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| Therefore 5, 1s lincar independep; B.Sc. 11 - Math | - Unit 1.3
| Unit | | @ viw =S ]
Let WHx e Viw

(1. Define basis of a vector space. Prove that a maximal linearly indepen- = xeV
dent subset of a veetor space is a basis of the vector spaces. (204 = X=oa tad ., R (S S,
Ans, Basis:- : = Wra=Wrlog vt g H b e S ih

Let V be the vector space over the field T, A subset S of Viscalled = Lt G ey R 5 ﬁ"hnl SR
hasis of & vector space 'V over F. £ 1";"""'5"&,43. T g =W
HI LS =V T WAERSLWAE PR BB bt (W By S

(11} S 1s & linearly independent set. g F_3| (Wb ) (Wb ~B (W +_i'1n'j

Let 8= (v, v, ....v | bea maximal lincar independent subset of V, Then § - VIW =[5 |
becomes a basis of V., ifwe prove that L(S) = V. ? 5, 15 @ hasis of ViAW
LetwEW he arhitrary. Since v, v, W, cenn ¥ dre ok L vectors in W, they must be dim ViW=n
linzarty dependent and =o there exist scalars LE RO KO o notall zern. =m+n-m=din V- dim W
Such tha v oV ooyt tayv =0 consseen( 1) =5 dim V/W =dim V - dim W
fo=0 then equation (i) becomes - :

(N OV b G v =0 Q3. Definc linearly dependent and linea tly independent vectors of a vector
= = R = i e, U (. 5 isa lingar independent set) space over i ficld, Lot $= (£ Je— +2 1 bealinearly independent subset of
and o.= [l Thiz is a contradiction 1o the fact o, @, 0,000, are not all zero, 8 ?Eﬂnr_space Voveraficld Fandas Vot ae L. Then show that {a].ﬁz. s
Consequently, =0 =F and so «' €F and w'u = 1. From equation (i), we :::1 “:} will be linearly iﬂd‘-‘!‘f“[it’ﬂf_- (2014)
have mv=—fv. —eN —ucaae Y 1*;::].. ) Linearly dependent and linearly independent vectors of a veclor space
Wk o ey ) = = '1_::__\-'|}-n"{r1;vi]|— ............ - '{ﬂn\'n} L4t _ : o )
ar N ety e e v, o v, ; ; 'T-'};J{‘i A, ﬂp---‘ ....... :11. are called linearly u:llcper:.dm: if 3 5.;-3]?'-.;:‘
= W=Li5%)and 20 % is n basis o'V conlaining n vectors, Uthr.,rwf" = .-:u.l:h that & 4 gy -r F&a ={inwhichatleast one r=0

15e vectors are ealled linearly ingependent. I e
).2.

i : a4+
11 W is 1 subspace of a linile dimensional veclor space Y, prove that @+ 2 LT
dim{V/Wi=dim V - dim W,

Ans. We have o prove that
Proof:- Letdim™W = m
Lets=15 ;a

i et hoa b Ba=1 v ) A PeF
(2012, 14) {.Inmu.:-ﬂ =0 in equation (i)
Pussible et [4 = th in cquation (1)

wn (VAW = dim Y - dim W i
Y= Multiply equatian (i) by (i

A

#,) bea basis of W. Since § is linearly independent subse!

A= (e - oln... BT A

af V. Therefore $ can be extended to form a basis of vector spave V {By extensio? g ATua tua FARE, (ru=pod)
theorem), f“‘ ieh s g contradiction because "a’” dues not belong to L . Therefore our
Lt S =la.q B a b b | bebasis of V, ‘f:"“'“ﬂllﬂn that [} = ) in equation (11 is wrong.

dimV=min FQ"“‘E_H = in equation (i)
consider § W oER WS . .mmi]]'
T s L 0. Wb, W4 b} =Aa ko 0
Claime- 5 i:;'nas,i.s. of "p".'llll.!\". by ""-E-ﬂ_,'l'..___.__ | .-".,“ﬂ“ =
(i) 8, 15 Tincarly independent. _': N B =A,=00 (way, A, are linearly independent)
Letz (Wb ) 52 (W +h) T “H(W+h)=W iy, Ayt abare linearty independent.
= Wi bbb+ bW ’ '
=1 h+ I, )' w .--i;i,rn" Wf.,w Fas W W :'?'4' IPW, = (%, v, 2): x, v 2 € TR sl y + 2o = 00} andl W= s alny,
— . b4 Fo B ¥ r'; wa -y I b . :_:} HERY ; I',E IR ang X+ v+ =0} are two subspaces of the veetor space TR (1R) then
= |-1u .|=.1 --r:u Vi T el 'Iln"_ """""" I“".uﬂ: = ithl
e e e e e b B -4 b =0
= L=, .

L= 'S
[_ I us for more dergy) ;

Scanned by CamScanner



15 I = Math 1= Unicl -3

(i) @ hasis of W,

: asis of W
I il I EA bt of WA W 2014
(i) o Dasis 0f W W, and (iv ) a basis ol W EW, ( )
Ansli Ny + i\ =1l
A1
plA) =1
Number of hnear independent solution=3-1=12
y+rlp=l
= N dE K= R 2=
i ,r‘i |-| I T
|
v = 0x+{-2)z —\Iﬂ'| -2z
' [
z| |Dx+z (O] LI
dimW, =2
Basts of W = {(1.0.0).(0, -2, 1)
W ={(xxereywes Randxty=z=0)
K+ ytz={
= XSY-LY=YT=Z
fx] Mowsi=lw+(-hz| 0 -1 -
[vi=|Ox+ly+0z = 0x4|l |v+|0 lz
¥ :
z! | Ox+ly+l1z [0} il 1]
L'.':1T'."-'\_ 2
Basisof W= (-1 1.0){-1.0, 13}
(W oW, = vz vz e Rund y +22 0,x+y+z=0}
We ger w=-Jdz =g 2=2
_}._l .i-l'.'-x—l:'.}'-r 1z r-!",_l oo I
Ly = -u}-ﬂ|-31.;|_ 0x=|0]y+| -2z
2| | Dx+ly+lz \jl EJ| I
dim WormwW
Basis ol iW mW = 41,-2, 1)
fiv ) We kncew that
W, = W) dim W dim W - dim (W W)
=242ud=3 '
> [ - 13
05 Defines seetor space, Let V bea veetor space over F and ¢ e th
I"IﬂlU"".'”“P!..‘h.[’H.l'ui'[lr_ﬂ
Bl Tu-
ab=t gucy i flo=8 Tuey
[y al - b= —{ng] = ) §
i fuee) = n:lu Y neF and Yae v t;l” |

E-m!: _Meelur Sy e 5

\hnasn
ur I'I:Iln'|_ g! 1 T
"1_'1_“}_ Mwwwinsomepublicativn.dt__—~
D Rsnmepuivica s

B.Sc 1% Math | - Uit 1. 4
Let (T, ®, @) hey 1 = ’
[ ] i feld andah}su:m{‘l.-", +,.) consisting of
{i}ﬂ non-empty set
fiiy An internal binary operation *+* i v |
{iii) An external binary aperation * " i V over Bis called 2 vector space o
field I iff it satisfy the following properties - & weclor space over a
(i) (¥, =} is an abelian group,
iy (a) ou{fla) = (. OP)a Yo, f e F and wac v
by la=a VacsV

(iii) () e(a+b)=aa+ab Yozl and abeV

() (a@Bfla=catfa YoPecFandaev

iHaf=8 YocF .
I'roaf - We know that
0-0=10"
So ol = af 0+ 0 = ) + o
=5 al + 0 - el + el

Hence (=i, by cancellation law in the group (V, +).
{ijla=0vaey

Pronof - Since O+i=0

= a={0-+Da=0a(a

=5 Dat0=0a+0a = 0=0a

Hence  (0a -0, by cancellation law in the group (V, +).
{lii} (- a)=- (za) ={-z)a Yo e FandvacV

Proof - We know that

o+ (-o) =)
= o+ (-a)la=04a=0 (by eq.(ii) Da=10)
= g+ (-gla=1
Hence  (gja- - (o)
Similarly, a4+ (-a)= 0
= ada b (-a)f = ol
= cta+ af-a) =10 {by eq.(i)0=al)

:H':“Eﬂ {x(_ﬂ} =—(ﬂ-ﬂ-}

Q6. Prove that the set of non-zero veciors (=3 - S of a vector
"Pace ¥V over F is linearly dependent if some o 2<k<n. isa linear
(2015)

combination of veelors preceding it.

Other Related Questions -

Let ¥ be a veetor space overafield Fand S={V V...V | bea
Subset of V with each v, # 0 (1 sisn) Prove that Sis Imeurl} dependent
[1__\ isit uy for nmrn detail at : www.winsemepublication.in ]

Scanned by CamScanner



o b - Mach - Unic - 5 3
H.Sg, L BLSe 11 - Math [-Unitl-g

over Fif and only it 32 <k <n) such that v, is linear combinationof v v, TP
3 {E{II‘J‘} " :
T U it be Smearly dependent. Wow, 1 he Singleton set £ Hem
. ' : ' e | 3| e
1 is limearhy independent. Since oy 0. Consider {o, b 1L is also fi= 1 i|__3"+!r -3z
mearly dependent, thenconsider {re o, o). Proceeding thus, Let K be the -2 L
witive mieger ( where2 <k €n) Fﬂr which fa,, 2, v o, } s lilnearly 1 3 x
i cnden 313
A ¢ ' 10 oz x-2y
Homer = sealarsss oo caaies nﬂtall?ﬂm,suchmﬂlulul+:1.:1,—...___..._--ak|1k y = J_ﬂ'ﬂz
; 3 : i) -9 9
0 New o = 0. forifa =0, then {a,, 0, .. o, | will be linearly dependent
contrary de the definition of k. 4 ||'—2x | 5}._'_22) {514_}._32}
Hencex, —alax -a'ax, -8, 4, %, which proves that x, isa linear S0, [x,y,z}= |':J,2_.J]| {l],ﬁ]
=17k p 9
c~:--'~i".:|'3 i 1[Ih“ prmmnl,xtctnrex R o ey e
(x - 2y+3z) -
(0.7, Show that the vectors (1, 2, 1), (2, 1L 03, (1, -1, 2) from a Dasis of + 5 (1.-1,2)
1R ) (2013
Sal. ihsas Ll - & .
: i | }It.,-_!:"!,j[-ﬁt L0+, -1, 29=10 2.8, Prove that corresponding to each sub-space W, ofa finite dimensional
S _l-l ] -:,-i 1.__-. =1[] g o) vector space Vi), there exists a subspace ‘L’i such tIer:s the direct sum of
A By (i W, and W, (2015)
.'_-._U-FE, ey o ...........ﬁii} 5ﬂf LET‘H— fa g i }r:IL1hL]th]3 ol W . Le dimW, =m.
:T S Since Sis /.1, subsct of vector space V. Thcnfﬂrulmn be extended a basis of
_— =__'l'|' 1"{
M ¢ let § 7 Byt By By b bSO .
_2[, " ,-'; & dimV = n
o) letS,= b b .. g wch that W, - [8.]
Solving them we oot =0 And so o =1, f=0. C |dlm-.:‘~, I]h E,I Wi s L=
Il”"!.[l =[5] Singe 5. ﬁqsuh“ﬂ o 5, and 5, is lingarly independent. Therefore S, is also
by ‘
1 .-L' .ﬂl R £.0, (because a subsel -;11 t.l. ;r:t isalso £.L).
Lt womy=ol 1, 2,104 2, L0)++01,-1,2) Hence § s hasis ol W,
; -*-f-"f“‘45+.ﬁ—u+ﬂ-:-u+2ﬂ ke, dimW,=n
% -r:1 _-'5?1-'_-' = o IP+y=x dim‘-.-" dimW, +dimW,.
RS = 2o+ fi—y=y dimV = dim(W, & W)
A = i = VoW @ W,
be w20 N
o 0.9, IF W is o subspace of a vector space ViF). Prove that the set VY of
i om .1| all cosets W tz, where rz is an arbitrary element of ¥, is o vector space over
i r_jx-'i1_2?] Ffor the vector addition and scalar multiplication compositions defined as
S K | 1] = ﬁ.llu“.s:
.I | 3 (“. i I’l} ; {“'+Iﬁ}'—'“'+{'-1 ,_m Wi, f e Y amd
i F] _EI
s . — - 3 s T
L Misity (Tr_—“ﬁt——.__,__ (T Visit us Tor more deiall at : wwwwinsumepublication.in ]
T — BRI ut gy, D wwww] — L

SN Tnomepublicationdn )
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n{_.‘.+a}= Waaa YaeFand YaeV, (2015
1"_.' i
o We have to show [— *. - | is 4 vector space.
Gl LW B
I'( Vv i

(i) | W y J| is & commulative group,
{13 Closure property -

c LY
Let W+o,W+Pe T a.pev

(Wa)+ (W) =W+aip c_‘:‘_

: “+7 15 a internal binary operation,
{;11 Associative property -

Let (W+a) (W+B){W+7y)e %

= W +ad+ (W)} +(WH+y

= W-oo+f}+H(W+n

- Wbk (o + ) 4y

= Wt a+{f+7) { Associative property of V)
-,

(W + )+ [(W =)+ (W +71)
(i) Existence of identity -

v
Let W+oe—
W

W+ (W+o)=(W=0) ! {W+a)
=W+l 4 o)
WoE W o) W
ldentiy - W
) Existency gf inverse -

o Vo
(W4w) 3w +( n.j- =

S

W ey (g S W )= Vha+r W (-o)
.m:mu[“ =Wra+{—a)=W-{(=W
WY Commen o Of each element is exist.
mmlﬂlhppmmll ty-

ety o g i l_r

(W
T+ =

—.“lﬁ_‘_TET._;r-— ERE=WH B (o (V,+)iscommuline

W e
“"—'-h““’“insuillﬂpuhljcntmll-lﬂ

B 0™ - Math 1 - Unit1- 1

=W (W-w)
oyt
S |\ W' i'J is an abelian group,
@) a(bo) = (a0bla vabeF. vaeV
(W +a)}=n (Wi po)= Wi fwa)

—-WJ.—{E.E);L:I.:I=|[I-'..Du]["ﬂr'.—';x}
(i) o =q, VoaeV
L{W+u)=W+la
=W+
(@ ala+ff)=ac+all YasF ofeV

RIOW ) S W B =AW e+ B
SWOoR R e W (e AR =W ha W AP
=AW +a) T W[}

{ii) (aBb)o—an+ho Ya,beFvaeV

(vlo=uw, we V)

(A @) (Wo)= W (LDp)o=W+hapo
=W-lo-W+po=~AW+o)+ W +o)

S0 — is u vector space,
W P

Q.10 Lt 8 be n generating set containing n eleinents of a vector spae ¥
overafield F. Prove that any lincar independent subset T of ¥ contains at most
clements, : (20186)

. Sol. Let V be a veclor space over field F and X = {.\'l, MR X, % be a

Efnerating subset of Vic, ¥V = ["]

LSl T T

F be: linear independent subset of Y.

Claim:- 1 <

V=[X]andy, e ¥

b ¢ ORI U PO oK =
= (- I}_'y --u LT e S ax =0 L (i}
Claim - At leust one oy # 0, incgudi)

I possible letall o, =0 ineg, [ I
-1y, =0

Visit us for more detail at @ www.winsemepublication,in ]
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. §=0 _ . _ i
Which is a contraction because none of the element in a linear

. apdent set 15 7ero
|nd=‘PﬁF"“"[' : i o~ i e -
Therefore our assumption that all o =0 in eq i} is wrong, Hence 3 atleast ong

=0 meqg.i)
Letg, =0, = Za eF
Multplving eq (i1 by o' we can write %, a5 a linear combination of

L SRR
V=[x ]. where Lt 75 S X!

‘.'=_[.~uijand_~.-:£ Y
= : }.:=_['f-_\:—‘,-'_.\:—';_xi'- T -4
= By, + -y, + i e +yx =0 S 4 1]

Claim - At least ppe T # 0, ineq. (if)
If possible [etal) T oineqdii)

= By, Lr-I]g,-2=:}
= ¥ ybisLd
= Yo Yoo ¥ lisld o super selof |.d. setalso Ld,)

Which iz a contradiclion because y g linealy independent,
Therefore our assumption tha z) V.= 0in equation i) is wrong, Henee
afteast one . 2 0in eq.{ii)
Lety. 20 ineguation (ii) = . 'ef
_'duJqu.'} équatinn (I} by T we can write i
X oasa linear combination of elements of
% '_‘i‘f".-f:-_ =Ry -—.1{_,_}

v=[x.]
Proceeding in this mamner 5 qQuestion arise which one of x and ¥ exhapsted
first,
Claim :- v will he exhausted hefore X if possible let X exhausted hefore y.
Using replacement Prosses n lime we pet

Ay
- nen
Yie¥aon¥uv,,, s linearly dependen
gl 3 ] : sy g
-, Y =10 gy iy, [RS8 1 1 ———

because v i linearly ndependen.
Therefore oyr aszumption that g - m wrong then m « p
Whizh proves thar ¥ L0 have n veciorg,

Visit us for more degag a7 - ww-rv.winsmnepuﬁgm
——— L WWw.winsomepub]

BSe - Math I - Unit ) 10
Q.11. Let Viheafinite dimensiong) vector space wver a field F Let W, andw,
he subspaces of ¥, Prove thai
dim | w w!}—-dilnwl+ dim W, - dim {""uﬁ“'y]'
Sol. Letdim (w mw )=

{2013, 16)

and Jet = 1[‘1. vlzl f }H:aba:-".isnf'v.'lﬁw_,.

since 518 lincarly independent subset ufw, ow therefore 5 is alsg LT, subset
of w, and w,. Therefore s can be extended to form a basis of w, and w, (hy
extension theorem)

Let 5, = {&|.-'31--..----ﬂ,,h,-bz---....bm } be a basis of W .
And 8y ={8,.8, 08,0050, b be basis of w,

|:1imwI =4 ma.ndd:imwz =f+n

Consider s; ={a,,8,.....a,,b,b,...... BreiCyannni, )
Claim - s, is basis of w 4w,
(I)s, s £1.- .
Let @ O, oo+ By FBb, +B. by
LTI P e | wies L)
SR T DR S A Vv S
+|:_ﬁ.':|bl _":"E’z }h: 1 ___T{_Bn :Ihrr. =Wy
= VG F T2 o T, E E W W,
=% 1+ 8+ +7%.¢, canbe written as 4 linear combination of
element of s,
= TG+, Fed 1:;. =83, + 8,8, + ., +éa, and § ef
= (=8, )a; +(=8, )a, +oeect (8, )a, +7y,c, Y28 Fenib 8 =0
B =8, =.. &, =%, =, = =Y. =0,
(- 81483y, 0, 0, are LL)
P'utting the value of y T ¢ S T meql) we get be
W beaa, b +ua, wfhb b, - LB b =0
= W =m0, = =f = =f, =0

(" @808, b, b b, areLL)
Henee 5, 15 linearly independent.
() W, +w, =|}1:|

Eisir';fs for more detail af : www.winsomepublication in
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Lﬂ _'\;!-I '1_' E 1|1II -LTI'..-J
X EW and x € \III'II:

=
= X, =R A, toatda, 4 (1 RETETH , R b
Xo=Ha, +8.0, ot B8+ b0+ 4 d.c,
where A .p.06 cF
Xobx, = (A, @8 Ja, +(4, ©0.)a, +.... +{h B0 )a,
LB e A b 4 o, 9,c,

W+W, =[5,
Therefore ¢, is hasis of W 4 w..

din}{‘l.‘l.'__+‘v.’v.':]==f—m-r n={+mybr Fop- ¢
— dim W FW,) =dim W+ dim W, -dim (W W)

QIZ Letw = fix, aXpXbe r': %, -2x,+x, =0} and w, = (A 24,-35,
44300 = R L Prove that W and w_are subspaces of R *and [ is a diveet sum

of w_andw
Sal, Criven that ( }

“:‘_.= ifl}.,{:.. Xp Xy € RN, 25, 5 x, =)
and W= {13, 2h-3dh) e R}
Therefore
dim w, = 3 and dim w_ - |
Now ’
W W, = HERS aademtx -2x2+x_l ={}t
=2,
X =3y
X, -’lxl

So from condition

¥—4x, =3x, =0

= =0 = x =g
Therefire =0 x =0 and x =1
Hence WAW, ={ol

I

T.\'uw . dim V- dim WotdimW. -3 =4
erefore diy v = dirn W|4 dirn ‘n’n-;,

aml ur,l“'l'n]\{ -—{UJ"

Hence - W w

€. W, and W, s direct sy,

13 Do
C_:_ﬁs—i!:_'i_:ﬂilf;mﬁge_nnmml hy a subset of vector 5
—————2"0F more detaj] o1 . Www.winsomepuh

ace. Find the equa-
licatinn.in

. B.Se, 11 - Math 1 - Unit§.1a
tions of the subspaces of 1R 31 Jgenerate by ’
I[III SI e “I. l" 2.}1 (z -3'1 5}1 {3, 5- H_”'

(i) 8, = 1(2: 2,4), (3,3, 6)}
Alsoubitain the dimension of the | inear sum of the subspaces pencrated by S
and S (2012
Sol. The subspace penerated by a subset is the smallest subspace con-
taining the subsed, Tt is denoteq by [S].
fiplet (v m e’ '
(nyz)=all.1,2)4 f(2,3, 54 w3, 5, 8)
Ko+ 20 43y Y=t 38 Sy, g =2
a=3x-2v+k f=v. -2k, v=k
(i} (%, y. 2) e IR°
(%3 7)=uf2, 2,49 (3,3, 6)
2=2a 3l y=20+3f, 2= 4o - [
w=k B=(x-2k)3, k= y=2;
dimension of § =2
dimension of 5_ = |
dimension of linear sum = dirg S tdimS =2+]-3

S LBy

Q.14. W isa subspace of a finite dimensional vecior space ¥, prove (that
ther: exiss, a subspace, W' of ¥ such that Ve=Waaw.Ilsw unigue?
Justify vour answer, : (2012)
Sol. Let dim W =m, Let the set Seofoms e} bea basis of W. Singe
3, is a linearly independent subset of W, therelore 5 can be extended to form a
besisof v LEHI‘EEE!S={&,,H,:, ..... %o Bia By oo B} be abasis of V.
Lot W be the subspace of ¥ generated by the set 8= 0 Bt
We shall pros = that V=WawW
For this we noed to show that
Vo= W a_ml W W' =1
Let o e any element of ¥, Then
o= a Tiear combination of clements of §
=1 linear combination of 3, +a linear combination of §
=an clement of W+ an element of W
V=w+w'
Again lpr Pe W W' Then b can be expressed as  linear combination of §,

and also ag g linear combination uls,.
50 we have

B=ac +au,+... 1 A =BB AR+, +b
= a0, I-a:u_:+ ____________ —'amam_hlﬂl—h__[:l-__- ............ -bp =0
= ao=tha =0, ..., a,=0.b=0b,=0, ... b =1l

Since are [ S 'u_:;. By B B, are linearly mdependent,

_'_‘n"iﬁ_ns for more detail at : 1.1.-1.1-1-,-.\1,1||sum9]l||h!ICﬂtfun.ln

—
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B =0 {zero vector}
Thus W) AW, = {0}
Hence V=owaw'
Q.15 Definelinearly dependent and linearly independent vector space, Ley

ig.b.cibeabaskof Rk )and d = ga +Pb+ye,0, B, ve (R.Then prove
that{a-d.b-d.c-d} wi!]hebasisnt‘m’(mj ifand only if g + +y#1.

(2012
Sal. Proof-Vactors B &s o3 are called linearly dependent if 3 scalurs
Aotk € F such thar A Fhato.. * &a =0inwhich atleast one

k., = O otherwise vectors are called linearly independent.

