Writer . Aakash Verma
IM.Sc.]

Satyam Prajapati

[M.Sc.]

Deepu Maurya

[M.Se.]

Edition : First

Publisher WINSOME PUBLICATION
Industrial Colony, Naini
Allahabad-211008
Uttar Pradesh
Mo.: 9935951901

Visit us at: www.winsomepublication.in

Composed : Rudransh Graphics
by Allahabad
Printers Bhargava Press

© All rights reserved with the publishers.

Note - Please give your valuable feedback at :
winsomepublication@rediffmail.com

Wil all possible efforts have been made in the preperation of this book, neither
the author nor publishers are responsible for any kind of errors and omissions. In
case of any dispute it will be subject to Allahabad Jurisdiction only.

Unit I - Definition of a field, Examples R, C, Qand Z of fields, vector :
definition, excmples and basic properties, subspaces, subspar:é gcneratsgc?i)e'
subset, Linear dependence and independence of » subset, Be;sic and dimen)-,
sions of a vector space, Sum and direct sum of subspaces, Quotient spaces

Unit I1 - Linear transformations and isomorphism of vector spaces, Null spaéé

range space, rank and nullity of linear transformation, Fundamental theorem 01‘,~
homomorphism, Rank nullity theorem, Hom (V, M) as a vector space, Dim Hom

- (V, W)=Dim V. Dim W. Dual space V* and transpose of a linear transformation,

Annihilator of a subset of a vector space.
Unit I1I - Matrix representation of linear transformation, Algebra of matrices,

Effect of change of basis of matrix representation, Equivalent and similar matri-

ces, Rank and nullity of a matrix, System of linear equations, their consistency

- and inconsistency reduction of a matrix to normal form and algorithms to find

the inverse (if it exists), Definition of Determinant and statement of properties
(without proof), cofactor, Adjoint of a matrix and its properties.

Unit IV - Inner product space: Definition and examples, Cauchy Schwarz in-
equality, norm of a vector, Motion of angle, Orthogonality, Orthonormal set
and basis, Gram Schmidt orthonormalization, Bassel’s inequality, Orthogonal

- complement, Adjoint of a linear transformation (orthogonal Unitary), Hermi-

tian, Skew Hermitian, Symmetrjc and Skew Symmetric matrices, Invarient Sub-
spaces, Eigenvalues, Eigen vectors, Characteristic polynomials of a linear trans-
formation, Cayley-Hamillton Theorem.
Unit V - Diagonalization of a matrix with distinct eigen values, Orthogonal
(Unitary) reduction of real Symmetric (Hermitian) matrices.

Bilinear forms, Equivalence of bilinear forms, matrix, representation of
Bilinear forms, Quaderatic forms, Classification of Symmetric, Skew Symmetric

- bilinear forms over R and C, Sylvesters law of inertia. Classification of curves

and surfaces represented by equations of 2™ degree.

S.N. Details Page No.
L. Unit1 1-24

= Unit 11 25- 54

3. Unit 11 55-82

4. Unit1V 83-100
S. UnitV 101 -117

Scanned by CamScanner



B.Sc. 1" - Math I - Unit1- 1 |

f - Let
Q.1. Define basis of a vector space. Prove that a maximal linearly indepen- | =
dent subset of a vector space is a basis of the vector spaces. (2014) } =

| =

Ans. Basis:- ' _
Let V be the vector space over the field F. A subset S of V is called =
basis of a vector space V over F.

ifHLS)=V

Unit |

=
(11) S 1s a linearly independent set.

LetS={v,v,..... v} be a maximal linear independent subset of V. Then S
becomes a basis of V, if we prove that L(S) = V. .
LetveV be arbitrary. Since v, v,, v, ........ v are n+1 vectors in V, they must be
linearly dependent and so there exist scalars o, Ay Oy a,; not all zero.
Such that av+a v tov, o tav =0 L. .(1) =
ifa=0 then equation (i) becomes - -

oV oLV, e +oav =0 Q.3.
= a,=0,0,=0

D= 0iszeiend o =0(.".Sisalinear independent set) -

and «.= 0. This is a contradiction to the fact o, [V o, are not all zero.
Consequently, o. #0 €F and so o' €F and o' = 1. From equation (i), we o
have av= -V, =0V, — .

nn V b
or o(awv) =-a (o)) -0 (o,V,) e -o'(o,v,) (F) :
or V= (oo )v ooV, (-l )y, 7»
= 'V=L(S)and so S is a basis of V containing n vectors.

