1 2
0{A|0 1 O
I{ {0 0 1

.
-2
l -

0] T1. <1
0lalo 1
il lo o

Prove that every bilinear form on a real vector space can be uniquely

expressed as the sum of a symmetric and skewsymmetric bilinear forms.

Sol,

(2013,19)

Let fbe a bilinear form on V(IR ) consider the following bilinear form

ft Visit us for more detail at ; wWw.wi‘;‘lsomépﬂbﬁ-ﬁ?!i‘?’ﬂ'?n‘ ; _J

i

e



B.Sc. II™ - Math | - {]n:
Unity _ 1

onV(R)
Q(x,y):%[f(x,yﬁf(y,x)] .......... () Vx,yeR
i () =3 [(y)-F)] e

' ‘ i tric.
Claim: - f| is symmetric and f, is skew symme r

Since we have f; (¥.X) = —Zl—[f(y,x)+f(x, y)] = %[f(X, y) +£(y,x)]

=f,(x,y)
Therefore £, (x,y) =1 (¥ X) Vx., yeV
— fis symmetric.
Sinde fss [f y,X f(x’ y)]

=——|:f(x,y f(y,x )]— fss‘(?i,)’) vxyeV

fxy)r=-f(xy) Vx,yev'
Adding eq.(i) and (i) we get o N
flxy)=£y) H,(xy) (i)
or - fxy=E+)xy  VxyeV
Uniqueness: - . :
Let if possible f have another representation viz
f=g +g, e i (iv)
where g_is symmetric and gss is skew-symmetnc |
fx,y)+fy,x)=(g,*g )Nt (g g )yx) )

=g,(x,y)+g (X, ) +g % x) +g, (¥, X)
= gs(x’ y) + gss(X’ y) + gs(X, Y) = ,gs;(x’ y)
=2g,x,y)

g (x,y)= %[f(x,y)+f(y,X)] Vx,y e.V

=f,(xy)  VxyeVv from eq.(i)
o g=f e (v)
from eq.(iv) and (v) we get
f fss gs + gss
fss = gSS

Hence representatlon is unique.

L 3

W . , |
isit us for more.detall at: WWw.winsomepublication.in )
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0.10. Reduce the equation
22x - 12xy + 17y - 12x + 92y + 178 =0
pto standard form by suitable orthogonal change of varinbles and tell the
sature of tpe conic section represented by it. (2013)
ADS. Given that
22x*-12xy + 17y*- 112x + 92y + 178 =0
22 -6
Hence A=
6 17
[ts characteristic equation is
|A-Al|=0
22-A. -6
=0
-6 17-A
A2-390+3381=0
Solving we get A =13, 26

Eigen vector corresponding to A = 13
(A-13DX=0

RARAE

9x -6y=0 = -6x+4y=0
Solving we get
Choose y = k then n=2k/3

o [X]_[23 23]
then -Ly _L i — o &

. Fx‘ F'2
or X=[.|= 3

[YJ L i
Similarly eigen vector corresponding to A = 26
T3
«H7]

L2113 L3/413
i 3/J13 2/413

3 !

— —

: 2
T X=—=X
| hen | \/B \/l—gy
y= 3 x’+iy’
NERNE

Therefore eq.(i) becomes
Visit us for more deta

T at : www.winsomepublication.in )
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Lk

2
_},_x +—————y}+l7y

22x'2—12[ 7== J[ NE
gl

Solving we get
x? Y

D ohmma]

2 1

2
]
Where X=X*+7=, Y=Y 73
Nature is ellipse.
Prove that an nxn matrix is diagonallzable if and only if it possesse
i linearly independent eigen vectors. (2013)
Ans,  SupposeAis diagonalizable. Then A is similar to a diagonal matrix D
=diafA,; Ay oo A Therefore there exists an lnvertlble matrix
P=[x,,X;, ... X ] such that P'AP=D
ie. AP=PD ‘
P\p 3 SpN X ] =[5 X5y s xn]dia[Kl, Ay A ]
ie [AX ,AX;...... Axn] =[A X A XK A X :
ie. Ax, = =AX,Ax,= 2xz, .......... Ax =AX .
Therefore x, X, ...... X, are eigen vectors of A corresponding to the eigen values
A Aos i b respectlvely Since the matrix P is non-singular, therefore its column