Letx,vz=p

= xfa~dj+}'{b-d]+zfc-d}+7{c-dj={[], 0,0y

=4 x{a—fua+ﬁb*:ﬂc}]+}'{b—tua+ﬁh+1fcn
T2fc-(ua +ph Lyel]={0, 0, 0}

= .\'.{f!-U.J-a-ﬁh—j.fc}-—y{—cza-!-f!-ﬂ-]b—'fc}
tz{-oa-fh+(l -y =L 0,0

= {1 SO - oy - ozt {-_B%]—_B}a-ﬁz}h
TR (1 -v)z) =(0, 0,0

Sincea b, ¢ are linezrly independent

therefore (1 - o) - ty =tz =}

s fo-Dx+ay+az =0
@ BBty o] i)
il mpy+(7-1)z=0 |

fa-d b-d, ¢- diwill be linearly independent i values of %, v, 2 will be FEro, or
system (1) has only trivial solution or iff cocfficient matrix of system (i) is non-
sinpulsr or ifT

|+:c—I 7] i |

GHB+7-1 w4Bry—] wt Bty

ﬂ E_] ﬁ |——[}

or iff

* Total pumber of cosets ol subspsce W in fhe VECTor space V

B.Se [~ i BV

Uit 1< 14
I .
s (P po B <0
orill |
—
orilf II‘I.-)"'."' =0
.16, WWWis a subspace of 3 finjte dimensinnal veetny space Voover afield,
prove that:

dim VW =dim ¥ - dim W
and hence find the total number of coepps ol Win'V when Wis y sulsspace of
Vover the field _and dim v =5_ diny W3, (2012
Ans. First Pari: -

Go through (.2,

Second Part: -

Giventhatdim V=3 dimWw =3
Total number of
clement in ngualicnt space,

3 v oyl I‘-
={ No. of elements in a filed A
2 '.rj}:h_ Vol g 1l=gi=g

Q.17.  Show that the vector space IR} &5 the linear sum of a veetur
space. ITS={a . u,...... a }isa subset of a veetor sprice V over a field F.then
prove that the following statcinent are equivalent:

L:Sislinearly independent and 5 generates v,

I1:Sis a maximal linearly independent and 5 penerates V. 12013)
Sal, Giventhat W = [(x,v. 2) LY zel andx-v- s=0)
. Xy _z
und W '—]'l_rx.}-',z}‘.x.}',?.x— IR and e Vi
et (. vi7) e R IR )
= (bl +ia b, ci={% v, 2
ar At+a’=xhtbh'=yvcigi=y
SINCE  a-hobg=Nandu =2k - 2
c-b tat=x
7-c'-vrh ra=x
At b - =y
eV L
Ktwv—7
L L
2
U= K-(aty-7) = R sl

e ot gl s Wi spu e atinm.in
[ _ Vislug for more defuil wi www wissomepublicatinn Mere

Scanned by CamScanner



B.Se. 1™ - Math I - Unigy . I5

a'=xfv-z
: (x+}'—2 —xty+z
h=}__hr__:~—lk.—:— =—T
¢ XTYV=2Z
s
2
g [2EY-2)_ —x-y+3
C=Z=—L =7=| =
o2y 2
v z)=(ab.o) = @b, ¢}
i L R —_ — i —X v —¥ —1r.d
|y BIVAE A-y+ 3 [ xry—g TEEY+2 Xy 3:1
L 2 =1 \ 2 z
I=«:.|||",'r'.lr F.“l'rz
Let{a.b.c) e W W,
beo=0 Aot.®
e 2711
B 2h=
= a 5 3= a=2h=2¢
= a=40 = b=fand c=0

(2. b.c)=(0.0,0)
— W W._= {0}

Q.18.  Define maximal li nearly independent subset of vector space, IfTS =

LT # } is a subset of a vector Space ¥ overa field F. Then prove that the

following statement are equivalent:

I': Sis linearly in dependent and S generates V.,

IT: Sis a maximal linearly independent subset of V.

Ans.  Maximal lines rly independent subset of a vector s pace: -
A subset § of @ vector space V' over F is called maximal

linearly independent subset of the vector space ifT it satjs fir the following

canditions -

(1) 515 linzar]y independent

{2) A proper super set of § is linearly independent,

{2013)

=1l
berd— g 41 Vbeabasisof Vie, §is linearly indepen-
dent and § Eenerates W
= V=1§]
Let xe WV

If possible let x has another OXprossicri s G AP - Math | - Uniey L

x=;‘.|a_,+j3_._a_,-r ____________ I-ﬁna" : i eF o
N . B ; 11
LT e M Fag = ﬁldl . ﬁ:ﬂ\ o “fia

T i

PR R a_dre ]ineari}f ittdependeyr

= L - !‘I..'E‘;fﬂp

= o =p e €=}

Therefore expression ig unigue.

H=1:- _

. Leteachx = v cap pe uniguely expressed as linear combination of
Claim: - § is linearly independent,

Let Aathoa = Tha=oa -+ Op, = 0,8

= A=, {* Expression iz u]]itiu-‘:,'l

ho=o
5 is linearly independent,
Therefore § is a basis of v e
5is lineary independent angd § genetates V,

Q.19,
sPaceVoverafield Fanda = v but a ¢ Ly,.
Then show that thesetS =1q, a+ia,+ . EH— a,+2 } wherc L & Fwillhe

Let 8 = {18, ... a.t helilnearly independent subsot of i vector

HHEarI}rindependent. ; (2013
ol. el £ + 4 is linearly independent and 2 « L. Therefore {a,
:1, e fl ) is also linear independent,
et

Haw i +da)t pa, +ray+ .0 wla, +iay=o

e Ha+ Ha +tpa 4. e R J.l:;'.l L 7 W S + “"I-_‘ =0

= Hatiua tpa +o rpa Al ) =0

= g+, + )t e+ 1a =0

= M=0=p=0... =u =0

and A (TR TR THITH =0

las {a, d,a, ... Ei_} are lincarly independent )

= A+ ;1I;I:| =5 u, i1

i hL==0=p=0.._, =,

Hence S,= {a, d rha,a, b Aa, ..., a =+ La} are linearly independen,

%ﬂﬁ: detail at ; www.winsomepublication.in |
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ora field F. Prove that v
1 et v hea finitely generated veetors space over a field F. Prove that

i e (2017
conttains 4 basis over b ) — il
:":1 Loty bea tinttely generated veclor space over Neld F then 3 finite

subset
C= 14 & e n b o ¥ such that
Vo [S]er V=105
% 45 fimte subset of ¥ owithout loss of generarely we can assume that non of
the vector m & 18 ZeTo veclors,

Wow, 15 is linearly independent then 5 will be a basis of V and then
are dome. Assume that. 118 is Imearly dependent then = a maximal linzarly
e §=1a.d a1 is maximal linearly independent subset of S contain-
it : 35 DRORE | K

ingrvectorsir<njofSandanya € Sbhul a, 8.7

Now SInee {83 &y e, a | are linearly independent and {al,.....,ar; 15 maxnnal
hnearly independent then 3 scalar [ IS P = F such that .
.......... raa =0 S

od s,
where a1 least one a's = 0
o &= 0
atherwise il U, then by cqu(i)
s [ AR aa =0
where at least one o's = 0).
then 8 s linearly independent which is a contradiction toa < 1),
and hence i will be hingar combination of {a,, ..., o] e element ol's,
= il -.1.-i;||~ [ 5 Pt toea,
= V=[5

Henee 8 is a hasis of W,

.11, Provethat W= ix,. T dpa, ) e R? X, kx =0} is a subspact
ol IR, Determine dimy, and a subspace Uulsubspace U of R *such that IR "=
WK (2m7
Sal, (iven thi

W=l nox e ROX,+x, —x_ =0
Leta, Rew : B
nLe: ."'||=I'h|:-'-I._."rj__‘._.u_‘ilHI:‘|;|]'|_|_'i]j=|'hI1 b:’h
AeWandBew

then o +3 43 =

i hq" h:}E Woand o, ﬁ R
: and h__,+h5+|j*=ﬂ

fate=0and b, + b, + ht=0

,- (o - |'-j|:__| RLENE [irb}” 4-(:_1(-,34]1 JHbJ] =)

0 i, + b, 4 b a4 i i, b, ga,+ b s W

- [N

[ Vi o ———
"————wﬂlﬂﬂlurb detnil gy,

—Y

Www.winsumepublication.in_ —

o uA il e W BC 112 Math | - vniy 5
L4 v ADBeW — BA I e W

Hence, W is a subspace of g 5,

Clearly,

Llﬂ "i_-|=' x_! -.?C_1

Take X, =0.x; = 1,x, =-]

n&,=|,3{5—-a|.x4 [

X =elins [ x,=0

x,=-1.x,=0,x = |

x= J.x]-—i}',x] -]
Let ﬂ‘{f[J',L—JJ-.H._-LIJ':L'-I,LI'JJ.(--I.II'},I],H.[J,-Iji
which is linearly dependent becayse (Lt -ly=-i-1,0, 1)
Let S|={{{?I,f,-l}:(f.-l,F}:f-I.J:UJ,{-LﬁJ}}
Noone is sealar mulliple of other
Hence, dim W =4
Given, BT =wmy
— S=d+dunll = dirm L= ]
Thus, the subspace 1 i Lenerated by (1, 0410, 0).
Q.22.

Prove that union of fwo subspaces of 4 vector spaceisa subspace of

the vector space if and only of one of them is contained in the other. Give an

exanmple to show that the union of two subspaces of a veelor space ma v ol be
asubspace of the veetor space. (2018)

Si. Letw, and w, be subspace of vectar space ViFhand It w, Cw . or
Wa = wy then we have o show that Wlw,

0 vy e,

15 subspace,
W, =
And

Woliw, = i w, cw,!

Thiis Wokdw, ds a subspace of veclor space ViF),
(imm._-rsel} -
Let w wow, s u subspace of vector space V{F) then we have 1o
show hyy WS WO Wy oW
L, if possible W, E‘-'I-': arw, ;wu'
let o = Wi—w and bew, —w
T Aew anda g woandbe w, andb e w,
Iy acw, -
And

nEW, L,

bew, — be WL,

(Vi fur niore detail at s wwwwinsemepublicationin
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abew Uw, = atbew Uw, [ow Uw, is subspace]

= Lbew,ww, = a+bew oratbew,

Case (1) When a+b e W, -
Aatbew.aew andbgw,

= sEw.-ae w.and bew,

= atiatb)ew and bew,

= -a+al+bew and bew [associativity)
= O+bew and bew,

= bewand he w,

which is self contraduction or which is not porssible
Case (I When a+ b e W, -

g+he w.hew andag W,
= 2rhew, -be w_unLEaEw!

=% ~h+{athje woanda ¢ w,
== ﬂﬂ!—h"hlcl.-.:and:ia’_"u.'___
=5 a2+l e u-_andaiw__

— dew anda ¢ W,

which 15 self contraduction or which 15 not possibife which is contracduction

tt on assumption w g w,and w, & WIS wrang,

Hence, w = WO W W

Phus union of tig subspace of vector space Wik} is subspace iff one contain

in ather,

Example -

() Letw. = {ix. 0,0):x =ip * and W=l v Oy s be subspace of YR 1.
(.0t e LR A R 0 e LW

And 0L 0ew, — m LU e w W,
fL 001,00 = 1. L gw W,

Thus, union is noy subspace.

€2) L, Vo

Lat w

i be veotor Space,
Al and wos te b

Yo and wis 8 subspace of VorE )
butw _ W= levach] s nory }:ul_:spéjl.'t'nf"v"_ll'}fgj.

This uriieg ot subspace,

:-:: 1.] | rI.llt fine o Subs e of y veetor spaee, [EW s i -‘HI“ﬁlHIt‘l‘ of It * pener-
L& [} rz a
¥l 2). (8,1, Di30-2,-101 then fing the dimension of another sub-
f Nisitus

for more detall a7 —— L WINSOIMED B BT et
L _"_rt_li_l'l_.-u_f_.i._ﬂ'n_h.-r'l-l||arunﬂr:llalitﬂ.[lrm.l;;:__J
— ——— T Ial I

B8 11 . ba I-Unit]. g

space Wol [ suel that [} = W 0 )

Subspace: -

Let (V, +, .} bea vector Space over filed (F, g
W ol V(F)is called su bspace of vector space V(F)if '
Example-
(1}Q is subspace of IR (),
(2) R is a subspace of C(IR ),

) Anon Empty subse
Woalso forms V.S, over [

-
Let A=|0 -t 1||
13 =2 -1
Y
R, ¢+ R, A=(3 2
Lo -1 )
T G
R,—R,-3R, A=lop -5 5|
0 - |/|
(1 1 -2y
I{3—>-‘E’H] A:|ﬂ [ =i
e -1 1
[”I_ 1 —2]
Ry —R. 4R, A=(p 4 -|!|
tn 00

This i an Echelan form,
Dimension of W=7,

Heneg R =W W

= dim R * dim W + dim W*
— I=2+dimwr

= dimW'=3-2=

S0 dimengiay of Wis 1,

Q.24, Let W be a subspace of a vector space ¥V over a filed F, 1f V s finite
t”"“l‘llzn'imml, then prove tha

iV A =dimy - dingW, (2018

Sul, Sinee W he subspace of vector space VFL LL'IHI =i, a_hhe

th bagiy o1 w then

F—— PR _\I
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thm W =g S
TWeV =8 vl

thea by extensiom theorem S, s eitler basts of Voor can be extended o form
Pasrs o

518 Dinearhy independent subaet of VoS,

Les Bo= e g vhivh b} be hasis o V then
dimnh = |
Mow Lt S={W+b. W kb Wb c vy
Claim - '
S s basiy of Vi -
WrbiW=ho oo bl e VAW and O @i, € F
2uch that
AW b d 4 e WA B+ ... U (Wb )=Ww eend3)
= R o N AR Fah + (W b =W
ot sealar mul nplication of g oo el
= W-loh-ub+. 4 abog =W
SC07 property of Uiveils )
= L R T th =W

PECALSE PrOPCTY Woba oo W Wl

= A R+ O WS Woand § s basis of W
= L} | ihoe |5 |
bl + i li e T T foa
= R LT TR 9 O B tab rah + Fex s =1}
=== - :n|:|'r:-|=rx_,=.... Su=0
CREEEE 3, 4 I B, bemg basis elements g lin=arly indepen-
it
— ¥

Hemee § x| nearly indepe
(ZIVW =5

For e

Let W=y = viw
Vi &
] Ba -f el = &l
e s and dy g unrgue L'|"-'=|i-'”|-": . "
Wit e )4 o Bl ﬂ_:lcl b +idb "":",-l”
i 0 ITI".
—, WS W o g AR 8 L T '|'..h--H
= Wes oy i 14 N0 :|||I}1_}
R T R -H’n'-n:l‘al‘.'l_}
)+ AW by (W h )
a1 I| Ity uu]:rm[ I

kit u\ lup pm,“ ”” ”| Tk

L nlmuln_pnhln_.ulmu in __}

il ViW=[5] BSe 11~ Math 1 - Unie 1. EP,
From{1)and (2)

85 a basis of VAW

then dim VW =n

=k dim V."-‘r'r"—'{m-l- ni-n

= dim VAW =dim v - dim w
.15,

Show that the vector $pace R over R is the sum ofits sub-spaces
Wl ER a2y by 0} and w, 1\{1,'#2 ER': 3 %—flr

g

Is this sum a dircct sum? Jystj Iy your answer, (2019

Sol. Given that w, - {{x}r” ER* a2y bz=1(land

W, <!r{x,}'.z} L’—R-‘:"—:—J'J-_—fl

| e S
Let{x, w7} SR )
= (a, boe b faf b, o) 1xv )
or ara'=x h+b oy chgl=
since a4 JR4 e=landa' =-p --¢*
Then  -2b-c+ar—y
= 2y b -(zou)tar =y
e S el i R It
= R
= “b+2b b =x 1 2y+7
S

anda’-2y' g’ =x+ 2y 4

o (x+2y4q) (x+2y+y)
a Sy anlgls o

Now a=x-a' h=y-b' ¢=z-¢
Y

P‘" 2}'+Z} i Er!}'+23
= T T

=% - _{x+2}_,-:+_z], h

=2 ’ 2 .
3+ 2y + ¢ —(x +2)  ~lx+dy-z)
S e

(v, 2 ={a,b,¢} +{a" . b ,ch

C Vi for more detail at : www.winsomepublication.in ]
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((3x+2¥+7) —(x+2) X+ 2y=2)
T F " glew
LN A

b
a+2b+c=0apnd —‘=‘1—=%
Then 8-2a-a=0
= a=0
i=-b=.p = b=UOandc=0q
W [Jw, = : D_,l

¥es sum is the direct sum,

Q.26. Determine the dimension of subspace of W of g4 gencrated by 5=
1. 1.2,0,(1,-1,2,m, (0, 1,2 1) (2019)
lf'l 1 2 I:I“*|
Sol. l—l -1 2 U|
0 1 2 31
|'XJ 1 2 C'\|
R—R-R 0 =2 g 0|
o 1 2 g
A S
R—2R R |0 -2 g u||
IlilI 4 2]

Q7. Far the subspace W = flx, LpXpX) e RY: +x, =0, X+ A= 0}
ofthe vectar Pace R‘over R, give a basis of the quotient space R /1Y,

20149

X+ X, =0)

Sol. W= *[I’:-c;,x,,,s{.,x ¥
[ % R

I
Xy +uy =0
S X =-x,

[ Visit us for miore detail gy

www.mmumepumwuuun

Jdn

A=K

(110
Thereliore basis of W he ]| 1] |’|| - ||r
lo J )
Now this basis of can he exlended 1o besis of g4
1Y 0y 71y roy)
-tfj 0o off
and || 0 || -] |‘| ] ||’| i ||| Wj”fﬂf'n'labasjs for R+,
["t. r‘:l/”'\. 1 )I |..ﬂfl |\.J/|_||

V
So, the basis of T,:E]-g given by fw + Bt Where i belongs to basis of R*notis

basis of W.
; v
{W+{l,r},U,ﬂ}~W'*iﬂ,U:U.!}}isfnnn basis for -

{[-XI,KI,KJ,JQJT- (10,0, UJ,{.‘C_..X;JP;‘;}* (0.0,0, []JI:.T.,,AJ,JQE,K‘ JEw

BSe, 1. Mtk | - U f - 24
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]

Q.1. Let M, denote the vector space of 33 matrices over the ficld of roal

numbers. Amap T: M — M, is defined by T(A)=A-A' v AeM, Then proyve
that T is linear transformation. Find a hasis of Ker T und henee find the
nullity of Tand rank of T,
Ans.  LetAandB e M.oanda, i e F
TioA+ BB) = (oA + B)- (A - Y
et LIER N L
=a(A-A" 1 (B -BY
TieA+BBY = oT{A)+ BT(B)
Hence T is linear transformation,
RerT=14 ¢ M TiA)y=m
=1A e MotA-AT=)
={Ac M A=A}
= Setof all svmmetrie matrix of M.
Nullity of T=dim ker T

[ Unit 1)

x3x(341) =6

!
2

0.2 Prove or disprove - .
i R [Rand rl']: K — IR are two lincar transtior

Ker'l, =Ker T and I T,=I T, then'T, = T,

Sol, If T,:R' > R and T:iR* -+ R are two lineay transormation
such that kerT] = kerT,and I T. Lol
Let T (%, ¥} =x-y and T.ix¥)=v-x

mations such that
{(2014)

Then KerT, =f(x.y)cm2P™ " |
Then Ker [:’ " |{xp:l‘}c 15 |_1=:r"'"-"-=}'—r-'_.|l
And Koy =l(x.y)em? ™" |

R ly—xo oy

FerT =KerT,
foralla e R, then there exist {a. 01 = B such that Tla;y=a-n
Similarly for 4] ac=R
T_.m_ Al=a-fl =4
Here T & T2 4ps antoon J.
1T = I T=R
So, but T, » T,

=il

Henee this s disprove,

Vislt uy lor more detul)
o= telallar;

E & % E T ] "
# wWWW.winsem epublication.in
: — NS

(2014) |

B.5e, i Math.I - Unj; I§-728
Q.3 Prove or disa Pprove -

IV, = ¥, isTincar transtormagiy
nullity ol T' will be 3.
Sol.

nsuch thag P} =2 and dim Y.=5 then

(2014)

O — ;
Criven that TV, - Vs ar transformation such hag

PT)=2and dim v -5
By rank Nullity theorem, We haye
tank T+ nuliing ofy T)= $imy,
Lel TV —» ‘v’l b Hrrn:ar:mnsfbrmalim
Ry Rank-Nullity Theorem
For T'we have
ranki ")+ Nullity { T'=dim v,
21 Nullity (T =5
MNullity of (T =5.2=1
Henee it 15 frue.

is a line

\OA./ W is a subspace of g ¢ (IR } spanned by subset

5={(2,3,-2, 1,(4,2,-1,3),(2, -5.4,3)(4, 10, -7, 1}, then dimension
ol the anniilator of W will he 2. (2014)

Sol. 8={2,3,2. 10.44,2.- 1, 30.(2.-5.4.3). (4, 10,-7, 13}
2 3 -2 1“|
|4 2 -1 3
|2 -5 4 3|
4 7 ]
[2 3 =2 1]
K;-+R, IR, o, A 5 J|
1{3—>[{}—|{,| P 6 2 |
Ry >Ry -2R| 4 =3
|'2 i -2 r|
Ry — Ry —28, 0

Ry =R, 4R, |f:| 0 0 1}|
| 00 0 0
dimw=2
We ki that dim W dim W=dim ¥
2+ dimW" =4
= dimWw"- 2

Hence proyed.

e Tor e detoil af www.winsomepublicationin__ )
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Qs Let M, denote the vector space of 2 %2 matrices over the field of

re:I numbers. A linear transformation T : M,— M, is defined by T{A)=4Ap
21 )

-B.A, YAeM,andB = |:1 ] then find I T.KerTand trace of T, (2014)

Ans, Sta.ndard basis of M, is
{En E E.“, '-'-}

B-Be | W'ﬂ ! 'F ] ll].‘=r‘} 1
MEISRB-BY, 0 o[t 3] [1 3]l0 o [—I 0,

Tie, )= = (e, Tl —{])e +0e,

Te)=c,B-Be. o|° 2 170 1] |1 1
= CuB-Be, = 07| 3J (1 3o o L0 -1
—[J)c” f]}e,ﬁ[ﬂ]e 4{ 1}::
H|u 07f2 17 {2 1770 o7

Tle,)= e, B-Be

=711 o1 3_|_L1 3J|[1 0

-1 0] '
E —I ].J =(_1}GJ!+{ﬂjelz_.{-!:]'eg'+{1.}eza
Similarly Tle)=e.B- Be,,

_[o oz 17 J2 ﬂﬁ 0]
Lol 3Tl slo 1]

{u ~1 _
=1 f]J = (e, + (-1, + (e, + (O)e,,

|f|::| !k o7
| R
mathxx{ﬂs,s“ -1 0 -1
y |_0 -1 1 UJ
II{TJ=D_']_{”+GI =0
J 0 1 B ~1]]
! l{ ﬁ'[ﬂ ~fﬂ 1|[' olf
| ]
1 [-|
|—1 0 o | Reduced i, Echlon form

BSec, = Math | - Liniz 1 - 2%

1
caE [0 -1 0|
R, =i, R, |[i : 9 _!i
R, =R, <R, -1 0
— R |
|_'E' 0 0 ﬂ'l
[0 o ¢ 0]
Echlon form
7
Basis of T, (T)- .«|'I 1ﬂ|' ” JI!
1o —!JL—I E'.Il
p(T)=2
dimker T=dim M, . (1) (= UsingR.N.T)
=4-2=2
|'_a h_l K T
Let [ © dlh gl -
. Tflra bT)_fo. o]
B '\Lc "llzl |U 4
h 3 07
» |a |B Blra b |ﬁ |
. |_'=1 b-lll—" Il |r.. ﬂr& b1 |ﬁ G|
o |L d|T 3 |1 '{JL-: dl [0 ﬂl
|2i-! +h .ﬁ.-'-Jbl [0 U]
33 =

[2e+d e+3d] 70 o
= i.'l"l'.‘lﬂ =bta,a=¢

2 b] [a b7 [at0b 0a+id] [t 0], [0 1

Le d]"[c bral [0a+1b Lavin] o e

]

KEIT=!|_EL b |.,1hER
e a+b fL

Bﬂﬁ[soi‘KerT’-‘ [|f D-lllﬁ II||JI.
LU

\_l 4 _ :
Visit us for more detail al s wn w.winsomepublication.in
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41, [x x4y R
1,1 e
IS

Find dual basis to the ordered basis

Q.6.