Q.2.

dim (V/W)=dim V -dim W.

Therefore S, is lincar independen;.
(i) V/W=1S,]

Space over a field. Let S= {a,a,
avector space V over a field F and ac
a, a} will be linearly independent.

4 v (2014)
Linearly dependent and linearly independent vectors of a vecto

Vectors a,a,

gperceeens »A, € F such that Aa + da,+

}(L)therwf ise vectors are called lin
a +
If Wis a subspace of a finite dimensional vector space V, prove that 1<, Aa,+

B.Sc. 11" - pMagh [-Unit1.p

W+x eV/W )
xeV
Xx=oja toja,t+o, o a +f,b, Pob 4. +
WHx=W+(oa +oa +... +q 4 b B, b 1B
WAX=WH Bb 485, 4.t b | 2 b
(“W+aa tua +... + =
Wx=(W+ Bb)+(W+ By vy pp mn )
=By (WHb) 4B, (WHb) ... +p (W45 )
VIW=[S]]
S, is a basis of V/W
dimV/W=n

=m+n-m=dimV-dimW
dimV/W=dimV -dim W

Define linearly dependent and linearly independent vectors of a vector

,a,} bealinearly independent subset of
Vbutae L. Then show that {a,a,

rspace

S yaeeiaeni , a are called linearly dependent if 3 scalars 7. .

+X,a =0inwhich atleast one 270,
early independent. Let

........ +ia +Ba=0

M el tAa +Ba=0 L (i) A,BeF
(2012,14) I(tj"lalm':- B= 0, in equation (i) )
Ans.  We have to prove that dim (V/W)=dimV -dim W M5ﬁ§5;ble 'e‘-ﬁ # 0, in cgiation (1)
Proof:- LetdimW=m Py equation (i) by p-'.
LetS=f{a, a,..... a,} be abasis of W. Since S is linearly independent sub_set a=-(p'o Apa-(B1o Aa,......... -(B'OA)a,
of V. Therefore S can be extended to form a basis of vector space V (By extension . A=vatoa .. toa, (-u=p'0%)
theorem), 'Whlch is a contradiction because ‘a’ does not belong to L. Therefore our
Let S, =12, b, by b} bebasis of V. :ssumption that B 0 in equation (i) is wrong.
dimV=m+n Freonce'B =0, in equation (i)
consider S::{W‘TbI,W+b: _________ W+b } :”tn(l)-
Claim:- S_is basis of V/W, ' SAF At =0 .
(i) S, is lincarly independent, = 4T =4 =0, (era,, a,,....a are linearly independent)
Let7 (W~ bl)*7.z(W+b:)+ ........... FA(W+b)=W {a,a,.... ,a ,a} are linearly independent.
= W ‘}.‘b1+7_:b1+ ......... +hb=W ! i Q4 '
= /‘bﬁ"}., b:"’ ......... T;.nbngw ('.'W+a=W© aeW) . 1
://‘b;/..‘ s +7. b=

i
m m 'n(l
=v,=u,=

. -z 1 14
s W, ={(x,y,2):x,y,z € IRand y +2z=0} and W=y 20Xy, '
€IRang x + y +2z=0} are two subspaces of the vector space IR* (IR) then

Visit us for more detail at : www.winsomepublication.in )
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B.Sc. 1" -Math 1 - Unit I -3
(if) a basis of W,