P79
vectors "1’ ) SRS O | linearly independent. Hence A posses n hnearly inde-

pendent eigen Vectors
Conversely; suppose that A possesses n lmearly 1ndependent eigen

Vectors X ; Xy, ...: X, and letA ,A,, ... A be the corresponding eigen values. Then
Ax, =), x AX =A X ,Axn= AX
Let Af’ ["19"2’ ...... x] [AX,AX,, ... AX ]
f) Xy Mgy oo A X ] = (X X X 1A, By A

Q.11.

Sirice the column vectors X ; Ky o .x_of the matrix p are linearly independent,

therefore X is invertible and x' exists.
Therefore AP=PD = P'AP= P lPD
= P'AP=D

=5 Ais similar to a diagonal matrix D,

=5 Ais diagonalizable.

Q.12. Let f be the bllinear for on [R * defined by

f((x, x,, %, s Y.)) =2x
1K X (Y5, Y =3y, +4xy. +xy. +2xy. -
N isit us for more detall at: wwwawinsomepul')hcation l@
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Find
(1) Symmet ric and skew symmetric parte of fi

(ih) The matrix of fwith respect to ordered haske
MIRKUNTRSNUNTR R (2017)
Sol. Given that

y

‘Ls\l.\“\’).(ym\“‘“)] —le : h>y7 t /hzya ' Xy, ' 2‘»)'1

A
(1) Symmetric

o= (x4 fxy)]

1
= 5[2)’1"1 =3y,X; 44y Xy +y Xy 2y,X,

+2y,X; = 3y,X, 44Xy HYaX + 2"2)’1]

1
= 5[4)'1"1 —6y,X; +8x3y3 +3y,X; +3X2Y|]

Skew symmetric

o =21 (0) = ()]

1
= 5[2)'1"1 —3y,X, +4X3y3 +Y Xy + 2y,X,

- 2y,x; +3y,X, — 4X3y3 =YX ~ 2"2)’1]

1
e = 5["1)’2 ‘X2Y1]

@  a,:f(1,1,0),2,20)]=2-3+1+2=2
a,:(1,1,0),(1,-1,0)=2+3-1+2=6
a,:f(1,1,0),(1,1,1)]=2-3+1+2=2
a, :f((1,1,0),(1,1,0)=2+3+1-2=4
a,:f2,-1,0),(1,-1,0)=2-3-1-2=-4

a,,:f((1,-1,0),(1,1,1))=2+3+1 -2=4
a, :f((1,-1,0),(1,1,0)=2-3+1 +2=2
a,:fl(1,1, 1),(1,-1,0))=2+3-1+2=6
a,:f(1,1,1),(1,2,1)=2-3+4+1+2=6
The matrix of f with respect to the ordered basis {(1, 1,0),(1,-1,0),(L, 1, 1)} is

- (__Visit us for more detail at : www.winsomepublication.in )
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Q.13. Provethatevery quadratic formqona real vector space V det"'mlnes
a ;mique symmetric bilinear form f on V given by:

l .
() =5 [a(x+y)-a(x)-a(y)]> YxyeV L
Sol.  Letfbe bilinear from on V such that |
q(x)=fx, x), vxeV (i)
Also f can be expressed uniquely as )
f=f +f . : S — (ii)

where fs(x,y)=%(f(x,y)+f(y,x))

is a symmetrical bilinear formand -

f,(x,y) =%(f(x,)’)"f(y’x))'

is a skew symmetrical bilinear form.