X=ULAL 3L D2 -, T of IR R {zum.
hTil Givenibat X ={(1,-2.37,(1, -1. 32, -4, 7} |
et X* = {f.. L. 1.} be the dual basis ol X,

Let{x. v, 2) €R° i
ovzi=all -2 30+ L1 1 2, -4, T mmema {I}

=5 Gp+2y=x {:l]l
-de—f-4=y UIn‘J
Ju—-f+Tv=z d1v)

Snlving eq (i), (iii) and (iv) we get
a=-3x-3y-2z
B=2x+y
T=x+2y+x
Putting the value a, i, vin eq.(i) we et
filvvz)=aef(L23)@Bot (-1 1)eyo £(2,4,7)

flnyzi=u=-3x Sy -2z
Similagdy fix,wz) - f=2x- ¥
xval=y=x42y+7

Q.. Prove thatanon-zero linear functional on vecturspace ¥ is injectiv
ifandonly if dim v =1. (20041
S0l Let £(#1,):V = F bealinear function and injective.

= Ker f= {1

Using rank-nullity theorem for

= dim Im [+ dim Ker f= dim v
= dim Im = dim v

Since image s Subspace of
‘ dimimf = dimy { - dimal field isalways |}
o |

dim [ | Lll or |

If ditnIm = 0,
= S which is noy possible,
dim | f = |

Ty o
L . i i e
A e GE T e oo )

BSe 1 - pa | Lnir 1y

Q8. Let Vand W he vegqygy SR Over the fogg g
transformation from Y it W, 5“l’l""-‘il‘ that v
prove that
rank (T} + nulljy ¥ (T =dim v
We have prove thy
rank () nullity 7 =dim v
Proof- Letdimker =
Let 8= fa, i, i, 4,4 be the basis of ker T

Smee S is £, subsey ol veclor spage V. Therefore it can he exiended
to form a basis of V.5, v
Let§ = {a,a,..., a b, b b | be basis ol v

dimV=m+y
Since’ 8, gencrates V. Therefore IS, ) generates ImT:

- 30

and let T he lingay
is finfte oj mensional, Then

- 2
Sal. (2015)

Ti5, = HLEN L 12— Tia ), Tib ), Tk} . T(h J}
T5)={0,.0 ... 0, Tib)T(b.)..... T(b. )} .
LetS = {T(h, ). Tib)....... T(b )} generates IT

Claim - 5. is busis of [ T-
For this it is sulficient o prove that 8 15 4]

Let w 1ib)) P T+ wn:t“'['{l:-"]‘ =0

1 T{ulhl I 1 +-‘_anh",1-—(_}w fo Tis T}

= b+, b Faeh = ker T

= ab +oob b tab =pBa+ Batvii... Tvpal

= )z, vi-—Bla, v v oo TV-BJam e+ a b, 4 vash, +v,,... 4 vieh
=0 =0y

= SRR = s =rf = se=na =0,

Therafure 5, is £ and 5, is hasis ofl T.
dim [.T=n=m Fno.-m-=dim V-dimker T

= dimV -dim[ T+ dimker T
0.9, Prove that any two finite dimensional veetor spaces ¥ artd W defined
erthe same field are isomorphic ifand ouly i they have the same dimension,
(2015)
Sol, We have to show that
Vo w & dim ¥ = dim W
Proor. Necessary part -
Ley VoW
= 3 a linear trpnstormation
FiW - Wowhich is onc-one and onto
= KerT=10t  and [T w
Using Rank Nullity Theorem
dim Kee 1+ dim 11 dim Y
L Vsl us for more detall ol ¢ W ~_~_¥-ﬁwgl_~1r£!!fi_11iuﬂ_j
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PACE Ol linear trap
bspace af W an ni

Q.10.  Define ranges space, nnll 5
= W, Show that range of T jy 4 su
e s i subspace of V.
Let dim V = dim W = 1 { finite) Ans. - Range space ol a linear transgy

= e LetT:V o Wheg linear f
o " ; Ty r e y mear ransformation, The range of T,
W= Yo . ¥ | are the ordered basis of V and W respectively denoted by R(T) or T(V) is defined 33 T(V) = [T(x): x o . i .
defincamap TV — Was '  Null Space: -

sformation T - v
il space of T js g
(2115)

atinn: -

Tk Ytk TE A ok v P TR, ST LY LetT:V — Wheq Jinear1ransfhrma1jlm, The kernel of T, denoted
{1} T i linear transformation - by ketT or N(T), is defined as _ .
Let T TR R, X, ey KerT={xe V.I{x)=0¢ Wi

PEBx Bty By €V Ker 1 is also called the null space of T

And % !.l. eF . Mow we prove that range of T is g subspace of W and null space af
Tha= 1B =T(LOw, Guap )x +, (Lox, @p Gfs)xs 4, Tisasubspace of V,

' By definition, range of T i

......... “h@a, @pop, )k, RIT)= {Tix):x e V)

. . e ; L
={(roa)e(nop Iyt (R Oe; ) ®(u OB )i¥s QL. IfAisareal symmetric matrix, then prove that there exists a real

e symmictric matrix B such that B = A, (2014)
"""" T “"GJ{“JLH'“GE" J¥a Sal, I A is symmetric over R,
T ' ’ &1 1t 15 o1 izahle
= Moyvi +, Gaynty i Fog vy J = By + Pavs + By, ) Theaitis diogonalizab )
S s n¥a ) : ( Ak : n} ' A=PDOp-! Such that D is diogonal
=xT({al+, nib let B= PD_ P such that D, is a diosanal matrix whose valucs are third rool of
g l 2 ¥ E
= Tis lingar transformation. the matrix so we get |
(i) T is one-one - B= PD;P_'=PDP T=p
LeiTia) - Tih) :
Y Tyt oy =Py + By wo. = By, Let u, U, e R(Thand e, [}, € I Then W=Tix, ), u,=(x, ), forsomex,
= (o =Byt (e —B v+ o Pl -y =0 A
g% Ry e » =% we have,
= (e, =P =0, (a, g A T =le, —p)=0, :
= U:_—Ijl,n:=|"i___ ____________ 0..=-|-5.- =ﬂT[P\|:'_ﬂ{ij
=5 a=h
(iii) T is ontg = Tiax,+ Bxs) (a5 TisCT)
o Tiv—w is one-pne. .= r[.“:l W'hL:ICJi:{L\: +ﬁ.‘{1 F="s o
= ker T= (). ! iinceT{x} ER(T}, s0 au, & pu, & R (T). Hence R (1) 15 4 subspace of W
= dim ker F:I il By duﬁn!lnn,kur'l' =lxeV:Tx)=0=W} : ; .
By Renk-Nutliy Theorenm ' ; ©RNOW it T (0) - 0and so 0 = kev T that is ker T is non - empty:
. ; ‘v e kerTand o, ff e F
diml T = dimy - dim W

= dimV=dimW)  thenT 1y Tiy)= 0. since Tisal.T.

i =y "ehave Tiax 1 By) = Tex) + PT(x)
s Lniy i = OHR0= 0
ST a0 e, s, ]_"' OX iy e Ker T
Thereiore W oa W I'-'“'—"L‘ ker T 1% 1 huh-,[-.;“;u ol V.
T AT " T e e e s rpbbication.in
r_JEE—UlImﬂ _llj_T__ ; e [ Vil s T mmrore detail Illa_“_"!m"_!‘.“um” L ] i
Tl ww "'i""'irlﬂllll.'llIlljliq,"'ulfujb,lll_.__.n' T
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Find the dual basts of the hasis

Bae . Math 1 - Uit Il - 34

Q2 B = {1 -1, 3, (0, 1,-1),(0, 3,-2)} for R (R). {1“15: S{;I'} -{vL-?l \}L E(!:,d:] F;e ﬁ:ilj dimenging VECLOr Space over 4 field B
Sol.  Let JL“ (-1, 30, 0 =(0, L-1), a,=(0,3,-2) Gk T :I,{Iv -+, Jirfw 4 ]]']l'n:: £
;l‘l:‘u:*['l B !'O'I‘ 1.\(:. ‘I)} 1 . f}j | Thl:ﬂ T:D TT:{:.:f‘+I"} _1; 6;3.4.3,.} }Ieﬁﬂd a3

: "=t 1) s duel basis of B, L .
It B ltl.fft.} 15 duel bas {Tzo'IIJ(x}-—.J'z{TI{xj} W Xev,

then fle =1, ﬂ [“: ) =10, f1 {“: } =0 Claim:- T, 0T is a £,

(e, ) =01, (a,)=0,1, (o, )=0
£ a,) =08 ()= 0.5, (a,) =1
Now to find explicit expressions for ﬂrle f‘_1
Let fnboele Rm)
(a.b.c)= x(L-1,3)+ }r{{],l,—l)+ z{ﬂ,B,—-.?}

Let wal 1)

= xq]l "-}"'D'._-, '|' 7.1:].'.3
Thisii fl {F_LIJ,U} =X, f‘_.! {ﬂ, b,C} =y
fi(a,b.c)=z
Now o find the values of x, v, z from e 1) we have
X=a
—“X4+y+iz=h
N-y-2r=0
Salving there equation
A=A y=Ta-2bh-3¢, z = b+c-2a
Hence £ (a, b, t)=a
fila,b,c) = 74 —2b—-3c
fi(a,b,c) == Jat+b—¢ -
therefore B' = {fI7F1 . }

and

85 a dual basis of B.

13, !"Er'l"r.-r..ﬂnd v
letT -y
£ rl g T¥: V1 .

Mol ViV g linear transfory
rank( 3.

s be finite d

. I
; imensional vector spaces overa field
T \ X anrd

Pation and rank (T oT ) < min {rank(];
(2016

Wisit us for o
—==1 for more etz

T YWw.winsomepublication.in _

ybe linear transro rmations. Prove

leta,b viando, e |
(T,eT, ) (wa+ pb) =T, (T {aa +, pb))
' = TaT(a)+, BT (b))
= aT(T(a)) + PT,(T; (b))
= afT,0T ) (a) +, p (T, 0T )(h)
Now, we have to prove that
mnk(Tonl} < min {rank (T, rank (T}
Proof:- (1) p(LoT )< T, )
T Vo v,
T,(T (v ) = T, (v,)

o Tisaiy)

(' Tisaiy)

Ty, = vistin

=
= {'I'zn'I'lj{v:} < T,(v,}

= 'Im{T!uTjhglmT

Since Im (T, 0T )and Im () are subset of v, and Im (T.oT) < ImT,

Therefore Im (T, 0T,)is asubsctof Im (T,)
= diml:n('l'zuTl]l < dmimT,
rank (T, oT,) « rank {T.)

P(T,0T) < T, e 1
(D) Claim ;- P(T0T) < p(T)
Using rank nullity theorem for T,and (T, ¢ T,)
F‘[Tlf]=+:Iir:r11.-'j-n;‘[irnllcn;:r'l'J RSN L
and p (1ot = dim ¥V, -dimker (T,o T,) - (3)

Clatim - gy TizkerT,0 T,

let x kerT,

= T=0,

= T:f']"JI,’x:]J = TJ (o)

- T.oT (x)= o,

= o Kerm o Ker[T.oT )

Xz ker iT, oT,)
Ker T, and ker (T, o T,}are subspaces of vector space v and
ker T, = ker(T,0 T,)

Visit us for more defail af 1 W wwawinsoitepublication.in
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her T 1s subspace ofker (T, 0 T,)

_— dimker T)< dimker(T,0oT) P
from eq. 3 ) and e e set
pIT. oY= }-x.;'TI:I ....... 5)

PIT.OT Y= (T MET, s one - one

. multiplication of a ¢ L from left side by an injective ¢ tdoes not change

the rank
fromy (1) and (5)
mnkiT.eT,) < min | AT P(T.)

PIT,0T) < {p(G).p(T,))

(.14, Statcand prove Funda mental Theorem of Vector space homorma;
phisms. {2015
Sol, Fundamental theorem of vector space homomorphisim:-

Statement - 4 homomorphic image of a vectar space is homomorphic 1g

quotient space ol the vector space,
LetT:v, s v, be v.s homornorphism
Im(T)=T {v.}

| .
Taim - ——=Tiv
Claim kerT v, )

Letker Tk —, % =T(v,)
difine arclation
f ;| = = Tiv,)
Lk )
fk+x)=T(x}), wxe v,
iar is‘amap -
|l.‘.tl.".+ xl and k+H2El:-
and k I-xlzk.| X,
ety Aox,ck
= -k, eker T (k= kr:rTj

=7 Tf".'-“:FU\

= ']lfxl,l-'l'{x?}.:r_J__
= T'"‘.J “Tin,) :
= ik PR = fik4 x)

(Wite— :

sit uy Tu e doTT

TMore detyif 37 WWW.winsomepublication.in
—L W

i [is a map, BSe - ) Uit 11~ a5

(I} Fisa linear tra nsl'urmuti;m.
lethk+aandk+h :L—' and e fle k
Flatk +a)+ Bk + b = Fik -z + b}

= Tlas, + pby- - I{k+n)="Tix))

= aT{a)+, AT(h)
= wftk+a)+, ik + by
— fis a linear transformation 3]

(M) fisone- one: -

letk~x andk+x, < ¥t
T

Fik+x)=f(k+x)
Tfa,]l-‘ 'l'fx‘_}
T Y-Teo) =0,
T{x_.}*'!"[-x‘_]n=ﬂ_:
Tix-x =0,
Ro-x, & kerT
N-x ek
ki x = k—x,
I'is one - one
(IV) [is onto: -

forall T (x) eT(v)
= Xev,

(Tea)=-T{a))
(- Tizait)

LR 1 | A TR T}

= ]":-xll.Ei
k

fik+x)= Tixh
e Fis an onto map,
B lis un isomorphic

L Ty,

v
= — Ty ]
ker T vy

Q.15 Let V) and V, be finite dimensional vector spaces aver a field ﬂ'“_'\‘ ;

Visit ug tor more detail at : www.swinsemepublication.in |
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V. ¥V, bealinear transformation. Define the transpose T
(i

rank (T') = rank (T).

Sol. Transponse T'of T :-

Let v, and v, be finite dimensional vectar sp
fand T: v, — v, be a linear transformation,
Then difine amapT': v * v, % as

Tify=tot ¥ fey,
Now, we have o prove that
rank (T) =rank (T}
Since dimw + dim w’ =din v
take w=ImT
dim (Im T)+dim (Im T - dim v,

of T Prove thy
2016,

a0 OVEr a figly

(W is subspace of v,)

—

dim {Im )= dim {ker T') = diry v; AT
using rank - nullity Theorem of T
dfﬂl[ImT-'_l—dlr]'ltké‘r?:l=df!n‘p'_.H=dim Yo i i

Fromeq.1land {2} we have
rack (T')=rank T

Q.16 Let V be a finite dimensional vector space uver a field F, Leg Vv
denote the dual of dual space V= of V. Prove that for each v € ¥, the map fv: v+
—+ Fdefined by fvig) = (v (= V*), is linear transformation and the map.
BV = V¥ defined by
Biv)=fvisan isumorphism,
Sl Wyevand $ev’ Then g(v
tomespondence v defined by

F(d) = gy

{2016}
)5 & unigue element of f, Thereibre the

i1

15 & fuction ffom v+ inlo F,
Lat  apefp and  d.oev’ Then
f(ad+bp) = (g~ bz v) lromeq.(1)
= (ad){v)e = {bipiv)
by scalar multiplication of linear functionals}
affv(d)]4 h[ﬁ»{m}] fromeq. 1)
Therefare

F‘r' 15 & ligs TR :
52 linggr transferimation gp v and thye Rt

N A T 2
W Tet 1 be functiny from & o "™ defined by

E'H'j-_-hu‘ eV
f”ﬂisnnr—-nnt:_
v wey Then

B.Se, . Math 1 - Unit 11 - 33

O(v) =0{w)
- Iv = fw = fu(y) = fw{)wd < o
= VI =dw)vh ey from ey, (1
8 OV = {w) = 0% ey
-_I> PV-—w)=0%hey
et Ve =10
= y=w

. Bisone - one
(1) Oisalincar transformation,
letab el and vwsey. Then
Blav+bw)=f

1 (by delinition ol @)

forevey g e v*, we have

lav + bw{) = dfav + bw) (fromeq. 1)}
=ag(v)+ biw)
= uf, (0]+BI (4] Hromeq:(T1);

= [afv)*' 4 [ by
= [(afv + bfw )
f{avabw)=af + b, = aliv)+ bo{w)

Thie Blav 4 bw) = afi(v) +hiw)
Bis a linear transfarmation —s
Erom v* ineg o we have dim v* = dim v
Therefore 8 is one - one implics that q must also be onto
Hence  js ap isamorphisn. of v inlo v,
Qa7 Define the transposeof a linear transformation and an nihilator of a
ROn-empty subset of a vector space, and prove that: .
(i) The tran spose of a linear transformation is a linear Il‘ﬂ.ns['urmanu n.
(i} The annihilator of a non-cpty gubset of a vector space is a subspave of the
ual space of the vector space, :

Ui} kerng) of the transpose of a linear transformation is the annihilator of

I i 2012)
W IMape of the linear transformation. ‘ (
g Transpose of a lincar transfo rmation: - r "

Let alincar transformation T4, — WV,

Then defing g nwp

VIsit us for more detail at : www.winssmepublication.in ]
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Tl . N, as
TR = 10T % e VI is called atranspose of'y |I-1’1L*i'lf‘1i'i'lr15ﬁ1‘[’|l]aTign_
Annihilator of a subset of 1 vector space; -

Let "S"be the subset of a V.S, “V* qver field *F*which is non em Py the
annibilator of § 15 denoted by *8"" and is defined ag

S=lfev": f(s)=0pvse ‘s} =
#$ e85
Claim - Tis a linear translormation
Let fp "L'; ando, = F
Maf+fg) - el+ Be) oT ={af 0T 4 et
=alfoT) ~ WpoT)- W)~ frp)
= T iz a linear transformation,
(if) Claim 87 js 5 subspace of ¥+ .
Latf g e S'and e, 5 = F
= fis) =0 and g8(s)= O, VseSand uficr

= {1fos}=0,-and|ﬁ@g{s}'—-DF
(o= f)s)= O and tf.ghis)= O,
(af+figs)- o,
(af~ fig) S0

& 57 is subspace of Y+,
(i) We have tg prove that

Ll

|
L

Tse§

v 4

K.er'l"'={|m'['}‘

T Vi — VoandT! ".,.-'._: = 1,.-';
et fe ke i
= Tif)=fn
= foT =fy

= fIi:.I‘er}af‘ur_x} =0,
= fTix)] 0. Tix)e 1T
= I’-:[II_,:T]'J

KerT' = (It ¥

:{;ll.?r;n ar::ﬁ.‘".ﬁﬂt E]mr”H"sfbrman‘un.n"r: Vi = V,isalinear transi”
T T F— ; g
(i) LetT:y | v ety » then PIOvE that T4w) wiyy pe subspaceof '

£ 1 2 M A Surfeegiye g SO ot
hmV, =12 40q dimV g0 * IR transfora o, Suppose

W b Hsubisne . v I 'I‘h'-lll
= ! TR . : V=3
'r"iam__"mun-_:l e PACCOTV, such that dim ¥
b _“_I_“_!_: _"'*'_'""'_"_E""fll_ﬂlllm;luh!im—j

B8, e Math | - et gy - 4

2012

find the dimension of T4y )
Sul. Linear transformagiyy. .

- P‘+I’-mndwzr-'*"’l}‘m""'ﬂ MLetor Space avery filed F,
Thenamap T:V, — v, is called g Jjn

(i) T{a +,b) = T(a) +_Th)
(i) T{a) = uT(a) Yoe Fand'yy o v,
Let W is a subspace of Vo Then wy have 1o prove that T

V.
LetC,.d, & TH(W) andi, peF

= T(e).T(d) e w

ar rr:msf'r:rrnanrm iff

Ya.be W

)15 2 subspace of

(*xer (V) o f(x)=v)

= AT(e; )+, UT{d ) ew (. is subspace)

= Tae + pdjew

= e+ pd, = TW)

= T {W)isa subspace of V.

{fi) Since T: 7! (W)= V, isrestriction of T over T(W)and T is onto map,

T'('i_l l:‘l-’l-r]} i T[T_I {“r}] =W= I"_LT-' cenad 1)

ker T' = ker 7oy T (Wi=kerT ....(2) {'-.-kcr'r cTHw ]

Using Rank-Nullit ¥ theorem, we have
dim ker 17 + dim Im7T" =dim{T-{W))

Also

= dimker T+ olim W=dim T-{W) { - usingeq(1and (7))
= dim "v’l -dimImT+dimW=dim T W (Lsing B.N.T) ,
= dim Y, -dim VoodimW=dim T0W) (- T jsono = ImT=V)
= 12-8+3- dim T W)

= dim TNWw)=7

01y, Define dual space of a vector space and prove that the dimension ofth

dualspace of'a finjte dimensional vector space is equal to rluniimensirrrr: ::J :I:;
YeCtyr Space,
Ang, Dual SjIa;l‘]'i?:;:::;rniﬁ::;;“i{," iy —s .I-' 15 called linear fimetion, [
Hom (V, Fy = Jall lincar functional : V -+ F)
=ye .
S W* is called dual space ol vectgor space ¥,
¢ have to prove that

im V= dlim v+ is ofvector space -
' e front the basis ofvector sp
Progr. Constrnction of o lasis of a dual spacy ¢

VIsit us for sore dedadl at @ www.winsomepublication,in
RLLINTEN (T B sin e
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Let  dimV=nand Fromeq.(2)and(3) BSe 11w - Mah I Unit1r - 43
let X=X X ) be basis of ¥ LA 1 8 Vi f :
:.':Tld xk = ff'..'l—.... lllllllll t-'{ i \\r & HCI‘H.TL-‘ 'I.r.r'k =[X*] LI
Hioth, i 3 . X* is a basis of V* and X* i calleq dusal bagi
14 [ TR o as - ¥ % 2 - 115 F_‘.'(I
Where f."l. F defined as Henice  dimV=dim V* s
\- _H il i=] Note-  dim{Hom(V ,V })= dimV dimyv
L By (]’-"r if iz]j dm‘u[l]umf‘.-’FJJ dun‘l."dlmr :
; : dimV*=dim v
Claim - X* 15 a basizs of V*,
1) X* 158 hmar independent
{ 3 u o f‘ J-FI.““-“ it -—f", Q.II'.I. Let I‘VII hEtlIcsuloful]Exz real mﬁlri:f&s.]fT:h'I! ~—bM:I§linear
el ) -15) sformation defined b ¥AeM,andg=|> :
) transformation defin ‘T{A)=AB-B.A, el andB =
= @ Of (%) Ba, Of: (x;)D.... B0, OF, (x,) =0, i) : 1 | Wen
_ find (i) ker T (i) Im T and (i) Trace o T. (2012)
(5 (x))=1 iri=j Sol.  Standard basis of M, js -
= 0 l8alB.. Sa 0= O i 6 s S={e,,¢.€,¢.} -
= ke we have to find matrix 'I'}h;=?
= = UI T{L‘”] = ¢HB=H.€
Similarlyw,=a =, . == Xl B |
Therefore X* is linearly independent. P offz 4] 2 4|ri ﬂ|
(i) V'* = X4 Lo ollr 271 2)lo o

LetgeVe = p(x)=p, wherei=1,2,3, ... n [2 4] [2 0]
Claim-g = BE+BL+... +pI J
=ty e V "

4]

00 [ H_|=I|_—1 0

O, wde t{-1)e, +0e,

- [ R w1} W 2 F Tie )=e, n Be,
f = {7 5
-,m-I.f:.r-.+r3x2*-----------+'f.r“n3 i P} 1772 & P 4]|_D f]
= ﬂ{xjf'h@']{xl}{\m.:'@fz[x :]@' """" EI-:":'rn {E}!;{K,,] -_L{J U_[J EJ“Li QJL” ﬂJ
= ilx)=r o188y, 000, @y, 00 K 21 021} °
£ fixj=y ) : :
a4 ool n 0 -1
Similerdy { [y} = W Fix 1=y L . . IL ! J
C[rn:\,uir_‘rRH 5. I ’ oy Uc bk
BEAPLA o +[F | T
s _ 5 I T2 470 o
=k af(x) hOh(x)s...sp of (%) ‘” D[ 4|_ t ”” “}
~ ! n O, (] | 4] L e
=h ey ap, o,
Conilestgac 1SN O 0@ B, 0, (2) ; o o4 {1 r—4 u'|
g = = xl"‘,-'.’{ S _LT-IP_‘“} LE JI-— ﬂJ'_ {

=4 f_lt.{m VB, Ojc,fx: [ 1:

—-4e TDL + ey, I"h:::
Tie, 1= e“H be,,

et e e —detail at : www.winsomepublication.in ]
Visit us for more deti
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o m“r: 4"|_'|': aﬂl|'n :}’|
Tloolr 2l 2o v
[0 o] To 4] [o —4’|
o2l 2Tl o
=0c,+4e,+1e,* e,
[0 1 -4 o
l4 0 o 4|
-1 0 o 1J-
D -1 4 0

rmat [\T]SS =

trace of matrix =

; i
Im['r'}-_spani

47t 07
-1 0J’|_{:u -1

J‘l—_hmisﬁrlrn(T}

p(T)=2
Ma W
Ler |_1; dJCkﬁTT

e R 4 3

[22+b 4420 20240 2prgg
L2e+d deq2d a+Z¢  h+32d

Tb-de d-4d| [0 o]
d-2 de—b |0 g
b b-de=q, d-a=0n,

Selv:ng thesg equationg - dobede
Sor et a=i o=

d=id=} h= dpc

Fi h]=_?. 4u]
le d |_u ?.J

busis of jar 7 —_J[1 “-I |_[:l 4'”
U P

4{a-dj=U, de-h=1

=

S0

:Iim{k-;-r'l"mg

(VB for more deigi
R T ——— e, —\—\_E i i I_‘—\— i fonfn
LR At wi ;Ewiﬂﬂﬂullmirrrtaij

(.21.  Define kernel of a lineay transformatip
tion T s R IR * such that ker T ang I, Tarere
1,0, (1, 0,0, 1)} and {1, 1, 0),(1,0, 1)),

transformations from U mto ¥, Then the keme
NiT) is the set ol all vectors o in U such that Tla)=1.