. asis of W
(i) abasiso N S PTITEC 2014
(iii) 2 basis of W ‘m\\ : and (iv) a basis of W . W » ( )
Ans.(i) Ox+1y+2z=0
A=[0,1,2]
p(A)=1
Number of linear independent solution=3 -1 =2
y+2z=0
= v=-2Z,X=X,2=Z
[x] [x+0z 1 [0
1 v ‘:\ 0x+(-2)z|=x|0 !+ 2|z
lz| |0x+z o] 1
dimW =2
" Basisof W, = {(1.0.0),(0,-2, 1)}
({H)W.={(x.v.2):x,y,ze Randx +y+z=0]
T x+y+z=0
= X=Yy-2.y=Yy.2=2Z
Tx1 Tox+(=Dy+(-Dz] [0 -1 -1
ixl;:‘l().x+l.y+0.z =[0x+|1 |y+|0 |z~
17| |
1z| [0x+0y+lz | |0 0 I
dim W, =2
Basisof W_= {(-1,1,0),(-1,0, 1)]
(i) W AW = {(x.v.2):X,y,z € Randy +2z=0,x +y +z= 0}
We get y=-2z,x=2,z=z2 :
(:x.—‘ ﬂ).x—v().yﬂ.z 0—) 10 ]
q"g:“().x+().y+(—2)iz = 0}x+ Oly+|-2|z
z| [0x+0y+lz ()J' 0 |
dimW "W, = |
Basis of (W AW )=1(1,-2, 1)}
(iv) We know that
dim(W + W )=dim W +dimW_ -dim (W.mW)
=2+2-1=3 ’
Qs. Define a veetor space, Let V be a vector space over F and ¢ be the
wrovector of V, Prove that
H30=8 Vacr (i) 0u=0 YgeV
(iii) 'J(—u) = —(au) - (—a)(f. VaeF and Va cv (2015)

Sol. \ec(()rb’pd(t. - r i"
\VISH ds h)r re de H YLy S0 ]“'I)HI)“C
more d(.‘ 4
. ail at : Wwyy, VINSojp

B.Sc. 11" - Math I - Upiy 1 .
Let (F, @, O) be a field and a system (v, 5, Neistsiligof 4
(i) A non-empty set FEE
(i) An internal binary operation “+*iny |
(iii) An external binary operation . in V gyer
field F iff it satisfy the following properties -
(i) (V, +) is an abelian group.

(ii) (a) o.(Ba)=(0.OB).a Ya,BeFand vae v
(b)la=aVaeV

Eiis called a vector space over g

(iii) (a) a(a+b)=aa+ab Vo,peF and a,beV

o) (a®B)a=aa+Ba VY o,feFandacy

@) ob=06 VaeF ;
Proof - We know that

' 0+0=0"

So o0=a(0+0)=a0+ a0

= a0+0=a0+ 0

Hence 0=a0, by cancellation law in the group (V, +).
([ 0a=0 Vacy ‘

Proof - Since, 0+0=0

= 0a=(0+0)a=0a+0a

= 0a+0=0a+0a = 0=0a

Hence 0a=0, by cancellation law in the group (V, +).
(iii) (- a) =- (aa) = (-a)a Vo€ FandVae V

Proof - We know that

at+(-a)=0
= {a+(-a)}a=0.a=0 (by eq.(ii) 0a=0)
= aa+(-a)a=0
Hence (-a)a=- (ata)
Similarly, a + (-a)=0
= afa+(-a)} =al
= aa+a(-a)=0 (by eq.(i) 0= «0)
Hence a(-a) = -(ca)
Q6. Prove that the set of non-zero vectors (o o HP a, of a vector

Space V over F s linearly dependent if some o, 2 <k <n. is a linear
Combination of vectors preceding it. (2015)

Other Related Questions -
Let V be a vector space over a field Fand S = VoV~ Viibea

Subset of V with each v, #0 (1<i<n).Prove that Sis linearly dependent
@it us for more detail at : www.winsomepublication.in )
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over ¥ if and only if 3k (2 <k <n)such that v is linear combinationof v , v,,
v, .. (2019)

. a ) be lincarly dependent. Now, t he Singleton set
! is linearly indepondent. Since oy # 0. Consider {a, a,}. If it is also

linearly dependent. then consider {a . o, a.}. Proceeding thus, Let K be the

first positive in

teger (where 2 <k <n) for which {a,, o, ......... a,} is lilnearly

Hence 3 scalarsa,a,,. .a _not all zero, suchthata o, T a0t +a o
i = 0. forifa =0,then {a, o
contrary do the definition of k.