Hence q(x)=fix,x) v - from CQ-(i)A :
=f(x,x) +£ (x,x) fromeq.(ii)
= fs(xa X) ’ ‘ ( f§s (X, y) = 0) ;

Then q determines the unique symmetrical bilinear form it
Now  q(x+y)=f(x+y,x+y) -
=) +{x y) +{ (v, x) +£(x,x)

=LA EY Y (7 L(xy)=£(v.x))

=q(x)+2£(x, y) +q(y)
Hence  2f(x,y)=q(x +y)-q(x)-q(y)

1 (0y) =5 {a(x+y)-a(x)-a(y)

~

Q.14.  LetV be a vector space of dimension n € |N over a field F. Let T : V
— V be a linear transformation. If T has n distinct eigen values, then prove
that T is diagonalizable. Is the converse true? J ustify your answer. (2019).

Sol. Suppose that T has m distinct eigen values say, Es L ssivnee C . Let
| L P V_bethe corresponding eigen vectors. |

Cla_im -S= {Vl, L SR V..} are linearly independent over B :
By induction on m. ‘ '

(___Visit us for more detail at; WWw.winsomepublication.in )
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ifm=1ThenS = {V } is lincarly independent. (Since V, #0)
Suppose that the set {V, V., ......, V, } is linearly independent where K < m.
We shall prove that the set {VI. Wy ooy V. Vi) is linearly independent.
Leta,V, +....a, V,, = where 0, €eF ... (1)
= T(o,V, +.... o, V,.,)=T(0)=0
= TV * ot TV, )=0  (+T(V)=CV,)

o0 (CV)+. it (Co Vi)=0 (i)

Multlplylng eq. (1) by the scalar C,,, and substracting from eq.(ii), we get
a,(C -C )V, +.n. + o, (Cy -Cr) V=0
= 0C,-Cp)=0, s 0 (C - C ) =0

K+l

K+1
Since (V,,V,, ...... V) is linearly independent. |
— o =0,a,=0,...... , o =0, since C, s - C,., areall distinct.
Putting these values in eq.(i) we get
aK+1VK+I =0 = : akﬂ =0 ( Vl(+l # 0 )

Thus o, =0, ...... o, =0, o, ,, =0 implies that the set (V,V,Vip Vi 18
linearly independent. This complete the induction.

Hence S is linearly independent
SincedimV=m,B={V,V,,..... V_} is an ordered basis of V which consist of

eigen vectors of T. Hence T is dlagonallzable Since A linear operator T on a
finite dimensional véctor space V is diagonalizable if and only if there exists a
basis of V consisting of eigen vectors of T.

Q.15. LetAeM (R) be a symmetric matrix. Prove that there exists an
orthogonal matrix PeM _(R) such that P'AP is a diagonal matrix. (2019)
Sol. Let X, X, wiue X be eigen vectors of A corresponding to its eigen
values kl, S respectlvely

X, X,, ...... X, are linearly 1ndependent and orthogonal to each other.

'Normalizing the vectprs .
X, X, X,

Let - Y =T Y =T S TR

- B D b [x.
ClearlyY ,Y,, ....Y arealso eigen vectors of A corresponding to eigen values
Bois gy X respectwely
AY =AY, AY, =LY, s AY =AY, e aavernns (i)
LatP=(Y., ¥y e Y) -

- clearly P is orthogonal matrix.

(" Visit us for more detail at : www.winsomepublication.in _ D)
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u\’“ Jnxl
"Yll A ‘qu A
YA | | YA

P'A = _
) . ( A is symmetric i.e. A' — A)
Y. Al | YA
_(AYI )l I —(K‘Yl )t
(AY.)' | |(a,Y,)

fromeq.(i)
(AY) | (Y, ~ |
F}\’IYI‘ -
% Y |
. ( (rA) = hA‘)
L7\'n r:_
Ao Op 01-'1 PYH
O, % o, | v!
- BN = Diag[k,,?.‘,,....lu]l"'
z_()! 0! ...... X Yl 'i
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