IS, [ Math 1~ Unie 1y . 44

. Find g linear transiorma-
Spectively spanned by li11,

] . {2013)
Kernel ofa linear transformg tion: -

Let Uil) and ViF) be two vector spaces and let T be  linsyr
Vof T or null space of T written as

MNTy={asll:Tim=ne V)

LetS={e, e, e.e,} bethe standard basig of R *extending to (1,1, 1, 11,0,
0, 11} in busis of R 4.
L L L, (1,0,0, 1), &, €} are linear independent.

T(1,1, 1. 1) (0,0, 0)and T(e,) ~(1,1,0)
TL,0.0,1)=(0,0,0) and Tie,) - (1,0, 1)

Let{x, v, 2,4) = R*

(xz =l L LT+ B(1,0,0,1)+ e, + e,

T yzwy=al{L 1,1, 1)+ 01,0, 0, 41 ¥T(e,) ' 6Tie )
= ct(0,0.0)+ (0,0, 00+ y(1, 1, 0) + 5(1.0, 1)

Tix, vz 0)={v+5.v &

Define transpose ol linear transformation and provethat the rank

of the transpose of a linear transformation is equal to the rank of the linear
| transformation, (2013) _

Transpose of a linear transformation: -
Let a linear transformation T : W, = V.. Then dcfine a map
TV Vo

T'(f)=foT ¥f = V, * is called transpose of linear transformation.

Now e have to show that

Rank (T =Rank (T),ie.  p(TN=pT)

dimW + dim We=dimV

W=1mT

i TanT 4 dim{TmTy - dim v, _
djm[lnﬂ'} + dim(ker T} :h'nl"v’j ep— ]

L mTy < (er )
| Z¥02 Rank Myl ity Thearem ol T,

dim{ImTy + dim(ker T)=dimV, *=dim¥, ... {ii]
and (i) weget
Rank (") =Rank (T}

Ia linear transformation T: IR '— IR is defined by T|(x 3.2, 0)] =

. 4 Tined {1 Do
e Won Dyeu,x+ v 3e-3n) 7 (v b e IR then find (i1 basi
anil (i) u hasis af 1T,

{2013}

T vz iey boedyn P 2e-w x vt 32 dupihe matria formean
SE I X -vt 2 ! L s

Y] b
e MR u or impre et AL wowovmsemepubiicationn |
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.5 I+ Math [
, o e = Uit J] -
which is non empty, then annibilator of g ;. X

. L o e VETE ] -
be written as | denvted by 5 ang is defined as -

o _ L i i
| f vl =i | ! Now wie prive that
[71=| o I dim W + dim W = dim v
1 1 3 -3 Jet dim W = r and
Changing echalon form : X = X, % th3 ﬂ“‘f basis of W. Since X, is lincarly independent
) . - U subset of veclor s]mclc V therefore it can he extended to form a hasis of vectar
(-t | | b= -| space "V {By Extension Theorem). Let
.
) o — % -7 - .
e L e X3 = {fofoscnf b, o Vo
RoRcR (g o2 9 4| 00 0 0 ) ; =
L b " be the dual basis o X, and basis of V*.
Consider S =1f...f .. f}
YR . "
‘ | Claim- 5 - w*
-1 1 | :
basisef ImT=4| || |} ; Letx e W
” 1 | | || = r=ox Xt it x where ¢t & F :
1 ' |
Sl = [0~ o OF (%)@, OF, ) (x;) @ .o B, OF, (x,)
Letix.v.zd € ker T, then = F =0
p ril F
_ i = f = We
L S S | A - Similardy € o Aewe
R i o thw
000 o i i (1) S islinearly independent -
RO — T Sc X; and x; is linearly independent.
g =g ; Therefore S is also linearly independent,
Let u=k z=1 (I we =[S] -
y=2k-i
=yezeu=2kehoh.k=k-2), | Brgews = X0, Psisr
50 the basis, ker T geve
(13 '—1'| n
2 [ | = g=3e(x)t
) 2 } i=l
I i 11l ] g= g{xljﬂ | g{-\j}f;"' IIIIIIIIII + g{lef“r i g{xr_l]['m e x-l-g[.\ﬂﬁ,
L) I 40 it T elx ),
E1sa linear combination of f g
014, De o : mation ¢Ff v oen i Ly
Prove tl:ﬂlll:::E the dm!ih“{“'—”’ o a non-empty suhset of a vector spact ar! P WU. ; JSJ
Veetur gpge - U8 Of the dimensing of , Sabeamuce o fa e dumensio¥ > S8 baalzof W
Btk and iy dnnibilatr, FOESIN dnen dlm We=n-¢

IS equal to the gj i wetor sp*
imension of the ve ! T = dim We = dim V -dim W

T dimwes dimW=dimV

s,
y i ” & vectior Space: - .
— : = N | k . - e e T i
[l_‘__‘_"l'uh na_j___—————l bubbtl of & veetnr space "V pvel fickd [—_ _T'irﬁrmliF..l.l.im_‘ﬂimi L -ﬂ"ﬂ'l‘"l“'h“""'““"”

——

il&_- __‘_.—‘——.—_ )
=L WWwWwinsomcpublication.n
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ne an isomorphism between tyo ve ctor spaces over the sam,
At two finite dimensional vector spaces over 2 field F arc isomor.
{2017

Q25 Defi
field, Prove th o :
phicifand only if they have samé dimension. ]
Ans Let Vo and V. be two V.5, over the same fiebd then we say 1
-im:-ml:'l'.'phic wV.if3 ale T SV, =V which is one-one onto.

(.26, Define the annihilator of a non-empty subsel of a vector space overy

field. Determine the annihilator of the subset S = f(x, ¥, g) e R "1 xy =1} of the

real veetor space IR {2017)
Sol. LetViea V.5 over field F and £V — F be linear functional. Let S be.
& non-emmpty subset of vector spaln:e V. Then the annihilator of S is denoted by
5" gnd dsfinad as -

(1

Se=1{feV*: f{s)=0, ¥ 55} ind
where, V'* 13 dual basis of' V.
prenthatS={{x, v, Zie R xy=1] =
1 = |
letx=— =
5 L
Take. x=1l.v=1,2=
I ¥y=1,2=10 L

i=-ly=-1,z=10
LetS= 401, 103 (-1, -1, 0}
then S is /..
wietzke'5={{1,1,00,{0, 1, 00,(D, 0, 1)}
Lma;=[],i.l}}.a?={{}.],ﬂj,a!={ﬂ,ﬂ,1]

i)

puefk +

tk+{a + Bb))

B.Sc, 1 Math | -

Unii 1 -8
Im{T}=T(V ) (homomorphic j mageof V' ) il 11 - 4
|

Y Vet
Lt V;!clailllf TCE:‘_T = r(\.i ] : “

define a realation -

F:{%J—}T(‘v’,} [E_ﬂ)ww]
flk+x)— T(x) ‘ ¥ oxeV |
isamap- '

Letk+x and k Fx, eV, /K
k+x =k+x

|'r'|r'i' +a=w+h"
e 'ﬁ:b. a—bew,
X% KerT = T(x, -x,)=0,
T(x,)-T(x,) -0, = Tx)=Tixj

lk+x) =0k +1)

herefore “f* iz a map.

is a lincar transformation -
Letk+aandk +be V/Kanda, e F
a) b Bk +b)}

. S . ) 3 1 (._. W+ g =a[“‘r+ ﬂ.l]_]
gefine §:miopd,
fle ) =1.f(a)=0 j'R[a =1 rfm+-ﬁh} (= fik+x)— T(x))
f EF? :.—’.I',J E:.""ld r 3 : i _=ﬂf.T{:1}+: B-T{b}=ﬂ-ﬂk'|'ﬂ}=lﬁﬂk+b} ]
iia |~ M ‘:Itaxlh' i Jf.']{ _::l T[{--tlti !iulgﬁlmtﬂr lransformaticn.
Lia, 1A Lidla =0, [{z )= ‘. s i
Letix, vz} e p and S_is. b&‘:t;[ i} EJ‘ fa) - 0.fa)=1. 111 is one-one -

.;;_5-_5--. Ba+f 1'+ ”_ EE ! I Letk txandk+x e Vokand [Tk+x )tk +x.)
= e,,_u._.qi, B _;’r; If’s'*-»‘ Bl 100 +[.00, 1,00+ B,(0,0,1) o T )=T(x)
B BBy "}. T T )T - 0, = Tix,) + t{-x,}=0,

A=z I e i T[ﬁ.-x\J=D) (T isa lincar fransformation )
i - i N = "
il L A B 0 PR X-x,=KerT = i-x ek
o B TR b=y ox Ly, : 3 e
Then i1, £.1.1 is dual basis org ar{i 15"-4 o v T X =K bx (w8=heW > wia=w+b)

15 15 anmhilator of 5§, !i‘r} ™is onto - E
Q27 Stateand .
g Prove the Tung : 7 T(x)e T(V)
2::Imms_ . amental theorem of vector space Imn:t;l‘l'l;';,‘-“r' Xev ! N KixeV
bl und ! + i
ann::lla! theorem oy VEClor space homomorphism: B, T_[’g+>;]. T(x)

HLELiEnt spape of {h-.m.m.“m“mhit image of a veeror : \HE:FI’ ; nl‘;lur it it i is an onto map.
Proof, - * VECILr space, Bhce 18 ispraorp Fis an isomorphim.

SV oy be 2 vpp L Y LTV

L—J’_\LF’LW_K@_W%ME‘”&& | = =T(V,) i KorT (Vi)

Lat

norphisin,
- g TS
W winsomepublication.in ___J

'I*.-

T

180t us for more detail at @ wwww ‘.'_“‘""m""h“t““ﬂ"'m
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Q8.

Prove that range ["l“' ~ Kernel {1} = {“}

Sal Lot TV — V be a linear transformation of finite dimensional vey

space over field F such that
P =p)
Then we have to prove that
RerT (1 ImT= 10
Lot To% = W be alinear transformation

T* -V =V be also a linear transformation using Rank - Nullity theorem we hi

dimker T +dimn ImT = dim v
hnd  dimker TP+ dimlm TP =dimV’
respectively then from eg.(1) and (ii)
dimker T+ dimIm T = difm ker T2+ dim Im T?

DR ()
sinssiiak i)

Define rank and nullity of linear transformation. Let T he g ”ll-'l!;

; i i aoa Xt kiTH=
operator on a finite dimensional vector space V such that rank{T%) m(nmuﬂm" (T} = p(T)

T . B.Se, 10 2 - ] :
TV, 2V, islinear irg " I Math £ it )1 - 50

nsformatiog,
Proof: -
T:V,

—+ V. isalinear transformation the,
theatemnt.

nby (R - N) Rank - Nullity
dimker T+dim Im T'= dipy v
— dimker T+ p(T) =dim ¥,

I o (i
and T': V) —» W

is also a linear transformation, then by R-N theorem
dim ker T + dim ImT"= dim v*

Y dimker T'+ p{ T = dim '

dim V' =dim vV, =

dimkerI'+p(T) =dimV, ......(i)
i dimker T = dim ker T2 [ p{T)=p(T)} Since, we }_cnow that %mT Isa subance of V.,
i ker T =ker T° ket T?= ker T ber T i nsits — dim ImT + dim[dimT]" = dim ¥, eeeenens T}
= crimherlt = kerT'=kerT {- kerTisasubspaceo kel hom eq.(ii) and {iii)
e T = xekeT , dimker T+ p{ T} =dim ImT + dien [ImT]"
= Fix)=0 = Tix}=0 w11 = dimkerT'+ p(T" = p(T) + dim[ImT}" S (11
Let aeker T ImT e ackerTandaelmT _If_iliam- ker T'= [ ImT]*
g ‘Letfe ker T

= Mal=0and 3 b eV suchihat T(h) = . 4 : 3

: = T(b) o =1 T{f)=f, (zero lincar fonction and by definition of Ker T
= Tla)=0and I bV such that T(T(h)) = T(a) = folT=f {from definition of T7)

f e % = iy 11§ . r
” T(&)=0and Ibe V such tha[T’(h}:T{a} [ (foTix)=fo(x} (by :I:,ﬂm:mn of equal mapx V)
= THb)=T(a)=0 = THby=0 = f]=0 {7x eV
= Tib)=0 I Tx)=0 = T(x)=0) (% TR)=0 (T{x) e ImT=T(V, )
— a=i : ) g I'e [lmT]0 {by definition of Annihilator)
= = (- Using (ii) ) Hence, ker Tr= [JmT)
Henee  KerTMmT = {n]l, = Idim kerT = dim[ImT]" V)
from e.(iviand (v) -
29, ) | dim ker T'+ p(T'} = pi'T) + dim(Im T

3’the !m::ﬂne e ranspose of a linear transformation, Prove that the™ = P(T)=p(T)
Lr space uf em::hn: :i ear transformation T betwecn finite dimensional!
Sal 'Irﬂmp-us:;:x :;Eld is equal to the rank of T, @ Q.30 Let ¥, and ¥, be vector spaces over the same feld Fand T V, =2V,
LetV (Fjand v ff'b : .near transformatigp: . L surj m:ﬁwllim*nr transformation. Suppose that W is a subspace of V', of
lion And v , =IO vetar Space and T i VI - V,b:& |1'I1¢ﬂ1'|m”5fﬂrdjmfﬂsilln2,lfdim\’.=?ﬂ“d dim"q.‘rz=5,, then find dim'l""t“'l. {2018}
Let t' ‘-,: A 1\\ ' dual space of V and v_ rc%pc:;iwlv Sol. Let us define a map-
s e functiong) P & T T (W) V, tive map]
g B S0 lwin |ipeg i : TTV (W) =W £+ T is a surpeetive map
T e THMARIS gy g ) % [ (W) b e ion T over subspace T W
'Ilu-uremtl F o linea functiong) e ?mr"""] 'is restriction of linear transformation T over subspace T (W)

Us fur mygpe detailat:

TUT (W) =W

] e --.m-.wIus?\ﬁl-.lp||Ilfit'=1tlu||.in _j
; Visit uy for more detall at ¥
T WWYW.awinsomepublication.in - LE“_———
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dimim T'=dim W I

- ImT" =W R s |
= dimimT'=2  (-dimW=1)

Since ker T'=ker TT (W)
<owe koo that,

ker T T (WY ¥ W subspace of V,

her T =har T

2 From Rank-mallity theorem,

dimber T+dimImT=dim V,
dmker T-dimV -dimImT
dimkerT= dim‘\-"l = dimImT =7-5=2
Again by Rank Nullity theorem-

dimker T' + dim I T'=dim [T {W}]
= 2 3 =dim [T (W)]
dim [T {(W)] =4

Q.31. Define the dual space of vector space. Find the dual basis of the du
space of R relative to the ordered basis S= (1, 1, ), (,2,00,(1,1, 1)} of §
Sol. Dual space: - [

Alinear trousformation f: V—» Fis cilled linear function if,
Hom( v, f1=1{ all linear functional - V=Fi=v" [
2nd V' is called dual space of vectar space ¥,
Here s=-[(1,1.0}4;1,2__01,{|,1_.1}}
X, Al "
L) 2 3
LetS+= {f‘;. .. 1.} be the dual basis of 5,
Latixy,2)epre

B.5e, []w. Math I Ui g1 52

Subset of a veetor spae %
oo RO sprace IFY jy
CLOE Sprace pyep y fiehd )

.32, Deline the annihil

T ! .'Ilﬂrﬂni'uulr.t-wu”hr
linite dimensiong) ve 5

prrove Uit and Wis subspace of Vi then
dim Wt dimpr = dim ¥,
Where W' is the annihilator of W, {2019

Sal. Annihilator of Nom - cmply subsei of 4 veetar space by -

LAI:[ “5"be the subset 1 vecior Space "V aver ficld F which ix
non-emply then annihilator of is denoted by "™ and is defined as -

g =.{|“e‘lr“ :1‘(5}:(}F*ﬁ’5t5} ="

29 I, es
Claim : 8°is sub space of v,

Lelf g ES'andu . fel

= t’{s}=UFar]dg{5j=DF TicSanda.feF
=4 (h::';‘.-f{s}-—{_}F and Foes- 0,
= @hE=0, and  (Bgs)=0,
= (ot Bhis) =¥ Tic S
wfi fgeg?

"l

5% 15 subsace of V*.

" Nowwe prove that

dim W+ dim W' =dim ¥

dim W= rand X xx, s ki
be the basis of W, <
Sinee X is lincarly independem subset of vetor space ¥ therefore it can be
extended 1o form a basis of V.S,V (By extension theoren i

La

VR Ya2)= oL LY+ B(1,2,0)+ 4111 2 .
= o+ Py WL ( J Let X = “.,J}--------f'pr..u------ﬁul =V be the dusl basis of X, and
FEfidy=y 000 0 . FEER {? basis of v
e 1';;4; [ Cﬂnsjdcr,‘{,: {f.:ll‘f;'-_" '""”‘J-I}
Fromeq(2)and 3 bweget 0 el Claim: -
P B=y-x ; ' S w
e e Valuc of y and g iy £0(2) we ey L Let xe W
"J"'::'-I".—z =y d I & i : :
i " oy | = K= X, +H X, o TN, where o & F
W Putting g value of g B.yin el = £ {AJ = 21, (-“l_} W, OF {11}8-""""4’“r ef, ()
T R - |
Bl oy 7= “ F i 1]
i “:r; .E.H.i.fa"!l%ﬁ-_?_.fltf__z,UJe.rrr.-_?;.Fl(!,].,” = o ixi=0 = f[,eW
r."r..'-._,_q: ._ : ' Similariy fcw'
Sty [y, ¥ £1= |f)‘- -,‘Ir N [ e e
P = Scw”
r"‘-F-ZI*-w_ N o iz hasis of WE
R / W owe prove that 5 is o basis ¢ ] _
Vst e ——— y TN e e e detail af - wwwowinseamepublicatiog i
_ﬂ!—lﬂ—mﬂ ‘I*'ailmﬁTﬁmﬂuﬂ T [..__ Visit uy for more detail at @ wwwwipsomepublication.in__——
——0 0 Wwwoninia el il el bk

Micatiomn.il
S
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(1) 8 is linearly independent

S ¥ and X is linear independent. Therefore § 1s also lineg
[ B 5 K sk

independent. (- Asubsetof L1 setin L.L)

(anw=1s)
Lot geW' = g(x)=0;,  1<i<r
pevV = ?-L:"Zg{.xi}ﬂ
B =1
g={x)f Tl )+ et O+ p(x Lt e
e=alx 0 et plx )
= g15 3 linear combinationof £, ... f.
~ “=|'S]
- %15 a basis of W
dimWo=p-r
dmW'=dimV-dimW = dim W'+ dimW - dim Vv

)33,  Definean elementary matrix, Write
1 1 I",
gt= 2 —2 [ = MS(M}
ooz,
a4 » product of elementary matrices,
Sol. Elementary Matrix: -
A matrix obtained from a unit

trensformation is called an el

EmEntary malrix {or E-matrix),
Given thai

11 1“}
A=12 2 LleM,(g)
0 0 2

Mo :
.-F | | (] 0 ﬂ\'
220001 gla
0 n 2_,. |“ fl |)|
| P ‘1 0 o
R _’HJ—ERI ‘“ o I -2 1 o|a
ol 2) 1o 4 |‘
detaj —-—.-._—n—:'_ ]
clail ug . Wik, “I—'EL._F'”’”C“H““'"!

{2019

BSe - Math 1. Unit 11 - 54

matrix by a single elemen!an C, =G, _EC

R, > R,/2 ‘“ -4 -1|- L H|ﬂ;
@0 1) oo uleU 0 1)
(r Loy /1 o -1y1 0 o 1o o
R, >R, -R, - —I|=|1} | l:'J'|ﬂ [ ||—2 I 0
0 0 |_~1] ] [Jl[.n 0 1z)lo o IJ
€, =C,-C,
(1 0 0y |f1 0 -1 0 0 (i 0 0 lfr 1)
0 -4 -1|= Do 1 || |AEI']D|
o L)oo o jlo o ez 0 ﬁnt)
R,—R./4
L o u o 1:'.“““: ] —J'”‘l o 01 oo n“l
0 1;4| |n 14 00 1 00 1 o -2 1 0
|un 0 0 140 0 12)lo 0 )
(1 -1 0
0 1 ﬂ|A
Jkn & 3
1
(Looy o 00 0 -01 o 031 o o)
u_n]mn| r:i|nr EI|—2]U|
LU I I[] I_II"D ﬂ‘ ]_.”\1.:' ”E If'Ejkﬂ rﬂ ]zn
| d] 1'-
1 -1 0%1 0 00
0o U“ﬂ 1 —1i4 |A
N IR ﬂF [ n
So A = EJ'E;'E;'E]'E; 'E;’
Or A =E'E;'E'E,'EJ'E,

i . el at 1-\1-1'n',uInﬁml1ﬂ!u_h_li|~:r--'-
Visit us for mare detnil )
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Q.1 1f a lincar transformation associated with a square matriy j,

nonsingular, then prove that the linear transformations associated with !

matrix will be non singular, {2014, 16

Sol Let A={a ] be nxn matrix over a field and T, :V -3 V¥ be a liney
Sol. £ "

transformation associated with *A related 1o ordercd basis -
Ne=dx, . ¥ b

Ty [ %, ]=Eﬂ,_rx.- ) A ..fl}
i=l

Let T- oV —=Vbe another linear ttansformation associated with matrix ,-1.
refative 1o hasis,

A={nLx RE— R

T"‘-. |—Zﬂ” X \;,-j'

e 2) |
LetT, be n¢n~sln1_u|ar.
Claim - T. 15 non-singular f
. I :
= K= PR J—l,l, ....... :]'IF* }{:txl;]' 1:2----1"} |
T |
Ve
Lilx)=x; f + Li(x) =x, [
Ve
T, |
L, and L. are sransition map which | '
= P which is one-gn at | i T,
Rt i e e = and ontw that is nog singular. |

LOTOL =T |

(%, )=t nr;( ) '

LfJTrﬂ {:. } f_Ur[J_

|
;
i}xi

[t (x)) 3

|

r

|2|- IL r“ | Z.;_r X =

JF{I'“r_.: u.llh i ”"Idp [

I_er =1

Th-'“r-u{-Ic' T, is nan. Singular
——

Vikil

U fur mgre, :lLlHl] ul

iy T
————l"'_“ '”‘rlum-p u hrn .unm in __-:I

bLou

1,?0'1‘,4)1., is non-singular.