Hence x LA 'ax -aax, -a 'a_ x, , which proves that x,_isa linear
mbination oﬁhe prgccdmg vectors X X,

=0.Now a, =0, forifa, =0,then {a , . .........

a, ,} will be linearly depender'n

Q.7. Show that the vectors (1, 2, 1), (2, 1, 0), (1, -1, 2) from a basis of
RY(R)- (2015)
Sol. (i) Sis 4.1, -
Leta(l.2. )+ B2, 1,0)+v(1, -1,
a+2f+y=0
200+ Pp-v=0
a+0p+2y=
p— u:—l‘/
So fromeq.(i) and (ii)
WP-v=0
B-51=0
Solving them we gety=0And so o= 0, p = 0.
(i) R =(S]
Lv;i‘\‘).z) € R>.
L‘:’l(.\.).z):u{].2

2)=0

DB, 1,0)+4(1,-1,2)
Y.2)=(a+2B+v, 20+ B -y, o0 +2y)

X=a+2B+y = a+2B+y=x
Yy=2u+f-y, = 2u+B-y=y
Z=0+2y = 0+2y=z

x 2 l]

y o1 -1
P 7‘ _(=2x+5y+27)

| -

L2 9

1

Visit ug for more detail a¢

A WWW.wmsomepublication.in

B.Sc. II™ - Math I - Unit g - 6

1 x 1
2y -1

B= 1z 2 Sx+y-3z

-9 9

1 2 x
2 1y

_ 1 0 z _X-2y+3z

¥ -9 9
 (-2x+5y+22) (5x+y-3z)

So,  (%y.2)= (1.21)+—2——(21.0)

+(x—2y+3z)

(1-1,2)

Q8. Prove that corresponding to each sub-space W, of a finite dimensional
vector space V(F), there exists a subspace W, such that V is the direct sum of
W, and W, . (2015)

Sol. LetS={a,a, ... a_} be the basis of W . i.e. dimW =m.

Since S is £. 1. subset of vector space V. Therefore it can be extended a basis of
\%

letSl= {2,800 a,b,b, . b } be basis of V.
. dimV=m+n
letS, = (b, b,, ......b,} such that W, =[S,]
Clalm S AR
Since S, is a subset of S, and S, is linearly independent. Therefore S, is also
el (because a subset of/ I. set isalso ¢.1.).
HenCe S, is basis of W,
‘e dlmW =n
dimV = dimW, +dimW,
dimV =dim(W, @ W,)
= V=W oW,

Q9. If W is a subspace of a vector space V(F), Prove that the set V/W of
all cosets W + a, where a is an arbitrary element of V, is a vector space over

Ffor the vector addition and scalar multiplication compositions defined as
follows:

(W+a)+(W+B)=W+(a+p) VapeV and

Gisit us for more detail at : www.winsomepublication.in )
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,-,(W+a)= W+aa VaeFand VaeV,
\%

Sol. We have to show (W > +" J 1s a vector space.

(2015)

\% :
() (\7 +] is a commutative group.

(1) Closure property -

\Y
Let W+OL,W+I3€W, a.peV

(\\’4(1)+(\\’+|3)=W+(1+Be—\\<—]

o ‘+’ is a internal binary operation.
(ii) Associative property - ‘

Let (W+a),(W+B).(W +y)e%

= {(W+a)+(W+B)} +(W+y)

=3 {W+Ho+B}+(W+y)

= W+ (a+B)+y

= W+a+(B+y) (Associative property of V)
= (Wro)+ (WHB)+(Wep)