LOT, is non-singular,

Fag non-singular,

BB 11 Mk 1 - Unit I1] - 56

(5 L, is fomn-singuelar)
(- L.is nen-singelar)

Q.2. Find the inverse of the matrix

3
2 3 4
3 4 6
and hence write A~ as the prodoct of elementary matrices, (2014
Sal. Criven that
|"1 1 3] 1 o o]
A= |2 3 4|| 13:||n 10|
(3.4 6/ o0 1]
R, = (R, +R2.]—R3
11 37 M o ﬂ-l'
23 4| |ﬂ i_ﬂl
00 1] L '
R, R, -2R,
ig 3‘| [0 0]
|u 1 =2 N 0f
0 0 1_| ro oy
R, =R, +2R,
11 3] |I| 0 0'|
0 1 ﬂ| 032
0o 1] SHE
R, — R, 3R,
[ 1ol [-2 b -,?II
010 | 3 Bl
[N
00 1
E{|-§R.—R:

r“_ I

-.mn nllmrnml:lihlu ation i ]
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M 1ol
llﬂ i [f|||
o 0 1]

(1 1 L‘ll
A=01 D|
111
R,—&R:':R
o o
A=0 L 2t
g0 1]
R, —=E -R,
I 0 0
AT=(0 1 =2
R
R.=R,-2R,
|] 0 n
=21 8
10 01

02 Define row-rank and deig
rew-renk of & matriy s equalto b

AlS. Row rapk- -
Let A

u:
| .

3|
Therefare 4 -

L%

Ruwsara .

Visit us 1,
L‘_‘____'ur_tﬂurt delai] 4t

@y

.

CESe 11 - Masth 1 - Uit 101 - 59

2 - -5
|| 0 31 2
1 L 1

R, — R, +2R,

P 0 {J“|

|2 1 1:1|

100 1]
R, =R, +3R, Ry—R;+R,
10 3] [1 5ol
010 016
00 1J .[n 0 1]
R, =R, -3R, Ry =R, +2R,
10 31 L1 0
010 010
(T 0o

[ | be nxn marr over field F,

——
_‘.‘l‘l"‘_’llhﬂl!u_-puhficatiun

rminantial rank of matrix and prove that
¢ delerminantial rank of matrix. (2014)

JAn

B B.Se 11 - Math 1 - Unj

L T T o) e fo ath - Unit 011 - 53
Ry=lo, .0 ........ SO e

Rm=[u,"”,n"q, ......... S ) e F

5={R.R,..... B }eln

LiS )=T8 ] = {all possible lincar combination of element of 5 |

[5,]1s 4 subspace of F and is caljod a8 row-apace of ' A’
of row space of “A’is called row rank of A
Determinantial-Rank of a matrix: -

. AN mxn matrix overa field Fis said to be of determinantial rank *d' iff
there exist a dxd submatrix I ol A such that

apd dirpension

D]« O and determinants of all submatrices {d+1x(d+1)iszero.

Let " A’ be mxn matrix over a field *F’and *d” be the determinantial rank of A and
‘t” be rank of mateix.

Claim: -d=r

Since *d"is determinantial rank of A

—1 there exists ded submatrix (D)ol Ade D= o

= 17 is non singular,

o p{D) = d{Because the rank of non-singular matrix is equal to order of
matrix, ) '

=% all d-rovws of 12 are linear independent,

= Those d-rows ol malrix *A" which are contributing the elements of D
will be linear independent.

= d=, TR I ||

Letrank {A) =r

= row rank of A=T

= There are ‘r’ tows in A" which are linear independent. Consider a
submatrix ‘3" having r-rows of *A'which are L.1.

= row runk (Bl=r

= Coloum rank of B=r

3 B of order rer submatrices of B thence submatrix of A) by those r-
1

: .

colums of B furmed by those coloums B whichare L1
= plB) 1

= B, is non-singular.

= B, = Op

— <d J— ]
— I" &

From eq.(i) and (ii}

=d . T T
‘%'i (Tus Tor more detail af  www.winsomepublication.in ]
s for mure GEIAR S — = ——
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e . > atri ;
04,  Define adjoint of a square matrix. IfAis nxn [n _2'} matrix, thep ‘ I] 4 3 2|
4 12 3 4 p_

NEmR (W] | Lt 2014 i+ - R,
prove that adj adj {r‘”} A ( ) |_ﬂ 011 || I '
Sol.- Casel-Whenn=1- |

N 143 2
5-=||& Blh"x"' . . 8
Let : y 5 | B LEL |D 2 —2| R! —
Al 2
oo |
_ . L
adjA B P |
Tl 8] ||432'| :
' b 1o - R <R 4R
. o F.I -2 2 e
adjadjA :|L" 3-|=A=[!.ﬁ.|} A .I[] 01 ] J|
Casell-Ifn>2ornz 3 0 :
[y If Ads singular: - [] 36 e
_ 010 - =
Fl|__-'ﬁl-]§|'|—] Z'l!]d. |.-J'|.’ 'Ul- I| C; F.1 2':1
III"J 50 O
= pladid) =1 and |4/=0, |
=4 piadj A} <n-1 = piadjad) A)=10 ' [] 0 0|
= adjadiA=0=0,.A= (0 ;24 010 - G =G -3
= adj adj A= (|A-4 | l[:' ¢ |
(i} IT A is Non-singular; -
Ll;.ing ad_i.nth theurc‘m for adj 4 [! o0 l
_ a _].-";.. a:,1ja.dp'.u=.|adm|ln _ | o1 n -1 -0+
Alad] Aadjadj A) = AfjadjA Tn) |1‘J 0ol ‘
= iAlln{adjad)A)- [adjA| AT | :
= [AladiadjA) - [adjAl A r
= Aladjadi Al =(|a[rt A ‘] %9 D| : -
..a_- f"‘ifmfjﬂﬂjﬁj=|A"|[|A|]f*',al | o100 C - C-C
= edjadin ={|4/ 4 0011 |
Q5. Reduce the matrig | o000
1 4 39 ‘ﬁl 1 00
a=l1 3 3.4 LU U
2 6 7 5| . CULH e
Nee play=3

| 0.6, Let V= and T: ¥ Vhea linar transformation defined by T,
u £ L = H
I"f. C)=(a4g,2ath,-a F2h e

Ind (g gy triy of Twith respect to the basis.
e g irix of T with resy ——wwwinsomepublication.in J

__ Visit us for mere detail at: W

‘ 43 2
Sol, ca=]1 3 34
75
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11,0,1), (-1, L DO, L .
Sol.  Giventhatv =11’

and TV —» V be a lincar frausformat on defined by

Tia.b.cy={a+e,—2a+b,-a+2b+c)

LetS= fa, = (L0, = (-1 110, = (0.1)]

from eq.( 1) we have
Tia, ) =T(L0O,0 =220

1’(41_\:1[—11!1:]-_{{,"11,4)
Tia,) =T(0.1,0)=(1,1.3)
let (2, -2.00 = xo, + o, = 7o,
22 =x-vy+ex+y+7)
implies x-y=2,y+z=-2x+y42=0
After solving we get
i=ly=oand z=_2
S L) =(2,-2.0)= e, -2a,
Similarly (0.3.4) ={z-v, v LAty )
implies x-y=0,y+z=13, x- y+z=4
Solving we ge
x=l, wv=landz=12
H-L L T)=(0,3.4)= e+ + 2o
Sln':i!.aJ'l}' fi.],3}=|f.1-'.—}; ¥ v % ¥=z)
Key=l y=zo | x4y—p=3
Solving we pet, ¥=1 x=2
T(0.1,1y ={1,1.3) =2r1|—r1
Hence the matix af T wirt '

basics = [o, =(10,1,a, ={~LLl},e, =(0.1,1)}

20 =2
i 1 2
2 |:|J
Q'T' Shﬂwlhu
Sﬂht“ I"!,-'J-?:G
K42y 5, =g

Hay+Ta=30

Visit uy'py
Fmnn
= dﬂmlﬂ.:_w““-winmmf uh

B850, 1= Math 1= Unit §1 . il

T _ !
and sobve thym, e ﬁ’x+2""431:"1:1""4.';""'7123!]“'-“:”“{5;[:;.‘

@0y

H.5c | Math | - LInit 101 - 2
11 g 7

23 )
L1 4 7 30

R, Rz—Rl Ri_'}Rg_RI

111 6.7
|[J 1 2 & |
03 6 2]
R1—>K]—3R1
|'1 1 G'|'
021 8|. )
ln 000,
PIA) -2 p(AT)=2
Henve it is consitant
Ety ooz =0 il 1)
. v-o2z=¥E
leix=k
then v-ir=f-k
y+le=§
-z=h-k-§
ap=afisR =5 s=k+2

Pulting the valuc of x [zin _..{1)

k+y+tkt2=6 — y=d-2k
Hence x %k, y=4-Ik z=k+z
Henee there is infinite no. of Solution.

L8, Define thu;qﬁjnllur of asquare matrix and prove that
adj (AB)=(ad] Bi(adj A}

Bol.  Adjeintof s Square matrix - _ . .
! Let .e'k!—' {a ) be an n-square marrix, let C, be the co-factor of

: ix [ C.]' = colled the adjoint of the
4 then the {ranspose of the matrix l":'.jll that [ 'J] s ; LJ The 4 ore A B s
matrix A and is writlen as Adf AL et Aand Fare non singular. Therefore A B is

(2015)

#lsor non-gingular

By adjoint thearem for A.B o
i 4, Radii A Bl= (AT e
Consider _
(AR adj Boad) A) e
[ Visitus i pare doetail af: ww w.ninsemepublication.in
_ Wisitus for more detnliag: 22 2t
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— MG adi By adi A o i o T = B.8e, 10 - Math 1 - Unig 111
o :{Li_?ﬁh adi A {by adjoint theorem) |or basisofker T={(1, 1, 2)} M-
—-!E'I[.b..ln‘l adj A ; Q10 Define rows-space of a matric e
. _ 0. ¥ trix, "
- B(AadiA) " oirin P inda basis ofthe row-space of the
= B A [ty adjoint theorem)
=(B| Al In [2- 4 6 0]
= (A, 2B} In (commututive property of field) 1 4 04
=AB In |2} ‘ 2 A 3 1 |
Fromegd ! hand (2) i . : 2032
CACBTad) AR = (AB) (adi Badj A) : ‘ |
(ABY (AR ad] LAR) = (ABY (AB)(ad] B.adj A) 4 6 4 *'5|
adjfA.B)=adj B. adj A 1 3 4 3
Hence obtain the rank of A, (2012)
M o 4 . , : %ol Row space of a matris: -
Q2 LetA= L1 4 &M, (). Find the basis of ker T.  (2012) LetA =[a ] bean msnmatrix over the filed . The row vectors of A
AmE.  Giventhal _ Ire Lhe veciors 4 R ot € ¥ {F) defined by
20 -] R TP l<ism
A= |_l _— =M, (R) ; [he row space of A is the subspace of V (F) spanncd by these veclors.
sinee T — |obe i i transtarmation cssecigled o A with IES P | |'2 4 6 0 : 2 4 6 0
to the standard bassis of 3° and |p ‘ [ = e | | | b2 -5 -2 ||
heretore
o T o [
T(L00)=2(1,0)- 10,1} =(2,1) , bl e |-RT,| ':' 3 |
THOLB=(100= 1¢0,1)=¢0.1) ‘_" 2 =2 2 P |U 0z
THO0D =1L +(-1) (0.1 )=(-1,-1) 4 6 4 =6 FoFah 02 -8 |
Ty =xT (10,00 4 ¥LOL L +2T (o, 1) - L i W _3| R, -+2R, - R, l_ﬂ. 2 2 -5
TRz =0 21+ y{0,1) =2 (-1 1)
: Toyz)=(2x2 x4 y.g) | [2 4 & 0]
Do ].’_'l:."T = 'ff%}’,?._:l = |R.=_ T{X,}',Z )= [JF 0 n i 1 |
- 1:{--5:0 . & [
Etyex=q | - » 8 Ee |
] W | nooo2 4 |
Lets=kthen x=4 | PRt 0 -2 -k -4
7 .
K ) = |{I' 0 -6 —IEJ
S EY<k=0
27 | 2 4 6 0]
- | | | po oo 0
Pl g g1 3 |
Soker T M2 k2 ey T ‘>| poo o2 4
Rasisotker T L 1 ] | '|“ 2 6 2
Bosiofker Tadi2 2 4 |
I KET | —. 11 y —ﬁ _|3
\;ﬂ;ll_"_;—g——ll’—-_.__ | _“.—[—'_'_i .,-.lum:ulhlii:a!iun,in _j
S _llll_“‘—'———mﬂ“j'_:_‘ I Visit us Jor more doinilal : W e

‘I 3 I ] r
—Mﬁﬂ'ﬂllmannn.m
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[2 4 & ('I'-|
|| wo o 0 |
I“ 0 2 4 |
1 TH .l'[:' @ 0 0 |
o1 3 1
[0 0 -6 12
2 4 & 0]
o0 oon
oo 1 2
B, —R,f3
L R
01 3 1
o1 2
[2 4 6 0]
001z
- a1 3 1
!ll.r:d.;lﬁi'll-:,{?;:nging vanyg
raws a a4 o 0
0o o 0]
2 3 07
(01 31
061 2
e P
i ¢ 00
0009
[0 00
Rank A -3 -
.11, Define adjoin
: _ Lola square matriy
T A ds an N-4quire non sip Eular matrix “:'h'i::m"ﬂ e |

adjadj A= Al A

IT4 :u:d_lt Rl A T s malr
adjiapy = aidj j

A djl’.l:in;l

tees ol the same order, then |

el

)

Lovera filed Fand C_ bethe™

lEanspase of malrix of the co- ﬁ:ff:
—I—'-'-FF

U s Matrix; -
' Lt A=y 13 ;
ol co-Tactorg o) G, WA bE nen gy
H R gy, I
n 0 e
for mary deipi

e detail gyt

LU} Ir 0 Ty i ; n.i

i epblication

.’___ﬂq l_ m

B.Sc. I Math ) - (niy I -6

glements OF A is called as adjoing of « A
Aadi Ao adj A

() We hiave to prove that
adj adj A = (A2
(A is an n-square non singular matrix the
adj A adj adj A = jadj A| In
Afadj AadjadjA) = Alladj Al.In)
|4/ In (adj.adjA ) = ladj A A.In)
‘Al(adj adj A) = |adj AjA
|Alad] adj A) = (|- A
adj adj A= {|4)) A
(i} We have to prove that
adj (A.B)=adi B.adj A

and i iy dunated %

N using adjoing thearen, we et
=
=
=
Ij

Proof -

Since A and B are non-singular matrix therefore AL is also non-
singular
By adjoint theorem for A, 13
C . {AByadi (AB)=1AB!In
Conside (A.B){adj B . adj A)=A. (B adj B) adj &
| ' © =A(B!In)adj A~ [Bi(A.In) adj A
| =(BYA, adj A} - |B|(|ALIn)

| = (|Bloal)in = {|alo/B])n

AT

~AB|In A2
I

eq.f 1) and (2) we pet
(AB)adj (A B)=(AD)(adi B.adiA)
adj(A.B)=adj B . adj A

| From
—
|

012, e truce of a square matriz, IFA and B are mean and nxom matrices,
|Tespectively, over a filed, then prove that A.B and B.A have the same trace,

Hence prove that similar matrices have the same frace, (2012}

i Sul, Trace of a square mairix: -
| [at

[ay, g i

Ly Mgz e g
A= ben=n
R} B Wan |
|7 B HERE I

(K, ). Then element o, ety

uare matrix over filed

Scanned by CamScanner
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called trace of matrix and denoted by “tr(A)".
Now we have to prove that tr (AB) =tr (B.A)
Lot A= 'lu_j] he mxn u.anx

B =1, ] be nxmmatrix.

AB=1v.l

P
¥ ik

and
whare

wheare

trace(AB) =y, By S.... By,
m m

3 ‘E‘Tii =Y i“u‘ o]

i=1t =1

=Z;%G% il

where

) n o "
t(BA)=2 8, =3 (B Oay) |

k=l !

= Zzﬁl Guj.
sl . J ol |
from eq (i) angd [ip - |
A B)=tr(R.A)
we hzve to show that |
Similarly matrices b
B =pap
Irit= tr(FARY) < i (ppot
=irfina)
UB=1r4

&8 5a7 - . - i
=ssame trace. Let 4 and B are sinmilar matrices i

A) ‘

QI3 Fing the basis of g,

Fuations over he ) of i

Pace of i e
eal numbeys, 1he following syster of I

L We haye

‘f-_-tl’ﬁx+}'+42+1’=l}.

itz-u-v=0 BSe 10 Mt ) - L 118

fix -+ :.-'-'--_1.2-5-'\.-.— il

- K

2 09 =3 0
A=l 07 ) gy W
614 g

Reduce in cchlon form we get

[1 0 =1 7
n 1 2 6 5
\j} 0 -1 1
Basis ol Ker T
= {010, 1.=1), (0, 1,-2,6, 50.(0.0,-1,T,-13!

Q.i4.  Define trace of square maiix. 0FA is o real matriv sich that ivaee
(AAY) =10, then prove that A=), E (20H3)
Ans.  Trace of a square matrix: - :

LetAbe g squane matrix of order nover a field F. The sum of
elements of A lying along the principal dinganzl is called the trace nl'A, fe if A

= l“-]-x... then trace A = E“.i ;
E i=1

4
Let A ;|_ﬂ'ii Dpen

Then At=[b |, where b, =a,
Mow A% A is a matrix of the typu n=n.

L AA=[C | Then )
£ = the sum of the products ef A"ami the " eclumn of A,
"

=hu, | bty Ve b3, I
ad, T aE T ta s s b ;
. :
=i +u5- T inninreiries i

LT L
1= . .
— The sum of he squares e all the clement of A,

i . : hers.
T\”W e olements of Aare real num

'J1|:"EI"‘ i el ALATS ] . o
. ierciore trace( s .E'::Iu:*l|l_l'n“'-'-““I-"'“1'£-£":1E1-|“'t"“?j5"m_' :

::‘I:_ 5 5“'"';-" nu?t- deiail at % 11-'1'!-1".1*”““1“"'“”:“]—“"“]
Visit us [or o dedanl A7 2

i
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= Esch element ol Ads zero,
= Adsmull mate e A=

Q.15 Define determinantal rank of a matrix. If Ads an n-square matrix of

rank n- 1, then prove that the rank of adjoint of Ads 1.
Ans.  Determinantal rank of matrix: -

(2013

An = matrix over a field F is said to be of determinanta]

rank *d" 1 there exists a dxd submatrix T of A such that |i)| #y and determ- |

nants of all submatos {d = Px{d + 1) is zere.
Letpid)-n-1=n

= Anssingular matrix and = atleast one co-factor of element of A differ.

ent from zeTo, .

= |A|=0; and AdjA =0

=  AadjA-Oand adjA =0

i plARdIA)=Dand pladjA) =0
pi.-"l..w:'_i.ﬁ_lap[.ﬂ;'|+p[adjﬁ.:|—n

= Uzp{A)+p(adia)-n and pladia)=0

= Ozn-l+pladjA)-n and pladia) =0

- pladis) =] and pladia) =0

= PladiA)=0orl and pladid) =0

Q06 Canwe erpress (1,4, 5) ¢

ilil 3.5)20d (3,5, 8)in R I ves, fn hyw nAnY ways?

! Lot ) =x(0,1,2) 3023, 50 i e VS

ex ) Y&, 3.5+ 23,5, 8y
XT3y48p=g

Iy s f_'.- +Er=%

r i
1 2 3 T Tt 3 3 i1
L i |
A= a5 4|-|f2' 1 7 3
i )
2 K SJ 90 aq i
r:-'ﬁL'J—-Ermef.nt st e J
'icr-:lu:!-:r..~1 B

wy o 'f"':'r""fH.lL'azr;h N
4{.{2.1_.“.f5ndr3:J_.’r; i i E't'hf"ff'i&l:dﬂﬁ

HE N by O gy

Visit ug lir ingrg det;

[~ AadiA =|AlIn=0n = 0}

 linear combination of ({1, I |

RYIR ) as a linear combination of (1,1, |
(2013}

forg-- 2
BRI

| Q.17 Find the value ory; for wiii
sLEtRYte=hxdy+hp=)
q solution.

chthe systen of line
wver the field of real g

AX=R
k11 [x] ;|?
At=(1 k J.X:JyLE;|k|
|_J l kJ Lle |_k"_.|
k1 1. 1]
L k|
h I k. £
It k. K]
R oR, |1 k1 kf
||_}. I
11 k. R
g —* B, - =
S [ E S U S
L -
[ S S
R, >—|RJ 01 -1 —k(k-l-!il'
Cas Ay

Ry = R, —(l-k)R,

(1

-
]

—R
_kJ

Jand plAy=12

| Singe Pl A £ p{r‘\_]

01—k 1-kf . -kt |

P

FE | K k3

01 I ~kik+1)
100 {ke2) (1+k)1ekak)]

IS¢, f1=_

.
(I | o =k{k=1) |
00 (ki2){1-k) '”*“U'HU
L

1

Malhf-!jnjzm- fll]

Arequation kx + v+
umbers does not hyye

(2013)

e [:‘:_TFTII for more detail at : wwwoinsemepublication.in
W wl 3 L s e
__h————'f.;“_'”"”"’l_‘-‘lﬂlh_lu'mimr.ill ! - B
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Tharcfore in this case solution does not exisl,

Define non-singular matrix. Frove that an n-square matvix iy g,

(.18, .
singular if and only il the r ank of the matrix is n. (2013
Sol. Non-singular Matrix: - l

4 square matrix over a filed 15 said to be non-singular ]j’
lingar transformation associated with matrix is non-singular, [
Let A be mon matrix over filed Fand TA: F"— Fbe a linear transf,
mation associated with matnx A
A s g non-singular o TA 1% non-singular
= TA 15 ang-ome
s ker TA= ,‘(Jg L

dimker TA=10

d&im ImTA + dim ker TA = digml=

s pTA) =0 =n

MAN=n |

nnain

Q.18 Define an elementary matrix, Write |

ot S

[ eM . d
0 0 3 L “3
Sol, The mats
2 elementry "‘-ﬂr.ix associated with elementry linear trans{ormation is knﬂ“{
(L 3 l}
A=ip 2 3 |
hY
[“ i |5 LR ) .
3 |
[1 | W - 10 o]
A=lD 2 3 4 |
0o J Pl i |
3 ! | [0 0 1 |
By s i |n -2 3 P ; ﬂ-l |
- l='0
{l ' ;
E IJ |_D 0 rf3| |
; I 1 |
(| : T
Ry ‘*.'E_|R: 01 '3-"1? 1 '|] . i ‘ |
f (U n 1 lye 6
1 o0 [-'r3J |
L———Eilg_fy_mu—fﬁ?ﬂﬁ“-—
———=tail wvuwn-i |
mumq:uh]ualwr E___F-J

B35 Math - Unig 1y . T2

.
|] 1 5_9'1] |'J 12 “-|
Ry >R, —R, |“ I =32 =0 =12

o | O Ia‘3|
3 I -
ReBatoity [1 80 1 12 576
T |U Lo =0 12 102
PRi-ZRy (00 1] o o 3|
t! Al I

A as the product of elcmenlary tatrix,

e E

A= | n| 02 njo

o o *JLU 0 Jlﬂ 0 JJ

|1 ¢t 0 o 5.-*3'|
|n -32llo1 o
0o 1 Joo !J

.20, Find the values of a for which the following system of linear equa-
tions over [R is consistent:

X+3y-z=1,1x+Tv+ar=3, x+ay-Tz=0 (2017
Sol. Givien system

x+3v-z=1,

ZxtTyiaz -3,

xray-Ta=i

AX=0

[1 3 ] xw [1
Where A=2 7 a|X= ¥ ,B=’3
| a —?J [zJ lo

Agumented malrix

I
vz

L| a —'?.-ﬂ_‘

=1 ial

e e
winsomepublication.in
Yisil ns for more o Trere detall al 3w p J
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|'1 3 -1 o

E, =R, «n-2R; R | Ty 1

[ﬂ 0 6-{a+2}{a-3) . 0

la=2¥a-31=h = al-a-6=a
= at-a-12=10 = a'-4a-+3a-12=0
= alm-<4)+3a-4)=0 = a=4,.-1

Ifa=4. -3 then system is consistant with infinite solution arui if a 24, -3the |

EVEIENT 1€ conxistent with enigue solution,

.21, Find the inverse of the matrix:

11 37
A=/134
3456
end write A™ asthe product of elementary matrices, (2018)
[ 1 3]
Sl A={7 34/
[5 4 HJ
11 3] Moo
A=12 34| aud L=lo1 g
13-4 ﬁ! ] 00 ‘
L J |
R~R.2R g :
.~ R and R -y p 3R|“ it
. L bo3] I o o)
(Y 12lamd o] 10
S g, |

W
— ¥Wwwinsome ublication.in

BSc. 1072 pary [- Uit 1) - 74

L0 5 |rJ- 1 0]
ool ] =g . ‘1:|'2 I 0
10 0 -1 o . JJ|
R1_>f-I}RZI
[1 0o 5] 3 -1 0]
=|ﬂ sy s I3=|_2 I ll-:'|
0 o 1 L1
R|—>R,—SR_,andR:—>lg+2R,.wcger—
Moo <4 -5 57
A=D1 0| | L= 8 3 =g
(U |_ [ 1_|
=1, . =At
-2 -6 5
Al=l B -3 =3
1 1 -

AandA™ as product of elementary matrices i.c.

Lo olfto ﬂ-|[l | D‘“’J 0 :}1
A=[2 1 0||o1olo1ollor of
3

00 {30 100 1o
= Fl{:n]lnﬂ[l Do)
¢ 10|01 ofol-2
_U:'J'[JLGGI{DE 1
100 I{?—S"P{! ojl1 0 0]
and Al=lo 1 2|0 ol “0 ! [:|
nonolfoon Lo o -1fl0 -1 1]

[1 =1 o] ﬂu[l 0 0]

0 10 [J]!J'3|n"
o off-s oo o 1

T Iunul al WL uinsunn-|mt licatlom.in _]
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Q.12 Reduce the matrix
[ 4 =1 =i}
i1 -1-2 -4
- a A

[f. 30 -?J

to normal form and find its rank,

AT I B

1 -1 -2 -4
Sol. A=

32-3 -2

6 3 0 -7
LR,

i’J -1 -2 &

g R 2 i
i RS P
6 3 0 -7

R—E-2R.R > R-3R R — R -6R,

-1 -2 —47
|0 -
A= b3 3 !
0 4 g 1n|
b9 |2 17 |

GG 050,420 .0 6 4ap
a e |

1 g 0 0
A=|ﬂ i3 ?w
© 4 9 g
10 9 g3 ]?J
k—pr.g
LW g
f
-l"l‘|_— ¥ I it 1 } _'.!
LA e 1l
s 3 17
Visit *

us fgp MOre degan

lar; WHw nin

T ————B0mepuhblig;

.5 1 - Math L= Unit i - 55 |

— )

| R,—R,-4R,

|
|

(2018) | C,—C +6C,

| " _||

|Uﬂ
| lo o

A M{A)=q
| A =3

(23

livndin .

"o g

o g

R = H_I.URJ B8, gpee Math
r .

10 o o

I -} g ||

33 1|

C— S o)

]
0y
0f

22 ||

44|

0.1 i)
33
B

243

o)

oo
1 0
no

n ]

)
i _|L 0, |
rJ ]
|J_|

rider of |

__Deting the adjoint of a square matrix. 10 and Bave non-singular

it

VIsit uy for more dedail at ; ;ww.wj||snnul[u|i1riu'11 o

Hum.in )

U-Unit g0y -
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ne field F, then prove thatadjay,

ll.all CES l.li e San orde 1 s
!I:Ilg

gy = [ matrix:
inint of a square matrix- ] . .
b Ade Let I-S.- e be nx nmatrix over field F and [“’._.] be the my,
ofco-factorofelement A then the transpose of matrix of ¢ u-!nc'%ﬂr olele mep
will be called as adjoint of the matrix A and it is denoted by adj{ A) or adj 4

ie. _ - 2
adj = definition Transpose of matrix of co-factor ol elements of 4

If Aand B are non-singular matrix of same order over it then

: B.Se. 11 . par i
R i i - -Math § .y
X, r—‘i."+Yl,+...“..,}\n+ Y J“'“lml':lr]'y indene Unit i1 - 75

For this we have 1o FLHI’IEI'H_‘mhsq:tnI'j-‘_

. i SWehave to ﬁlt"r'-"lhall":l i85 008 & linear combyiar
o ¥ Forif possible Je : by i ' viflationof Y
SR pmmhlLJthﬂ be ﬂJmuarcnmhma!r’unuf"f.Y Yo Y
== _hgr—({'|Y| I .........:........+I:'J: K i
P
— AX = o (AY )+ 4
oS LAY Y r'{n-n{ﬁlfr.-p‘l

o AX =1

Which is wrong as X, 18 particular solution ol A,

X=B
Therefore, our assumption that X, 15 linear combinatiog o

adj (A.B)=adj B.adjA
Proof:-

Since, A und B are non-singular.

A.B is also non-singular.

(AB)adjAB)= |AB|I . (i) _
Now,  (AB)(adjB. adi A)=A(B adj By adj A

=A([BLI Jadia =|B|(Aadja)
- (B0 (Al4,) = (fols),
=laBL,
Fromeqi}and eq.(if)

(ABIadi AB) = (A.B) (adj B. adj A )

= (ABYABNadiAB)= (A B ABYad B.adj A)
= adj AB=adj B, adj A
0.24.

Letthe rank of the coelficie

_ : ntmetrix of
of mlinear Equations jn i

: #non-homogeneous syst!
varialdes he

P- Ifthe system is consistent. the sbe
thit the : Rt & consistent, th
e number of linearly ndependent solutiong of the system is n-p+!
Sal, , L AX=R . {21]11
Lery bea salition of AX - 0 fl}

AY =1 L
S

o 7% 8 Perticular solyrjgy, St {11}
ol eq.(i)

AX =R
Claim: - {IIJJI
For f.X" ~Y)wil I>'-""'~‘-"f'luli-;m oleg
Soix ot YI=AX, “AY=B iy J
; a T wil] bug;,mmm” Faci ® B
L':n",. . B & -|| L0y
AX=pn ~ g Medr Y indenen ..., . . E o

i _ Pendeng slution of hamogeneous sy
s -..X""-‘f',x +'Tr
(_]ﬂim 3 1752y PRI AR v o,

—— [ P < 1 LY P

i 1 EY. ¥ ¥
wrong. So X, is not linear combination of'y ;ST I
: ﬁ.’" Yo, Y, 1 18 linearly independent subeet of B and X, 1s not
lincar combination :}f‘f‘r’J, b e k
1 r - - nT. :
B0 XY Y i of 15 alsolinearly independent,

IX. X +Y 4 bi i i
= M At Yl X ‘fw 1 1salso linearly independent,

Q.25.  Define the row reduced Echelon form of a matrix. Let

1 -1 2 0
g5 3 -1 1 |eM, (R)
-1 2 0 2)
Find a non-singular matrix P = M. (R} such that PAis in row reduced Echelon
form. (2019)
Sol. Row-Reduced Echelon Form of a Matrix; -

Anmxn matrix R is called a row reduced echelon matrix il
(i) Every row of R which has all its entries O occurs below every row which
has 2 non-zero entry.
(ii) The first non-zero entry in cuch non-zero row is equal tw 1.
(iii) If the first non-zero entry in row | appears in column k. are zero,
(iv) ITr is the number of non zero rows, then k <k, < ... <k,

(I | 2 n}
Given that A=(2 3 -1 1]eMy,(R)
12 0 2
A=A
({ -1 2 DY FE 90
2 3 _ |‘= 01 0fA
2 0 2 ooy
(o~ 2 ”\I r’[ 00
Ry = R, -2R, lo 5 -5 ll'_|_j l n‘A
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B e S CEE R

Bse 1= Math 1= Unityg &%

1 - I
0 5 -5 1|=|-2 1 0fA

R —'*::R:_R a0 15 9 I‘_.'I -1 5;

10 o)

P=-2 1 0
S
= | 7T =1 3]
L

(.27, Define adj(A), the adjoint of a matrix, A € M _(F), where Fis a fie)
and prove that Aadj(A}=det(A)] =adj(A)A, (201y)
Ans.  Adjoint{A):-
Let A [o | be nx nomatrix over 2 field F and [C ] be th

mainy of cofactor of elements of A, The the transpose of the matrix of cofacy
ol clements of A s czlled 3 adjoint o * A" and is dennted by ‘adid’,
Now, we prove thal :

Aadid=adiA A= Al
Proof: Ler4 = [@ ] ben x n matrix over a field F therefore

adi[C, Jwhere €, =C, e}

Aadid=[y, ]

Where Ty = Zﬂd e, =Z“L= A, =8, 'E'l"""f
=i J=F

Therafope

using eq.{i)

| fi Pis Tln-|
':||” 5 Vi T
Aadj 4 =
|_.r."! Yii i Yo I|
lafa) :
=LJ r!AI 004 ... O, oAl
,-._-.:|ﬁ|.| JEJ|.-"||.| a
[od Joll o 0, &[4
VO Orela lolal ‘
1
Sinil Llh“"
j___ -.I._-- 5‘!{1!.-’-'; -'". '|.""|!_!]| ---------- f]l}
rnn':tr.j.,'u'aanu'iii;-. b
., il
f'_l-ﬂ'_ll-""- ailja -
Visit oy r . Lt

H.8e. g Math 1 - Ui, ME - kn

the rummn-mnknl'a matrix, Proye
w(F), (row-rank)(A) = (calum
and Column-ragl of matrix: -

Q.28.  Define the row-rank ap
any fieldFand AeM
Sol. Row-rank

et for

n-runkjiA), 12019

LetA = 1 i i
T.A [r:n'._jj b nxen matrix gyer leld |
By oy @y, |
| Co By e omy,
A=

|_n,, L R

Rows ol A -
B =le it ui; w, e F"
R: =(u3l, BL g u,r_} & Ft

®

e L s ) o, b P

S, R Ry R | & B

LAS 1 =[5 | = {all passible linear combination of clement ofE |

[5,] is & subspace of F*and is called s row space of A and dimension
of row-space of A iz called row-rank of A,

Column of A is :

Co=lu,, = S i JE F

= (), gy ey ) € FT

.

C, =0, e it P EF™

= L LR e =

L(S.}= {all possible linear combination of clements al'5.}

Is 4 ‘51151.5]131::1:. of F and is called column space of A and dimension of celuma
ipace of A is called column rank of A.

Now - We prove that

(Row-rank) (A)={Column-rank}A)

B gy e e n,_"'l
Ty LTI n‘Ej ----- .,
L’H ﬂ.:‘
4.4

L”’lul Ry e By o

WMWHMHH'““-‘“ )
Scanned by CamScanner



B3¢, Tine

TANS o) hMa”i[-. =
H‘: [U'u-* o, : ) L'lltj||
]";,t? > {urr-ll u-‘ ‘ Lj I!n] & Fn

2 72 2t 2!1} = Fﬂ
R =,

m (e s U’m?" .,1.&% w0 ) g o

C,= {ul y O, -

{;niumn mnk M{ Rﬂw

Cnsion Of row- Tank A =
Number of mwrankA-

— Number of ¢

-:Ixr,}( ..... }x!bethcbas
{[j”,ji],,
{Iiﬂlﬁ'ﬂ -

“rank of o

lements in 5 basis of TOW-space = ¢

15 0f row-space,

i oo B )
sz ....... B,)

fx o= ¢ S, R ¥

A,
s to row-space of felements o ]
; I{ Ix . R IET:stiprESEEd as a linear combination ol ¢
l: can |JL unig +?L x I
a,,) = (%, e x)
1 (L +|I'I- iy
lﬁ,:‘{”‘:ll’mt2 1{12“) = (%, X,
AL s gas veeelly
. W b )
o) (} X |_?"Ir'2
. N _
F'.l 1 » {'-Illl:[!';\ e J .$J’-:’r DIBU ‘|
Now JP column © [, OBy @y O = P OPs |
_{1 T H 'EE;IL’EI Gﬁ:_'l |
H Kt o]5Y |
[
2l _ -I.&?lﬂr @ﬂ'.nr_
ko5 B oz ol TR
% IGE’U’ :
Gl | e |_i".|r

B.Se g
ﬂ” 1 ﬂ:_in'L -------- FH ‘r"

hich are show that all column of 4 :

N ¥ which arc elements of =
{‘-r’ YooY, } generates colupy Space of A_
= dlrm,nsmn nf column space of 4 ;
i.e. dimension of column space of 4
; dim of column space of A®

1Silnt.&r Combinatjqy, o elenun, ¥,

15 -.!Ju.a}'\-: lass o equal 1o
=TS dim row space o

= dIm of row space pf 4!

‘= dim of row space of A < dim of colump of A
fromeg.(i}and {_11}

Column rank of A = Row rank of A,
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Using Gram-Schmidt orthonormalization process orthop,
: l'tuaj;!t

lJlllizlnion['l:i pasis {0 1. 1L (1.0, 1), (LLD)} of IR (IR ).

i—’LE LetS= (0, 1.1 (1, @, 1 (1, 1, 0)) iy
5 b ]}_: b

LA
. __(.‘2_= kl_1_12." _L ! E.:'!
w [ o it
.]'-:| I| +£_rl 6
V42 Ve
=|'J-—]_ Bl S C
\||3 'Ij1\'r372_’\|?§/|
c =h]-~':|:|1.a|:- A '{br da
B l " N p
3=k I'ﬂ}hglu‘i"i-‘ i _1_ . ] 1 —142 _1_“_]
Melow2 \"rE,- '-.'\'E.l’lz 2_\}’3{-’2 5 \.1'5..-2'{,-'_'3]_."2‘-'-.,-'3."2.-

-

|"| '!>[i'}—(|]~l~lwl_rl 11 (2 4 2""
I 2 _1_"_","— = —_— — =
2/ 137, I 3"1:‘3;I
(222)
g |
dy = Z5 ___.3 _:I‘-; " ~ |
b2 4 2) (L7 |
6 oo Ty = | = | T
v 4‘; Yy +r; V24 o W24 g
e VIS “MF ol

—

Tl e o g
B I T rp— ——
e ————————— il

Al g - 1'_'*“'r1-’.'+1-ln5mn|_'|:|:lll1|l' _[;_l.lﬂ-_;—r"’fj

therefore normalization basis jy - 1, B.Se. fr-
S

Math | - Badt 14 . L]

R

0.2, . Define adjoint T+ of 4 ineyr lransform
space (Vo <=} and prove thag
Ker(T*oT)=Ker T and hence prove thit p( Ty T

25 P *oT) =Ty =p Ty
Sol. Adjointof a linear trasformation: - TRy G

ation T on an inpey product

] Let T: (¥, <) 5 (V=2 bea lincar transformation. Then we
delined a map. . o
THV =2) s (W, ==)as
<T(x} y==<x, THy)> ¥a,ye ¥
Then the map T* is called adjoint of T,
Claim: Ker{T*aT) KerT
Letx = Ker (T*aT)

= {T*oTHx) 0 = THTix)=0
= <%, (T*aTHA)==0 = <, T =0
= T 0 = Tix=0
= xckerT ;

Ker(T*oT) = KerT R i
let nekeT
= Tixp=0* = THT{x) =10
= (T*aTHx) =10 = xo Ker(T*ol)
KEor T c KerlT*oT)
From eq.{ijand (i)

Ker{T*oT)=ker T ST}
Using Rank-Mullity Thearem for T and {1T*eT)

dimKer T 1 dim [mT =dim ¥V ...........{['.II]

dim Ker(T#aT) | dim lm(T*o T} =dim ¥
from eq(iii}, (iv) and (v)
wegel  plA)=piTT)
mlatris sre all real. (20041

srove that clgn values of o Hermitian : .
e Sadleir Aot n walue of A and X a

Sol.  Suppose A is a Hermitian matrix, 2 an €ige
corresponding eigen vector. Then il
e n |
Pre multiplying buth side by X', we eet i
XPAX = AX'X e oo ik e g
Trking conjugate franspose al both sides ot e giih we g
= i i — Sk — A
AR X S namepubTcaton ]

("Rt for wore detall 2t X2
Scanned by CamScanner
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\-"-"q".-[\;e--ll'l = i \-L'-q'\rl"‘l" . [Jr{lcl‘ js ﬂ]u,-.'l}-'f: Singulﬂrl B.5¢. . Math . Ui s »
or e B o 4
" . x
or WAN =X N PRt 111 |A| o
[ (X9 =Xand A= A, A being Hermitian]
]7;11'.'n eq.(i) and (i) we get _ | A.| -0
AN =AXK = k- RIXX=0 Henee A s of even order,

Rut X is nof a Zerd veclor,

0.7, Define inner product on a vector space V(F ; 27
Therefore X% 20 pace V(). Let V(C) be the vector

space of all continuous complex-vahied functions on the unit inferval lzt=1

Hence & - 7.= 0, so that A = A.and cosequently 2 is real. ITH(0, 2(6) € V., Letus define

I —_—

Q4. Provethat eigen vectors of a Hermitian matrix corresponding to ft)gl t)= J'u F(t)g(t)t
distinct eipen values of the matrix are orihogonal, (2004) | Show th at (f{t),g(t)) Is an inner product on V(C). (2015
Sol.  Giventhat A s Hermitian, ol e .
Y have” Let ¥ he a vector space over field of comples numbsr (or real
Also. we have ’ i no.) Then an inner productin V isa map i.c. < =V V » C which assigns each

N gy ordered pair {2,k of V = V o a unique scalar (complex no.)
o 11' { Il - }'"xl Ky [11 isreal = l{:' = ?,] = a.b.> or a.b satislyving the [allowing conditions

o, : {(l}<a+be>-<acx+=be>% abe eV

. X =haisg = (=22 )xix, =0 (N=iabr=k=abrviz, 7abe¥

Sinee Ay — ks 210, (3)< a,b>= {ﬁ} A
i x?x: =0 (p<ma=z tand<ap>- 0iffa=0% AeVand (v<>) is cailed an innar

= % and %, are orthoganal with respect to each ather, product space
1 ALY
; {qi\rﬁnt]]at f tlelt]]= ; J_L t}f__’tl)hh Ugtgl ...... {]]
1_:I'.5. Prove that the determinant of a skew-symmetric matrix of odd ordet | - I { (t)( ]]' L ( o . .
e i (2014) We have to show that all the properties of an inner product hald in eg.(1)
.!I:nl, Suppose that o is an odd integer and let A be an r<n skew 5~.rrmue!!if (1) Conjngate symmetry: -
This. ’ We have :
'i-:“ wehuve AT=. g (i) |y from e
SO o " :
- detlA) = det (A) = dey-A) from eq.(i) o) = [ (0T
={-TPdel (A) =< g 3 - S, B
Therefore 24 derf &) Since n is add —_— [ ]__ T T]}tt
o - = | et Ak ;
Herce L g (2(t)r{t))=| ], etorex Al
. .
i—dr = [ 0D = [Fie(t]
(.6 A real skpw = Lgmlit]dl jﬂ (e [

-5V i i
that 4 is of pypy e MEric matriy sy thatA?+1 =0, {len ]|rl1"l

| | (2)Linearity: -
AL G [,"-III'.II'1 ¥
A2 _':; '_l‘T;J‘-h real skew symmetrig tnatrix such that Leta pesunts U} o 'l}l_{-_‘ht
e = : = bg(t])h{ta
AP={y At=op Then  [afit)+ bei), hiD]= _[D (arit) - beft)
_Su, A=) .

I e i Onily AN []I1|:l:||.|l
N iase ot's.u_»u, 5')’"'”1".-:11-1,: vif Alig ]'Jurennap__nmﬂ s HJ:!U}MI}"“ h{ b

m s ‘M%c“u pp— il W usunwpuhtu:
Visil us for ntgr_f:jﬂtql'l

ation.in

foil

at 1 ww
II-'L*‘*i"ull af -
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Bose 17 p
—arftnhih) = bigit), hit)}
~on-negativityi-
We have .
! i) T vvid
o= [ Fofd =flrefa o
Sitce lf“ i =i forevery!t Iving in the closed interval [U, 1] o
+ 0. Thus (fit) £(11 20
Alsoifinnfiny =10

Jro] =0

1}

= [fm]: =1{ forevery tlying in [n, 1]

= fit=0

Henee the pro<duct definedeq. (1) is an inner pmduct on 'V {g).

for every t lying in, [[L i]

Q8. Ifa,bare vectors in an inner prnduﬂ spaceV, pmw: that

o+ Bl ol
@B g = 2(foff +[p).

" ol (i), |a +ﬂ|!5
Proof:- We haye

(2015

"'1 | +||H" (triangle incquality)

Ja+t BI* =(e+ pce +3)
e P (et
) (oL B+ () « ()
= e + ()4 (on, )+
= [l + +1) + g Wiare 07

=Jel +2mey Sl

= flegl? '
||':"; o (Rey £|‘.-r!:'

eﬂlalifﬁ":'
et
AL "'”-'l'ﬂ- W lmumr.'[nrlll LH“M

_:_:_ I+ 2] s ||-| ||gf.|. (by Cauchy - Schwarz in
-2 Mt

s
- ——_____‘_Ilrr_ [l‘-frlll

I- L-||i1 21"'31

LG

Thep

“_ﬁ'l_‘_ﬂ'u_h,r . :
= [l ath I - Unig Vs
||.|G“|I 'L||II3“ kR

|'I|n'_ + ﬂHE = f||||ui|| + |.|'J §||III]J

Hence I||'U_ 4 _['ih {I a|| I-|"f3

(i) flo+ff° + fa - pif - 2ji + 8"

Proof- We haye Rl
lee+Bi = (e 2p. +P)
=lona+A+fa+f)
=l )+ (o, B) +(Br)+ (0, ) T
o M= = (o-pu-p)
=(otce~p)- (B.o—p)

= (oo}, B)-[(B0)~(.)]

= {ﬁt,u}—{a,ﬂ}—{ﬁ,a}+{ﬁ,{!} N vy
Adding eq.{1) and {2) we gel

2(4B)
Jas B + -l =2( 4]y

||Ut—|3i|.2 + |l ﬁI.II: =2{oa)+

0.0,
Ans,

Staty and prove Bessel s inequality for an inner product space. (2015)
Bagsel s inequality:-
IT'Y is an inner product space and il {w,w!..w"} isan

orthonormal set in Y. Then
EH“’. AIE ||'[1'*':|1|1 -forall y eV
iml

Proof:= Let ve V be arbitrary consider the vector

ke =\F—imlwi
.