(iii) Existence of identity - . -

Let W+(xeX—
%Y
W+ (W+a)=(W+0)+(W+a)
=W+ (0+a)
W+(W+a)=W-+a

- Identity = W
(iv) Existence of inverse -

\7’(\\'1‘-“)’3 W+(—a)r\l\/(

Suc\\\ha\ (W )+ (W +(- o) = V+CI.-+W+('(1)

T\\Q\'C‘.f\)\'e' . :\’V+a+(—a)=W+O=W
) Come. Verse of each element is exist.
MMutatiye D"Opcrty _ )
let w LW +B el
= W 4 ¢

— DT (Wi o .
~iitus ey LRB=WHB+a (- (V,+)is commutatlve)

for myy
¢ detail oy,
213 YWw.winsomepublication.in
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=(W+B)+(W+a)

\Y
So (W,JFJ is an abelian group.

an @ a.(ba) = (a0b).a Va,beF, VeV

X{p(Wﬂx)} =M(W+pa)= W+ (o)

- W+(kOu).a=(k®p)(W+a)
(i) la=0, VaeV

l.(W+ot)=W+l.a (la=a,aeV)
=W+a '
@ a.(a+p)=ac+ap VaeF afeV’

MW+a) +(W+B)} =A{W+(a+B)}
=W+A(a+P)=W+(ho+ AB) =W + Ao+ W +Ap
=MW +a)+AM(W+B)

(iii (a®b)o=aa+ba Va,beF,VaeV
(A®p).(W+a)=W+(A@u).o=W+Lra + po
=W+Aia+W+poa=AW+a)+pu(W+a)

So — i i
W 1S a vector space

Q.10.  LetS be a generating set containing n elements of a vector spae V
overa field F. Prove that any linear independent subset T of V contains at most
elements, (2016)

~ Sl Let V be a vector space over field F and X = {x, SIX X }be a

generating subset of V ie. V =[s]

¥ ={y, .y, Y. } be linear independent subset of V.
Claim - m <n .
V=[X]andy, e V
: Y =0X o, +o X, o, €F ‘
= (-Dy, +ax, +ox, + ... tax =0 L (1)

Claim - At least one a, # 0, ineq.(i)

Ifpossible let all o =0 ineq.(i)
(-1)y,=0 '

( Visit us for more detail at : www.winsomepublication.in__ )
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= Y, =0

Which is a contraction because none of the element in a linear

independent set is zero. .
Therefore our assumption that all &, = 0 in eq.(i) is wrong. Hence 3 atleast one
@, =0ineq.(1)
Letq, =0, = 3o/'eF

Multiplying eq.(i) by a;' we can write X, as a linear combination of

f T iy A 1
= \J.\\herexl—])'.x, ..... X }

U U te 2

Claim - At least one Yi # 0y ineq. (ii)

If possible let all ¥, =0, ineq.(ii)

= By, *(-1)y,=0

= {yy,} is Ld.

= V=450, e yyisld. (- super set of I.d. set also ld.)
Which is a contradiction because y is linealy independent. _
Therefore our assumption that al] V.=0in equation -.(ii) is wrong. Hence
atteastone y, # o, in eq.(ii)

Lety, # o, in equation (ii) = v,'ef

Multiply equation (ii) by v, we can write

X, as alinear combinationbfelements of

X, :{ywyZ’_*_X; ‘——Xn}

v=x,]
Proceeding in this manner a question arise which one of x and y exhausted
first.
Claim :- y wil] be exhausted before X if possible let X exhausted before y.
Using replacement prosses n time we get

U
<
=
3

|

[e2]
<

+

wn
>

+

Yis ¥, ..., YorYou

= yi= {)’;,Yz, ........ Y5 Yin sinseses Y. } is L.d. which is a contradiction
because vy js linearly independent.