:«x'{l[

— I
_ Visit us for 1__"_I[_HI il al

wherea; =(v.W, ], iy

¥ Z:x'ﬂr V- 51“ “"]
-l

nw . M |||$um comepuehlication.in

Scanned by CamScanner



N

BSc. M - Mrihy g . Unit 1y, B
f h III_‘
~(vv)- "‘:{:a'“'] R l‘; . ZM

h

zul{w A i‘z”u {w”“

-x'-H;_gu‘{“wj}_.-l rapa
_l-.|| Z{\ W J{» w, )= Zw“}{yu} Z“u]
F-'[“’i“'j]'zﬂ

.—_||-_.||3 _I:Z-Il:i[\'.wl-}'- _,i_l"k ¥, h:ll +gl{v,‘ wl}2||

fori T jand (w w.) =]]

i 3 I O (-1 =F)
= -2y

e 2)
Strice : |1;| =),
sobyeg 1)
i !: : " 2
2y =0 sy 23 [(w.v)
El [
Hence e J - 5
;u“i-‘j = ;,"I'li . Fvey
Gy Deqy
ine gl
ke g ethzuunaluu amd cigen vectary gf g square matrixA. :”’::: |
it 1 rs COrpFi= X
Lmearn indepengen, - PORIng to distine efgen values of o m“t:zm 5) I
ol Eipen
&IIH.' .
o r;'“t"“l'”i-'?“ FEEOrS of a square matrix matrix- -
" b
Ofs Mty oy, Iiriealy i ‘E'Ii:‘d ety curresponding io distinet eigen v
SEEN b
= ULEEn VRl Gty w._|j-.
10 shuy 1 the vegsg VTSR nding g eigen values A, 5., respect
¥
s iy (M1e LL consider linear combination
ere oo, e TR =) ek
I"P'El.jl,-l B L';Jr\'u:-"ll.':l:LKn 'Til";rh
By 'J"'""" 00 g
__.________HI;:T xmun i Elpey '-v.-{:ru
¥ — Vst gy o s ry =
_\_‘_"--_._\_‘_\_“.‘ l1| 1_;“' _'_,al

.'-'-lnmnn yulliced |H'”'“I

Ay, = Ay, 1ncrm =L
[}—.*‘I.ﬂ A{L v, ke 1.)

| = Ay e, m

= v +e j'”'l.-'

5 ineq, (J;welt_,et

= €2, T,

| Subtracting (1) from i, 3} we get

! ﬂ(c.}.,urc}r)fr:,]l,

; U=e(i,-2 0,

wel2)
I Muft:p]}-mg by 2.

el 3)

Fodv )

| = ¢ |:-"t--..‘.-‘..]-ﬂ {Sincev, 20}
| Since 3 cand b are distingt we have
c, =0
Putting ¢ in eq.[ 1} we get
c, =0

{aince v, =0
Therefore, the values of ¢, and ¢, are hoth vero, angd hence the eipen
vector v, v, are lirearly :nd..pu:mrhnt

Q1. Prove thert two cigen veetors of Skew-Hermitisn mmtmrres;nmdmﬂ
to twa distinet efeen values of the matriy are arthoronal, {2012)
L (4
Sal. Lt A s skew Hermitian matrix. Then 1A i Henmitian,
Let uand v be vipen values and ) and 1t be cigenvectors fespectively.
Av =Ry, Av - py
J (RN TR AR (A (i
Take  (jAju*e= [yt = (1A )2y
SUMIARY = oA - Dut-Aw A=Al
=1u%Av = iutpy { Av =pv}
= (1A Ju*y = fputy
= h—prftv=1 = Uty =4
= Wand v are orthogonal 1o each ather,
Qg Is= {3 X weee A} I8 an orthogonal sulbset of an inner product space

| Vo<>), then forxe V |}|u1.1.-l||ill

zn:x o

iFang |:||n|_1r |f!:. is @ hasis of Vo
| ),

Yt - fe P < 5,
[ Sulficient Part; % ) be an orthogonal hasis of (Y, =)

(2012)

LetX={x, % o’
]I eV = REux T u\-l Fiy -
= 3 : B
- t X R PN, e
" LS j o —— o I “ T I uulmpnh]u. alioain
J [_ HT] o Tor mni .1|,mjl TER 1-n1. win
it us Tor more detallat {0 aiionin )

IL.5¢. J1=_ Mah 1. Lt 1y

-0
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i o
= g )+l T 0, O
=l | e + e,
: i
I -il.'x.x,f:3+|{x,12}| f ok o,

Npeessary Part: -

4 D 1 ]
e I = 2 x| ssssessonil)
1=1

Then we will show that % will be basis of IPS (V, ==},
-+ ¥ isan orthonormal set which is lincarly independent,
Let x eV and

RE T 15 s S—

I =I - Sxxif =o

KX PR SO ]

(using eq.(i))

= y=il i

= RSP -:x__x".“ex"

= L U . X
V=[X]

Therefore X is hasis, |
Q3. Define eigen value of a square matrix, letA= lagl he an n-sguare redd
matrix such that ',au| =m,% =12,

ol and A be an tigeﬁ value of A, The!
prove that

%] < mn {2012l

Ans, Eigen Value of

letA=1a | huﬁi“.ﬁ"i' nlal-t:rix: - ) e etermindt
Then the equarion i ] it I;}.]_H“""Ed stjuare marix ‘_md s an in A and ¢
VOIS 0F this equatiog o . 1 Cﬂ”":fl’ the characteristic equation of

dualien are calleg ghe eigen values of the malrix A.

Give = &
Ty M that 4 = (2] e an n-square real matrix such that s
Yi=] E— WE knoy, that
Trace of magy;
“ofmatriy = gy oleigen values

Then Zal BMtmy +m

: o]
N =timea ® _mn|
ar

Irace o ynag |

nalrix < |y
o I O )
ofeipeq Villug = |y
"v']sliua

_\_‘_‘_\_|—\_
or more Ammr——

B.Se, 1 - Magh 1. Unit IV . 92
141

or |A{<mn, (Hence Proved)
i : ;
|
Q.14. Define the orthugonal components 5* of a non-cmpty subset S of an
| Inner product space. If {(1,1,2,0), (1, 1,0,3)} generates the subspace W of
. Euclidean space IR then find an orthogonal basis of W+, {2013)
| Sal. Orthogonal complement of 2 non emply setof an inner product space: -

il Let 53¢ be a subset of an IPS ¢ W, <2 =) Then urthogonal
complement of “S™ in “V* is collection of all those elements of * v which are

‘orthogonal elements of “V" which are orthogonal to every clement of “S™ and
| it is denoted by “57,

e, SJ'@HEVK}{‘,S}:Q'?'S&S}
Sinee  S={(L 1,2,00,1,1,0,3)} is linear independent,
o5 s a hasis of W
dimWw=2
Since  dim V= dun W+ dim W
dim R'=2 0 fimWt
4=2+dimW-
= dimW@t =2
Let{x,v,z,u) ¢ W+
<(E Ll L2 =10
ani “lx, v zul, {1, 1,0, 3=

— xr}"'zz 1]
%yt du=10
AX=0
X
12 o] ¥
e ¥ =
Where A |.1 03 o
L
11 2 0
By =i, - Ry 08 L3 3

The dbave equation are equivalent to

X

i
12 ﬂ]:r _la
(00 =2 3=z |,
1
x+:,.-|1?.=':-|'

www v insomepublication.imn

Visit us for more detail at :
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3 A
g+ Ju= = Z:Eu
K= \-.-_l-,u r_llll,__:i_l,l.-l r—|-| r A -
5 | 1+ | )
N g R
:a:.;z—|,:,_}..*%_u|—|£I f. A
|_”_ |_|:|__1I_-_.]_u.| |_“_- L 1 |

{ R | U Math [ =i 1 - Q4

| {4-3)(2-2r-4]=0

(-39 3565 -u) =1
(4-Rh-5Hh-1=0
A=1,4.4

5 (=352 -65.+5)-1)

| Eigen veetor corresponding to eigen valuss 2 — 1

Therefore linsar independent solutionis (=1, 1, 0,1 and (-3,0,3/2, or{-1, 1,1, !

f).(6.0,3.2)
Therefore S = J{=1,1,0,0,(-6,0, 3, 2}} is basis of W

Now orthenormalize zbove basis by Gram-Schmidt orthonormalization .

FTOCCSS WE gl

[1
—{-L1.0.0),

WL

' Howj}

S: = [

49

. ; ;

Q; E_M‘f’ e cigen values and eigen vectors of a linear operator on avec

:ETT : mrllﬂgfu vulues and corresponding eigen-vectors of the linear apecd
u T[“ﬂf v EI::ﬂr slpa,;e R zixl of all real povnomisl of degree at most 2, aivet
SﬂL EH ':'1 TAX ] ‘_—{33"-151} '{.2 8,- 3{{]}1 +4:1:5|;: v (H‘-h “lx-l_a:iz} E[RJ!]I

igen -.-a“fE and eigen vectors of a linear operator: - Cand

. :JF{.; R ]inua!’ﬂ[](:rdlm T: V=V, anonzer0 yeclol }:‘a .I

i S BCRLEF 4 i i :

et are called an eipen vector and its cigen valucs respoctive:

XN} b basis of B [x].

o =31-2x4 952

B R RS R e, g

T{x%y=aya=
— PR =014 [y 4 42

Then

[3 2 0]

(%]
(A-1X=0 . where X =| %z |
I
. \x3,
|3—J -2 07 (2 -2 0
= -llx—n e l-2 2 olx-0
S
L ] i 4-1] A L R
2x, -2 =0
-2x 2, =0
3,0 e =l
25 =2, = X, =%
I
Then =13
\.I:I/ v v a g & .
Similarly we find eigen veclars corresponding to eigen values . =4 and =2
."_-J'\ & [‘\.
w=| 1 |and X=| 1 |respectively.
£ L0

Define adjoint of a lingar operater. Find the adjoint of the linear
( field Fygiven by T,(X)
(2013)

Q.16.

operator T, on M () {%et of all nxn matrices over the
=AXY Kcu"ﬂ_{F}mlmrwﬁﬁ 4 fined matrisin b7,

iint of s linear operator: - _ - ‘

o i Let T: (Y, I N =1 b a linear translirmtion. [henwe
defined a map T¥: (¥, <2} 2 (¥~ =has :
"':..l.l:'_‘{l:lI| }'} =<K, T*L _l,,":f.'-- ".,:" xe :r' eV

Then the map 1+ is called adjpint oF T
Given that
Tix)= AX,

We have

wreM,

AT

o kpEM ¥
LAY

TR}, ¥ =

" ——
: |I:1i|.';1[u1£.E__J

<Tix) y= =A% SR
o ——Tiiat At WA insgmep:
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From g4 1) ? )
THyl =AM ol

adin

R.5c. 1™
YA = IXATY ) = Sk AR

ywe gel

THX)=A*X

- Mvlath |

e U””-]'I,,'

oIt I the adjoint of a linear operator T on the inner Prody Ctspace
n'- <=1 over the fickd of complex numbers, then prove that rank of 7+ hra;g
o {20y
Gol,  First we prove that

ImT*={ker T) 0

T:¥ =3\

dim W+ dim W =dim 'V

dimber T+ dimiKer Tl =dim ¥V _
= dmmker T+ dim{TmT*) = dim ¥

T V=Y

(W is subspace of vy

{using (1))
- dimker T+ piT*) = dim V w11
Using Rank-Mullity theorem for T we have f
= dmker T-pTi=dim ¥V Y
Formeg i) and iy
T =pT)
(.18, 175 b
: 15 @ real skew-symmetric matrix such that §2+1= {), then
i gﬂ“ tthat Sis an orthogonal matrix of even order. {2013)
. 1 el shew svmmetyip matrix then - 5=§'
TN o gpew
oz =i X -
5=l gwenS‘+[=ﬂ=:»Sz=-|t
= %= o !
Since  g. ik = 5 is orthoponal.
J. Id‘:lrg|—|"||| = S'=_J~r
8 Square gyan;
Then 1 g e - *¥ and must be positive because of S have rea_];;f.l,u;l
&, : s
01, g
: ale gpy Driy
tth TN L " are
" ¢ Bessel's iy equality for an inner product T[J; o8
Besgg ¥ Inegugiy,
. I 1y i
Spes ik e s
SANS then a7 ) 580 orthonormal subset ofan e P
et Vo we have .
B T ¥
th L, e L *3.'.'.;_: % 2
}_F‘L::" -'|Ir|| n " "
!!“.HL‘I_'_
Let gy S
e B
— Visliy o

Vi 51, .
A mgp

LA
Pl e i 1. T

BRSSO

=]

Mo

0.20.

}-‘r?i—zui}{, eereni)

|Jr |-—-‘h}" i -_n'lllrx ZI’)‘I I,h—iﬂ-x; II

= xxj—-,x,ZuJ. I—J'Zrm: ‘«.’II-

I

I =[N
||. viZ
Iyl 2l
i=l
i|:.-r|'3 =0

R T 2
-3 20
i

Z.-‘x X, ux X ."_i".x X, nc AR Iz.“_:x:x.}:'m,.x
il

n - i
Zl:::!i, :l‘._ -I':I:I- = |-!x|l|-
=1

B.Sc JI¥ - Math [ - Uni I - 95

whereo =% x>

ZU}\. if}}'__-
Zm{ﬂt'!l Zmuw +Zuu % )

[ﬁnd {'x,x___}=i'_1;“:=1.

Let W be a subspace of a finite dimensional inner product space %

Prove that V=W & W+,

Sol.

W must be a fimle dimensional and posses Ao

Let 5 = .4 }bean orthonormal busis of W

itean be nxtendl, n:i 10 farm an arthonors

Lev

L.

Claim- b b

Proof: -

(2018)

j g, Voo
Since, W is o subspace of a finite dimensional P51

18,8, e
dimW=m it
Since, 5, isalinearly independent

5 ui-.:-:-! ary. S,
1| hasls of V.

prthenammal basts.

by atensicn theore

asof v
bl b | i orthagonal basis o
¥y waneeinn
5, = i e a by by " i
dimyY=m+n
..... h o= W
Since S5 1‘-dr1I;II[|l[:l|!1-.|I|11:I!||'l.|l||'|UJ -
——— —sr 1 blicatie
oL o detailal 1,1.1.1.? 'I.'i|.|'l¥l'|'||||-| uen
[ A LTS

.
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B.Se, 117 - Magl 1. Unig |

[ |1'-'I-'.", |
b b are nrhgqn"ﬂ'm] L8y By emees B T B S 11 - Math | - Unig v a4
lil i;'hb' b areorthogonal wf"f”‘"“*‘“ﬂmh“mlun ofa,a, ;' wy=(13, u}——{r WOy =(1,3,00~(2,2,0)=(-11,0
i .Ih ) b ane arthogonal to every clement of Wior g ). i | i )
Bt e S = Wl = (W, W) = (-1 (- — 4] s
b b e W ol JSEDHED L 00=1 51 =2
Nowfor ¥ = WEW =2 = _{] 3, ,i'— __'_,i \|
W have to show thal ,I‘-'ir | J72 2.'
[Hv=w+ W (i) Wﬂ""""l‘{ﬂ} {‘# ) {V w, Jw,
R I.
§'|'|"l. =W el ||"-'-‘||| |I|'l’"‘|| FERR B |
Lﬂ“E\I We h v .
= T 1 e R 6 B AV EVJ':P; E"‘;J-l';'l:l}]"r['lr;”]'] 1[ J||§|J=|:zj
+*.\ h I:' +{" b }h RS N, bn:’h“ | P'utting in qu{il']llu..'e gét
B N, a8, t o, Aoa +HRb +[Lb, B b | 5 1}1'[
2 - —— o L | 1.'-'.\=[J,L]}—E{[.].i]; {!JJ} LL0)={00,1}
1; In every x=V can be written as one element of W plus one elemental | ||w,|! =(w,,w, = 00400411 =1
= _1'q."=1|.1|,-' L . i_ |r|:|_[|,[':| —(I:I 0 1}
(i) WW =g [, | | ’
Let W [lence an orthonormal basis for B s
L E "rn“' == PR = .I'!."I-'IH'I'.III X qllﬁr;ll | 1 4 | 1 \ y
= %y | [7,- r'—,'} |.,, I;—,—I,_..“ |,|iﬂ,ﬂ,ll]¥
. = SN =0 TR e B B RV R S |
= x=0
thus o Ww- :{nlf (.22, LetVbeafinite dimensional inner produet space and T eV, Prove
CEWRR (Pro‘r"u*” that there cxists  unique ¥ & ¥ such that T(x)==%¥= Vael, (2019
QI L 8 | Sal Since Tisa linear functionalon V. Se T:V — F isa homomorphism
p"‘*“fﬂxs\tum-tha . 1,0), 11, 3, O L) RLUse G Nm.q.:nmi "-"-ERnl;Jwthﬁle‘.-Er} finite dimensional inner product space has an orthogonal
- unormalize 5, a0 | pasis Let X, Xy X, } b a0 orthogonal basis o'V, then
], -y | : i
L \ L, 013 SURIR I:III CR® ) _I ""‘;~5-}_[] for i 2 j and <x x> 1 foegach BB
; '” 0 ; 7 can be writlen as i
Lex WV,=(1,3 o Anvx e Voanbe ) ,
=V -r; | '“,I UJ“':»' [1|1! I} X=X, N tx; ﬂ_tr """"" :‘ 1!:_“
=14 174 00y - i =:|-;.-!| = {‘i'-".l..'lr';'z_] Lt Tl:XJ‘ []'.'E I':. fori= |1_‘_ IIIIIII n
'“—I'— I Lt ¥ :l:_ilxl +ﬁ1.‘i.: i QA 4 ﬁl.".n eV
|'.:.I'J Ell ].{}}.—| _-]Fz" E_,”] We have .
Y III'u no .",I Ly YaNa by egdil
| . . y T T DL S O o R
et Wy = W, '[?i’_”iij"'ﬁ {n.¥)= tllI}Tu.:‘.r%ﬁj:"lll.' ?—_IJ-'I”—-I-'“" 3 =
||w |-\_- s | ! ' L
. AU 1| (i) . —
|:|L|II'|(_'|“-” 1|J_ [‘..Jz,".fj Ly 3 {H-}'}=>_-u.|5-
b4on=) 13-4 i - jowin__
-—.___\_\_\_\_\_‘_ | T |.>I.'|!'|-'|-I:'£F|-_’1|L“""n
E———._E_léil us e ————_ 1 | r \r-'““ ns Illl‘ |I||:||||"I lll."tllll |.'|| wh ___

Scanned by CamScanner



Fromed il

Tiak= Thes, 7 e

R
- o
(since T 16 & homotais

From aq. v} and {v]
T(x|=4%¥)

Yo, we show that

B.Sc. ™ - Math g . U

can )= TN e o T )
s
Lrap =y ol
i=l
FreV

veV satisfving egq.vi) is unigue.

Lat v, &V be such that
fromeq viband {vil)

() =iy

Wehave (x, y-v,)=(x,
(xy-y =10
Inparticulars,  iv-y,

= ':I-}'I_D

This proves the unique

(.23,
l:.'l,u_En values of 4 Hery

Sol. Figen valye and gj

. Ane
8 transfommation assne]

letApeg,
AmpT  p L p

TX=ax

(e 3
TiEn 3 {‘;{.|-|1.r-|.|1

tigey '.-’JJ-.l"_‘ -:.Ifﬁl. '-1'::1

e
E T beag Bip

Define cigen values an

T(x}=(x¥) ¥ xeV

by e viii)

iy .
'1[1'“:';

......... v}

-

]

- i)

Txel
¥i-{y)=0
eV
Feyh=0 (Take x=y-y, V)

= }l =k }rl
ness of y,

itiun matrig 4re real,

Aed with Matrix,

R :
Auare matrix of order nxn over figld F.
defined 45

VYAX c P
%
X,

I Verlor j o i

A

S ]

Cllren v
SR Vil o

&'

AROr Ay =3

T EIREN vectors of a square matrix: - f
'€ value of square matrix is defined as eigen vals® |

d eigen vectors of a square matrix, Prove thit
(2018

B.Sc. 1M Maih 1 - Linit IV - 100

Prool-
Let *A”be Hermitian matrix over ¢ then A * =4
Let A be an eigen value of A (Hermitoin malrix)

= x If?‘ 0) € ¢" suchthat Ax = ix

= Fx(0) e g% such Tha!{ﬂxj' = (ax)

| (AB) =4’
B & (2A) =7a"
— dx(#0) e grsuchthar x’A =3x |r'.' A'=A}

= n(# I'J:,I € g suchthatx'A" = ix"

= T (= 0) & g"such that x"Ax = 1x"x { multiply by x|

= Fu{= )= @ suchthatx’ 2ax =ax'x | by eq.(ii )}

= :'-x[#—ﬂ':lEE“swhlhclt{l—i]{x'x}=[J “(ny)=yx

= Ax(=0)e e:-"such[hat{l—i}{x,x} =0 {{x,x} =x'x)

- hmF =D Jl (xonh=|nf = Onsx e UJJ-

= L=k = A is purely real number,

(3.24.  LetFbeafield and A € M (F). Define the trace of A, If B = M (Flis

similar to A, then prove that A and B have same trace, s the converse true?

Justily your answer. (209

Sul. Trace ofa Matrix: - )

Let Abe a square matrix ol veder noover a field T The sum of
the elements ol A lying along the principal dizgonal is called the tace of A L2
A [a] . Then

1=n

n
trh = Zuii =8 By T +a,
il

it A,BeM, (F)
Mow we prove that A and B have the spme trace.

imi i T ore puists anmvertible
Suppose that A and B are two similar matrices. Then there cuisls 4t

matrix O such that
B=CtAC
Let A=
Then  ir B - (DC)= CD)
= CCtA) = trilAY=1A
e L s (e,

[ mARE= i BAN

Hence similar matrices hi

i 1 Ling.m
i N3 WL LIRS 1141 Blication.
Lk I.l.l-“l A L LI L

v or
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[ UnitV :
12

0.1, Prove that the matrix 4 = 01 is not diagonalizable, (2014)
Sl The charseteristic equation of A s

[A-xli=0

l-x 2

0 i U = {1-%F-2=0)
= (1-x¥=0
= x=1,1

RATICE o1y e Ay b 3 x k H
e raals e equal, Henve A s not diagonalizable,

s O [ . . L
Q. . Proy L.Th:fi.mdl quadratic from on a vector space V detremines s
unigue symetric bilinear from fs an v fiven by

F,[‘J..}'jl'—%[q{x-l-}'jl -th}—!].[]r'jl:l, TryeV,

Sol, Let fhe a kilin

(2014)

FArtrom associated with guadratic from gon 'V,

QXN =1ix, %) iy = v (il

; RS ]
SRR A1

I=0+1

Fromii)and Fi:] -.T.e have
i x} I'f-I I |:.]|:'x1_x|

- YreW
SLE T (5 x) -

w X !

uix=fiwx) .: =

Tro Y

Ui+ yh= Iy + Yo

QX ¥ =1 1)1 Fra Wiy,
L s RO R (e 1y,
- Wr51= i)+ 2x, vy gy el

o, ]
T Bl e S P (v
¥ | 2|—.|f>~ :r_r-t».'.fx}—ql_]r',"_

.3, Heduved the
suitable nribg Pon
Iy . ]
Sl

Buealion 2y

+ 2 4 Iy
alchange of yapjg) 225 4 4y +4 = ) to standard form by

les an identify the conicoid represented

o 4,191
sadratic i 2974 9, i (0]

Matrixaf
s T : e is
<25 relative wo standard hasis of 1718

Fmere i ———
———_2H) I_“l L""“W_JWM“IIH'|]uhlj(‘;i[iuﬂ.]l| _j

M
|
|
:ll
=
5]

BSe I - Math I - Unit v - |02

[ 0 ]

characteristic equation is lo 2-2 0 =0
ol
L ¢ =

h=1,2,-1
(i) etgen veclors corresponding o n=1. Let (¢, m, n) be an eigen vector
corresponding lo L '

|'.. 1o 107

|0 1 0 fim(=0

[1 0 <1~

By =R, +R,
10 1_£-|
01 )fm =0
0 4 0o
~f+n={|
m=0 = m=0,f~n
. (1 DL]
(1L,0.1) —» Linit veotor [w."'EI o
(i) Figen vector comesponding to 3 = 1. Let {#£. m, n) he an eigen vector
carresponding to & = 2.
-2 0 1| f
o0 0flmf=0
1 . -2]|n
0 -2 f}
o0 fmf=0
R, Ry . :
=2 0.1 n]
oo =2 ¢]
g0 4 |m|=4
— Ry +2R
Pttt 1y 9 Jj{n
= f-2n=1
-3n=1 = n="
then  #=0

(¥ m,ni=(0, L0 .
(ifi) wipen vectors carrespending to A = -1

g [ II
Vieit us for more detail al @ w winsomepublicationth B
(_Visitus for more dets
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I A
03 0 ml=0

[1 & 1=

i

[

X . =

-: —

—

g ~
I

R; = R:-R,
|0 0 0fln
= f+n=0,{=-n
im=0 = m=10
(-1.0.0Y or (1.0,-1)

Let erthogonal matrix

P=l0D 1 0
3 oy
[ 42 2
Rotating the axis without changing the origing -

‘\{""“ 3 A ! Z . ar
3.?‘.] & ‘1 !|' I W|IL:I‘C X, ¥ ﬂ.nd X v dre E[ ’E'd b}r
Lrar '31-0 ma |U'] =,

[% [
(=N
A ZaJ
1 I
= )‘.:—_;.:"__ v 1
= ; =z - Emr by Dt
42 J2i¥e ¥ J ,‘_ﬁz

fi
o thess transformation the given eq.(i) reduced to

;"‘ Ay _'-*'12
ey, fiﬁhm:-mea'

P2yt -ty ey
K 2:r"1 R e

\
(2P 2y 49y} 0

1
_,"f =i
')+ IJ-I'(‘.I 443
-|l2x|-?»+.-“ B
Nature - Th

15 15 h‘.puhm
Dld al [RERT
v sheets,

\r:mr:nsfr.wrrr...uaur .zl
Final Iransturimtion are -

Heri: s

f_—T—
L Visit us for mure mure detal 3t wwwwin e
L: wwwwinsemepuhlicatlondn

_——

Q4.