Therefore our assumption that n < m wrong then m < p

Which proves that Y can have n vecorg. B

Visit us for more detail at :

WWw.winsome

publication.in
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Q.11.  LetVbeafinite dimensiong veetor space over a field F, Let w,andw,
be subspaces of V. Prove that
dim (w,+w,)=dim W, dim W,-dim (w,nw).
Sol. Letdim (w]r\wz) =/

(2013, 16)

andlets= {a ,a,.. . . a(}beabasisofwlmwz.

since s is linearly independent subset of W, N w,.therefore s is also L.I. subset
of w, and w,. Therefore s can be extended to form a basis of w, and w, (by

extension theorem)

Lets, ={a,,a,....... a,,b,b,.... bm}beabasisofW,.

And s, ={a,a,..... 3(5€12C500, | be basis of w,,

dimwl =¢ +manddimw2=£+n

Consider s; ={a,,a,....... a,,b,b,.... b..c.c,,.c, }
Claim :- s, is basis of w+w,.
(Ds,is£.I. - )
Let 03 + 0,8, +o o2, +Bb, +B,b, ... +B,.b,.
+Y,C; + 7,8, +.... +Y., =0 ... (1)

T1€ +7,€, + . +Y,6, €W, =(—a,)a1+(—a2)a2—+(—an)an
: +(—B,)bl+(—l32)b2+———+(—Bn)bm ew,

= Y16 HY2C Fety,C €W, MW,
+7v,¢, can be written as a linear combination of
n-n .

= Y1€, +Y,C, + .
element of's.
= NOHY,C 47,0, =88, 48,8, +.oot8,2, and 5, € £
= (=8,)a, +(=8,)a, +.....+ (=3, )a, +¥,€, + 7,6+t y,¢, =0
L =0, Sl 8(=y1=yzz———:yn=oF
(" ,8508,,€),Cpumnnn, are(l.)
Putting the value of Vi oYg sexdeer Y, ineq.(1) we get be
@8 +a,a, +o..+oa, +Bb +B,b, +.+B, b, =0

(" a,85.0a,,b,b,y.b are LL)
Hence s, is linearly independent.
an w, +w, =[s3]

( Visit us for more detail at : www.winsomepublication.in
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Let XX, €W AW,
= x, €W and x,€ W,
= X, =Aa, +A,a, +o.tAa, +i,b, + b, +. +u,b,

X, =6,a,+6,a, Tt 0840, ot C

where A,.p,.6,¢, € F

W+ W, =[s,]
Therefore S, Is basis of W+w.

dim (WAHW,)=(+m+p =(l+m)+((+n)-¢
= dim (W, +W,) =dim W, + dim W,-dim (W W)

9.12. Let w,={(x, X, Xy X,) € R?: X, -2x, +Xx,=0} and w,={(A, 24,-3),
42)%: € R}. Prove that W, and w, are subspaces of R*and R *is a direct sum
ofw and W, (2016)
Sol. Given that )
W = {(x],x:, X, X,) € R* X, -2x,+x,=0}
and  W,={(,24,-3, ):heR}
Therefore
dimw =3 and dim w, =]
Now i .
W, W, = x,x,, X, X,) €R* X, -2)(2+x3 =0} -
X, =2,
X, =-3x,
X, =4x
So from condition
X, —4x,-3x, =0

= —6x,=0 = X, =0
Therefore X,=0, x,=0 and
Hence W W, :{O}

Now dimV=dimWI+dimW2=3+l=4
therefore dim V = g W +dim W '
and W, NW, :{0}

Hence V= W e W,

1€, W and W, is direct sym,

X, =0

Q.13. Define sy

asubset of vector g pace. Find the eq
3 www.wmsomepublication.in
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tions of the subspaces of R (IR generated by
(i) Sl ={(,1,2), 2,3, 5), @3, 5, 8)}
(ii) S2 = {(2’ Za 4)’ (3’ 3’ 6)}

Also obtain the dimension of the linear sy, ofthe subspaces generated by S
1

andS, (2012)
Sol. The subspace generated by a subset is the smallest subspace con-
taining the subset. It is denoted by [S].

() let(x.y,2) eR* '

& y,z2)=ol, ],2)+B(2,3,5) V(3,5,8)
x=a+2]3+3v,y=a+3B+5v,z=2a+SB+8v
(x=3x-2y+k,B=y-x-2k,v=k

(i) (x,y,2) €R?
(x,y,z)_=oc(2,2,4)+ﬁ(3,3,6)
x=2a+3ﬁ,y=2a+3B,z=4a+6[3
a=k,[3:(x-2k)/3,x=y=22

dimension of S, =2

dimension of S, =1 o

dimension of linear sum = dim S, +dim S,=2+1=3

Q.14. IfWisa subspace of a finite dimensional vector spaceV, prove that
there exiss, a subspacg, W’ of V such that V=WoeWwW.IsW unique?

Justify your answer. (2012)
Sol. Letdim W=m. Let the setS, = {a,, G, ..... @} be a basis of W. Since
S, is a linearly independent subset of V, therefore S can be extended to form a
basisof V. LathesstS={al,a3, ..... BB, ..... B,} be abasis of V.
Let W' be the subspace of V generated by the set S,={BiB,s e B}

We shall provzthat v - weow’
F_or this we need to show that
V=W+W" and WA W'={0}
Let o be any element of V. Then ' ‘ ’
a = alinear combination of elements of S
=a linear combination of S, + a linear combination of S,
=an element of W + an element of W’
V=W+wW
Again Jet BeWANW’. Then B can be expressed as a linear combination of S,

and also as a [inear combination of S,

So we have _

B=ajo +ao,+.ota o, =b B, +bB,+..o.. +bB,
= a0 tao,+ ... +ta a -bB -bB, ... -b,B,=0
= a,=0,a,=0,.... a_=0,b,=0,b,=0, ... b,=0

Since are T S a,. B,s Bye-.. B, are linearly independent.
Visit us for more detail af : www.winsomepublication.in )
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B =0 (zero vector)
Thus W, NW, = {0}
Hence V=weaw’
Q.15.  Definelinearly dependent and linearly independent vector space. Let

{a.b.c} beabasisof R (R )and d=ga+ Bb+yc,a,B,7 e R - Then prove
that {a-d.b-d.c-d} will be basis of R¥(R)if and onlyifa+pB+y=1.

(2012)
Sol. Proof - Vectors a,a, .. a_are called linearly dependent if 3 scalars
Fophe o € F such that Aa +ha,+......... +.a =0inwhich atleast one

#; = O otherwise vectors are called linearly independent.
Letx,v,zeR
x(a-d)+y(b-d)+z(c-d)+z(c-d)=(0, 0,0)

= X[a-(aa+ﬁb*70)]+Y[b-(aa+Bb+YC)]
*2fc-(aa+Bb+yc)]=(0,0,0)

= X{(l-a)a-Bb-“{C}+y{-aa+(l-B)b-yc}
Fz{-aa-Bb+(1-yx)} =(0,0,0)

= {(l—a)x-ay-az}a+{-B+(1—B)x-Bz}b
-y +(1-v)2} =(0,0,0)

Since a, b, ¢ are linearly independent

therefore (1 - Q)X-ay-uz=0

or (a-Dx+ay+az=0
and Bx+(B-1)y+Bz=0 0
and X1y +(y=1)z=0 o

{a-d,b-d,c-d}will be linearly independent iff values ofx, y, z will be zero, or
system (i) has only trivial solution or iff coefficient matrix of system (i) is non-
singular or iff

a-1 ¢ a

B B-1 B [z0
Y Y or-1
UtPry—1 a+Bry—] a+B+y-1
oriff p B-1 B =0
T Y y-1

Visit -
us for more detail at WWw.winsomepublication.in
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) L L
- (a+B+v=1)[p p-| Bl+0
Yor oy
orifft  a+Pry-1%0
Q.16.  If Wisasubspace of a finite dimensional vector space Vover a field,
provethat:

dim V/W=dimV - dim W,
and hence find the total number of cosets of Win V w hen Wisa subspace of
V over the field Zanddim V=3 dim W =3, (2012)
Ans. First Part: -
Go through Q.2.
Second Part: -
Giventhatdim V=35, dimW =3

" Total number of cosets of subspace W in the vector space V = Total number of

element in nquotient space.