B35, 1™ - Math T - Unit ¥ - |04

|
E=—F=X+—=Z2
V22
¥=y~1
1,1,
E=—XK ——F1%
W2 2

Reduee the quadratic form
qix, ¥, £)=x"-2yz + xz on [R (IR )i confeal form A 5"+ 3,y +1. 27

by congruent reduetion and find the transformation relation between (x', ¥,

2y and (x, ¥, 2). Also find the index and signature of the quadratic form. (2014)

Sal. gon R qx v.z)=x"- vz | xz matrix of q relative to standard basis
ol IR is
1 o ”2-|
A=l 0 0 -l
2 -1 0 |
M o 12} 0 U| o 0
A= 0 o —L|=|0 ﬂ Alo
12 -1 0 [0«
[ 0 1427 1 0D
-l = |0
RossRy=cgy (3 & 0
0 -1 —1i4] |-1i2 0 '_h“
mn o o[t oG] |10 [ﬂ
1 noo-1 = 1 olalo 10
& L —=C
L P T N E R U [
oo o0 |1 0o] [Loa -
0 -1 —lid|=|-1;2 0 1jAaj0 1 0
el o oo -l o o 1] oo 1]
-1 p o] T 1 0 0] 1 L2 u]
_iid =l|=|-12 0 fafe O |
C, & C, i s 1ol [0 o
:l: I} []_ [ n 0 ] =172 l:||
6 fia= =~ Y (lalooon
J{_'\ ] H‘i _'-‘R:| ” 4 2 | _4 1 | i-
3 : oy e I_._.ht[mum: fomin___}

-

T W B e
Vit us for mare del '“] LLEAL S
[ -mort T

L |
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o 0 ‘ [ {1} L =2 =
" g 4R I['l ~1i4 ['I‘: -1/2 1 l n'"l.‘ﬂ 1] | ‘
3 —* Ly b [I’i 0 4_ |- o I = I_rl 1 _4J

Normal formof gis

R A v +dz”
e

S e b

<11 2 k.]
oyl 0]y
i L?J {n - 4|2
Rank =3, Index =2 Singneture =|
0.

Find the matrix of thy quadratic form -

QR Xy 5} =2x %, +4x %720 0n RYR ) relative to th
. ; : : ¢ ordered
basis [(1.1,0).(1,0,1), 0,0, Hof R YR Y, | o1

¥
S0l "Given tha (2012)
ql:x:.:‘i_,.jL._J=2x X, L A
The polar form of the sm Le =

smumetric bilincar form fassocisted with q fs given by

flxy) -‘%[LT{-* *¥)-q(x)-gq(v)]

"J-'].'lﬁrt‘x=fr_l: KX} v=

E!r'.}’.j.'1
x=y) T

YL Xty Ty
1.”31;-}._‘. >13}[’:."|>]"] ' Y3 ,:I} = :

3 2(x, x4 Yal+d(x + v )%, +¥3)
47 :

2 %1 +y, )(x, ¥ ) -(2xpx, - 4%, “dx5xy)

. =}\I:_.___"_',=x_|e-2|"x-._.-_,_1_. e =

Basis 5 - e =y, JI,F_U“& =|H S
Now 2
fle.eh=f01,
Rt‘l_t;:J: _|'|'
!.i'E_If-_J=

=(2y1y; + 4y, s +2v201 )
LY, T yx
0 Ie, =00, 13

0,01, f.I” =M
vy 2e )= ol
LLOL0L,0,1)) =g =0 e ) =3

e i'l;:_\,(_':|=_1_ ﬂ'E y L
1K}, 1 0011, 14 1= 4 an by e, e =2
; I T =3 CLi )= ]
Hence matriy o4 elative 1 the | g ‘g}j; 2. fie, €)=0
54

2
|

Visit g -
| us for i rg detail oy

LI O O |

4
2

=t __——
" S T el R
'_“_""_“_~“|ﬂwml:pulujicutmniﬂ__ —

BSe 1 - Marh - Linit ¥ - |0g

Q.6. Reduee the Tollowing equation in standard form by suitahle orthogo-

nal change of variables
Ayt det b dyr -2y - I4y-227+331=9

~and tell the nature of the surface represented by it
Sol. . Given that '

Ay 4z Ay - 2% - l4y-227+33=¢)
[0 0 0]
- A=|0 4 2|
Lo 2 4J|
Characteristic Equation of A s
0 0 ||
0 4= 2 /=0
[U 2

(2012)

i)

= L=2.610

4 —P.I
Eigen vectors corresponding to =2 is {0, -1, [}
Figen vectors corresponding to & & 15 (0, 1, 1)
Eigen vec tors corresponding to 2 = 0is (1, 0, (1)
arthogonal matrix

B ‘[

| ] o1
pd L Lol
T8 &)
L &L
g

Let us rotate the co-ordinale axis to new axis (x, v, 2) and (+, ¥', 2’} arc related by
trans{ormation

M
|EJ_ { J

L
=z

Using these transformation eq.(1} hecomes

Iy T 1 2
I T MY O L T O
w0 4 (_'_ - X I-Il ] 1. :I

22 - 0T 7 =
25" 4 h_‘y 1."3 ki )l |

! 1

E
ois s ved M M T
TniTal s waw.winsomepublication.in )

( Visil us fur more dol

W
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P L [T !
Iy ——&,_—‘El\l'!-' ﬁ}"‘——q‘}* ]—23 =—33
or b V2 L Jao
P : b
! -"-1- 12 ' ! —
Ayt £y ——=Y -22'=-33
or i'k \;'1 J |2 A
2 2
I A 3= .
w2 ve -] 2= 33adi27 s
I\ +12 \ \':-J-)'
or I LEYP=220-1
ar Y= -1
or W EYI=27
or X+3Y=1 Elliptical Paraboloid
X=x"—+2 .
X =&"—ir
\II
E=z"-1
x=z+]
}:_#[x_i_\ln'g:lJ__ "-}I+_3 i
2 v \l;k \E}I
1 f Y
1——'_(x+-».'z_l:|+—1= ¥ pi_
V2 N2V 2 zl
2 2 .3
Q-.l. lglﬂﬂ.[l'i.!.ﬁ.= 2 1 -6 diﬂgﬂ“ﬂ“?ﬂble? "‘j"ﬁfﬁ““nmtr“]‘
=1 =2 0
such that pr

AP isa diagonal matrix. (2013

[« 2 3

Sol. Gt»mmatmr 1 -4

-2

Characteristps Bquativn of A g |4 - Al =0

1

|'2'.‘f. 7 o |
£

r ka3
i
-‘

=1

Visit us fgr more detail ay .

— AL www.winsemepublication.in

nr

2 _ i
We el one linear independent sulution ':.I'"' ]} ‘

Thus thepe are three linear indepentdent SLgEL Ve tors [
2,-1). Henee given matrix A

B.Se. 11" - Math T - Unit V - 103
f=-3;-3

E 2

(i) Ligen vectors corresponding to L =- 3,
Let X = (x, x,. x,) be an eipen vector corresponding to ), = - 3,

%+ X =0

[t 2 37«
L 4 iyt
{—I =23 %

Ut solving using Echlon form we get homogencous cquation having selution
{2, 1,0pand (3,0, 1) i

{ii} Eigen vectors corresponding to 2. = 5.

Let X =(x,, %, %) be an eigen vector corresponding to . = 5. Then

(A-NX=0
-T2 3wy
2 =4 6| %y |=0
=1 =2 -5 %
-1 =2 —‘Eq[xl
R+l 2 4 -6 [x, =D
S
-1 =2

R; —Ry—TR,

D -8 —16| x, )=
RerRat B o 4 '32J[x3j

R, —»-F
R, — By +2R,

—. 5
Cin further solving Echlon furm whose equation is equivilent t
Cox 25, 5%, =0

x_,+?n.\=lfl
21,0310, Prand (1,

is dipgonalizable.

WL winsome ublicationdn

Viell us Tor more detail o
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Ly
% ¢ _l‘ R, 2R +R, BSe. 1™~ Math I - Unit v - 110
p=|1 0 2|: 53 ' _
b ¢ 1 =) (10 -2 IrI 0] [t -1 o]
: 0 4 2|=-11 olajo 1 o
|'_1 4 51 [0 2 —E_| [2 D i o o rJ|
L1 _ % =
Then Boogil 2 23 C,—2C +C,
Il ]' 1 3 e T r T -
3 Lo o] 1 oo 1 -1 2]
; 04 2(=-l .
‘_3 0 0 ; R | || | ulalm Lo,
Therefore B 'AP=| 0 -3 (‘l| _ ' 02 8] 12 010 0 I
Ln 0 5 M 0] fr o00] 1 =1 2]

=|—J 1 Hlﬁ.lﬂ' 1 GI!

, , 22(0 I ‘
0.5, Reduce the quadratic form gix, v, )= x*+ Sy* - 477+ 2xy - 4z on \‘EI —4 | [ 20 J| ||_l] 0 L]
IR*{IR ) to canomical form by ox" + y"? + 2 by congruent reduction and find R, R -2R -
the transformation relation between (x, y, £} and (x', ¥, 2') and tell the index : ) )

[ R S R ]

and signature of the quadratic form. (213) __l ool 1 o0 o0 |I] = 2-|
Sol. Criver that o2 1|=-1 1 ofa0. 1 0
glx. % =27+ 5y -dt + duy - dx _ 00 -6 |4 -2 1, [n i 1J
YL, 2) = 3+ xy - 2x7 b ry + 537 < Oyz- Zex+ 0y - 42° C, = C,-2C,
[174 2] (10 071 0 0] 11 4T
-’-—|.1 500 02 0|=-1 olalo 1 =2
-2 0 4] oo -6 [4 =2 1] o0
s £ ) 0
[ 1 -2 Toow &) Mle u] ; ) ?
[ 5 ofl=lo 1 olalo 1 o MNormal form of g is
T = (3 3. a3
L—'l L] —4| Lﬂ ) ]J -” 0- 1J ) X' +2Y GE
R,~» R,-R, ! 41[#}
. Where |+ |=[0 1 =2 %
[V 1 211 00171 00 I - ]JlZJJ
| ] 3 2 |= -1 1 ﬂ' -dL 1 |. U ..r ! s
20 4l Lo o[ oo e
C.sC o = 4 . 3,'"3:-2;'.
= - 1 =7
It w0 =30 Moo g i Rank =3, index = 2, signature =1, _
I =1 0 e
: : ; ; P s cam be uniguely
i 4 2=t 1 [:-LJU o . Q9. Prove that every bilinear form ona real vector spEEERE L 0
L2 2 =4 [0 o 1| L[] ] IJ CXpressed as the sum of a symmetric and skewsy (2013, 19)
Nt r——— - (I . s . cider the follow ing hilinear form
C_Erﬂi"--wwf“—“ﬂi‘ﬂihmﬁunﬂ Sol. et fbe s bilinear form on V(IR ) consi L'."Efi_ﬂi'-‘M[.an.m

Tor more detall at : wywywwinsnme

Vislt us

Scanned by CamScanner



B.5e 1M - Math | - Unjp vy

on V(R

_ )+ (3 x)] (i) Vx.yeR

and ()=l E() = E(0x)] i)

Claim: - f, is symmetric and £ is skew SYMMEtric,
1 . I, =
Since we have T, (¥.%) = ;[F{y,xj—f f {L}'}-IJ-= E[’r (x,¥)+ '"'il-ﬂx]lj
=f5{x,‘j}
folxy) =1 (v.x)

= [ is symmetric,

Therefore

T, yeV

Since l',,_l[x.y}—.%[f[}r,x}—ﬂ:k,}f]]

=—]E|:1‘I{x.;-"]—f"{}'.x}]=—i'“l[x,}'] v, yeV
fluy)=-f(xy)
Adding eq.it) and (ii) we get
fey=fxn+{ixy).
or fl )y =(f 1 )ixy)
Unigueness: -

TryeV

SR 1T
Tr.yeV

Let if possible § have another reprsentalion viz
it
where p s symmetric and gss is skew-syrmetric,
6907 MUy, %)= (g, = £,)x, 3+ (2, + )y, )
TERLYItE Y e v x) g (wx)
B g )t gz, y) -2 (x,y)

=2p0%, v}
g, (x,y)=1T i
g -Y}—ELf[x.yf}+IL}'.x]J ¥x.yeV
=f %y TiyeV from e (i)
=1
||'4H1H-4-|1i'm|ur-.:1l-.|“¢ et i)
£ 45 =g g
[ =g :
Hence pepy ERentiatiog g,

( Veiter
it us for more deiagl g1 T
b mare detail ab: wwwowinsemepublication.ir

"

= |_]-|

B.Sc 11 - Math I - Unit v - 112
(IRLIE

Reduce the equation
22x%- 123y + 17y - 2% +92y + 178 =1

into standard form by suitable orthogonal change of variables and tell the
nature of the conic section represented by it. {2013)
Ans.  Giventhat

212y [T - 120+ 02y + 178 =0

: 22 -6
Hence ,-"L=[ :

-6 17]
Its characteristic equation is
A -AI=0
l22-2 -6 |
I =1
| -6 17-4

2390+ 3388=0
Solvingwe geth=13.24
Eigen vectar corresponding to 2= 13
(A-130X=0

f9 —7[x]
-
I
n-Gy=0 .

Solving we get
Choose v =k then n=2k3
X=

L)
2L

Similarly eigen vector corresponding to 2.5 26

-gx Fdy=0

then

r.=

_ X _|-—3i|
= }'J_hl

o [zwﬁ —_HJEJ

313 2413
. 2 ¥
Then H—'J]_?"_\I.ﬁ*
3o ¢
v b Ty
: J13 V13

Therefore co.(i) becomes ,
Visit us for more detail at

]

W, winsome yublicatinm.in
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+]"a'j,r'JE

L 1 I 3 » 2 i
2 _ja| LY || =X =¥
22¢ -'~[”.-'|'1" B e s

=}z i_ﬁ'—i_‘fl-“‘i o2 —ffxl'i i__}'.‘ﬁl?ﬁ_”
193 2] T ldg s

Solving we get

£ + 1||_ =]
2 I
¥ =y’ 2w g 3
M ATk - — =Y —_-—
Where g3 3

Nature 15 ellipse.

Qa1 Prove that an n=n matrix is diagonalizable ifand only if it possesse
n linearly independent eifen vectors, (2013)

Ans  Suppose A is diagonalizable, Then A is similar to a diaponal matris D

=diali. 7. #., ], Therefore there exists an invertible matrix
P= & x| suchthat P'AR=)

LE: AP=PD
Alx Ky i x|=[x, Koo X Jdialh, | ¥

ie, (A% AR Ax =[x, }jx:“_...,}.._xn]

LE; A =k X A, =hox, Ax =y

& 1 - LA n von

Therefore . x

Roe e X_BME CIpEn Vectors ol A corresponding to the eigen values
foir Foge oo TESDECIVEDY, Since the matrix P

VECIOMS X, X.,, ... %, are lincarly independs
pendent eipen veotors,

15 nen-singular, therefore its column
ul. Hence A posses n linarly inde-

Canversely, Suppose thay A
VECWOTER, . %% and e 5 2

J“l.)’.l =.;'_I;i;|~..ﬁ||;[| =3,

possesses n linearly independent ¢Igen
voen b bethe torresponding eigen values. Loet

i |1|~.....__..MI_=?_I_xn
i Mﬂ:Ir.,x:,._....xnl_-[_.ul.m,, ..... Ax ]
P R R S T jals K,
ppy " A ki 3
Since

the colump Vel XX
terelire X inviertihle

. L
----- A, o8 the matrix p are linearly independent
.”J':t’l;hrTr_'

and x exjslg,
AP =P
=5 F”-’".]' ]_j

= Alg 5I|'|"‘:i]i.1T1l.-"ddi::j-:rll'|.':| mitrix T3

FIAP= pipp

= Al |:|r:!j_.'_r:-rli||.ij.h5.l|l'..
0.z, Lt Tl thg by i
(R, % ""v'hi.hilumarlr:rmun 1 defined by

=1‘.x1,--'1.x\_- Fdy v
; LT il LY.+ +
Visit us fyp More it i S T, (O 3

Totain — L% S
._d"l_ﬁj.l_'E_““'“'-'HI'|J'I|?Gl|lnl:|}t|Ill_i[‘.ullllllr"'

BSe I+

l Math 1 - Unjt v . 114
Fim ‘

(i) Symmetric and skew symmetric parts of f:
(ii) The matrix of f with respect to ordered hasie
(L0, (1,-1,00, (1,1, 1)} of B2,

Sol. Ciiven that
|f ¥ [
f‘l {?L,,?J;Lf}" -Y}s}"_‘;)j =2x| "3-1:}"3"'413}"] +X|jr': +2x2-}"|
{1} Symmetric

fo = zl[_['y, x )+ fo,y}}

= '; [21%; =3yax, +4y5%; + %, +2y;x,
+ 2% = 3yaxy Ay 4 vox, —Exzylj

- %[43':"‘1 —6y3x; +8Xy¥3 +3y,x; + 3%, |

Skew symmetric
Tp.
fs =51 (vx)=f(xy)]

= %[2}',:{, —3¥axs ANaYs + VX0 + 2Y0X
2 3 = — — Ty ]
—2¥ X +3¥aNg — A%y ¥y —¥a X — 2x, Y

i =—;E5|}'z ~%:¥ ]

M1, 1,0),(2,2,00]=2-3+ 1'+2=2
2L L0, -0 =2 +3-1+2=6
L 10N 1L 1] =243 41+2=2
S (T T IR 1 e R R e
a f(2,L 00 (1,1, 00=2-3-1-2=-4

(In a
H
"Ij|1
d I

gL -L0) (L LN 213-||-12_j
a, A1, 0L (1,1, 00=2-3 ] 222
a,:i{fl,l,i},(l,-l,tljj--243~1 |z_"
i:i':f{:l.l,i}l,fl.z,I]=L3|~=+I!.+_.. f
The matrix of fwith respect 1o the ardered hasis

B L =L B D s

wwsavinsomepublicatinnin
Rl

e
[ Visit us for more delail at 2
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=
It

CLLIEE

E=

o]

E= 2

L]
T
ra

Prove that every quadratic fornt g on a real vector space V determings

Q.13. .
a unique symmetric hilinear form f on V given by:
Ir i
f,(xy) =5 a(x+ y)-a(x)-a(y)], vxyeV (2018)

Sol. Let fbe hilinear from on V such that

gix) =1 x). eV 0 (1)
Alsa fcan be expressed uniquely as

[=f+f i)

where f.f.x-lr']—';'[f{-‘h}’J H{v.x))
1% a symmetrical bilinear form and
: Lag
ftxy) = S y) - Fly,x))

15 2 skew svmmetrical bilinear form.,

Hence  gix)- e, x) fromeq.(i)
=fix.x)+f (x,x) fromeq.(ii)
fix.%) [, (x.¥)=0)

':_l-a;n 4 determines the umique svmmetrical bilincar form f .
v qrx-—y]=f~{x+y,x+y]. '
=f_fr.,x:|+f.r>c~:,'] =l %) Fix, %)
=f,fx_1j+1|;rx,}'l-| fly.y)
=40%)+ 26(x,v) + gfy)

(o £ (xy) =1, ()

Hence ij.x.ya=-q{x*}',1-qfx}-qf!r'}
. 1
fixy) =1 :
y) =2 {afx4y)~q %)-uly))
Q4 Lay

=V hey Iinfa?:::a‘ E‘:iur ﬁp;ace ol limension n € N gvera field F. Let T: Y
that T iy o) nstormation. If I has n distinet tigen values, then prove
: o, mljhj_':'h"m"‘?""EWE*rur:?.Iustiﬁ,-wuranswen (2019}
Prose that T has m diglineg eipen values 5;1_.; C.C i o Let

o3 p I

VL ¥ h
i TR e the ¢ e ¢
Claim- 5 - 1" s he corresponding eigen veetors,

W 5 =
P i arc li ‘ :
By indugiiog o B ) nearly independent over F.

'\-i'slt_ui Yor more deia)) at :
—— e detailat ;-

www.winsomepublication.in

BoBe 0%~ Math 1 - Unit V- 115
(Since V. 2 0)
Suppose that the set {V, V,, ..., Vi1 is linearly independent where K = m,

ifm=1Then S = {V | is linearly independent.

We shall prove that the set , » ¥io Vi Fis linearly independen,
Leta ¥V +...... o Y =0 where o, e 1 —
= Tle, ¥V, e i, V., ) =Tih=0
= o, T(V )+t o, T(V,, )=0 { T["L-’,)'I=Ci‘v"l}
g fCV )+ te (CoV)0=0 .. fii)

Multiplying cq (i) by the scalar C_| and substracting from eq.(ii), we get
@ (C-CoV t ot (C -C IV, =0

= a(C-C =0 v, (T -C,_ =0
Since (V. V.. ... V. His linzarly independent.
= o ==l st =0, since €, C,, ... C,_, arcall distinet,
Putting these values in eq.1) we get

L""'|u|“'lll|g-|=|:I = ”‘5+| =1 f VRH 0 .:I
Thusa, =0, ... u, =0 o, =0implies that the set V.V, ... e Vi 18

linearly independent. This complete the induction.

Henee & is linearly independent.

Sincedim V=m,[i={V,V, ... W 1isanonfered basis of Vwhich consist of
eigen vectors of T. Hence T is diagonalizable. Since A linear operator T an 2
finitc dimensional vector space V is disgonalizable if and only ifthere exists a
basis of V consisting of eigen vectors of T,

.15, Let AeM {0t) be a syinmeiric matrix. Prove that there exists an
orthogonal noatrix 'eM (1) such that P'AP is a diagonal matrix.  (2019)
Sol. Let X, X, ... *_ be eigen vectors of A correspanding to ils eigen
values &, A, oo A respectively. !

B (hh, SRR X _are lincarly independent and orthogonal to each other.
Mormalizing the vectors

__-_x.'___*f_,=—xr—=, ............ "=,x—".'.
b % 1%

Clearly Y, Y., ... Y, are also eigen vectors of A corresponding to eigen values

Lt ¥

s Fony e e TESPECHVEDY, _
A‘,'I =25 AY. =?._,'r':..........-’*-'l'"=?~n‘l"ﬂ, i

b Bt

LetP=(Y, Y, .Y

clearly 1" is orhogonal matris.

2
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_\.-;._
Y ;
P'=|. A=[A]
Y. ..
YA] [yAr]
—iré --&L. -‘:rllule:
PA=|.- -|<f,

{ A is symmetric i, A' = AJ

LY' A .'_'c': A

(AT vy ]
|: AYJ }: {?"2 YJ }:

 from eq.(i)

vy | oy

RS
oY
: [ (A =2a')
5| |
[+ o, n}.][‘r,']
_|G} - {_}r‘ Wi
=Diag[), 5,0 P
10, o, 1| Y| St

Vi .
sit g for mors daror—
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