-
=(No. of elements in a filed 7)™
= (3)dmV-dinW = (B)y-3=32=9

Q.17.  Show that the vector space IR3(IR) is the linear sum of a vector
space. IfS= {a,a,.. a }is asubset of a vector space Vover afield F, then
prove that the following statement are equivalent:
L:Sislinearly independent and S generates V.

IT: S'is a maximal linearly independent and S generates V.
Sol. Given that W, ={(x,y,2):x.y,z€R and x - y+z=0}

(2013)

zZ

x_y_z
and W. :{(,\',y,z):x,y,zeIR and T l}

let(x,y,z) e R (R )

= (a,b,c)+(a", b, ¢')=(x, V. 7)

or ata'=x,b+b' =y c+c'=z2

Since a-b+c=0anda =2b =2¢
c-b+a'=x

z-¢'-y+b'+a'=x
a'+b-c'=x+y-z
2 Hb b =xty-z

i
9

A=V -+
A=X-(xty-z) = a=-yvz

m more detail ai @ ww \\.\j’insmncpuhlic:nﬁ?@
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a'=xty-z
L[ X+ty-z _X+y+z ) ‘
b=y-b=¥ |y = ——
. X+y-z
C =
5

“

X+y-z) -x-y+3z
2 2
(X.¥.2)=(a,b,c) +(a, b, ")

c=z—c'=z—[

= —\'+z,_X+y+Z,—x_y+3Z 4 x+y_.z,‘x+}’+2,-x—y+3z)
) 2 2 2 2
€W, eWw,
Let(a,b,c) e W, W, '
b+c=0 a_b_c.
s 27171
a a
= a—5+5=0 a=2b=2¢
. a=0 = b=0and c=0
(a,b,¢)=(0,0,0)
= WnWs=(0
Q.18.  Define maximal linearly independent subset of a vector space. If S =

{a,a,... a } isa subset of a vector space V over a field F. Then prove that the

following statement are equivalent:

I: Sislinearly independent and S generates 'V,

I1': Sis a maximal linearly independent subset of V.

Ans.  Maximal linearly independent subset of a vector space: -
A subset S of a vector space V over F is called maximal

linearly independent subset of the vector space iff it satisfy the following

conditions - »

(1) Sis linearly independent

(2) A proper super set of S is linearly independent.

(2013)

I=1]
LetS= {a,4,........ a} < Vbeabasisof V ie. Sis linearly indepen-
dent and § generates V.
= V=(§)
Let XeV .

. S

. B v nd _ T,
If possible let x has another CXpression j e it Ml Unit - 16

X:ﬁla‘ +B2a2+ ............ +ﬁnan B eF (ii)
Fromeq.(i) and (ii) B
aa + A, ............ + oa = B,.al + Bzaz e + ﬁnan
= (o, -B))a, +(a, “Ba,+..... (a,-B)a =
- 858, ..., a, are linearly independent.
= oc,-Bl'=oF ................ 10, B =0,
= al = [IECIIITTPPI Otn = Bn
Therefore expression is unique.
In=1I:- :
Leteachx e v can be uniquely expressed as a linear combination of
Claim: - S is linearly independent,
Let Aa + Aa,t........ tia = 03, toa,+..... oa
= A=o, (- Expression is unique)

Kn = QF
S is linearly independent.
Therefore S is a basis of V i.e,

S is linearly independent and § generates V.,

Q19. Let S, = {a,a,... a } be lilnearly independent subset of vector
SPace V over a field F and a « Vbut ag L .
Then show that the set S,={a,a, tA, 2,44, ., a,+A.} where e Fwill be
linearly independent. . , (2013)
ol v 8,8, 0., »a} is linearly independent and a € L. Therefore {a,
a4 ..., >4, a} isalso linear independent.
Let
Hatu(a +la)+p3(a2+ka)+ ........... 'ern(anﬂa)=o’F
= Matpa +ua+.. tHa A A+ naA =
= Hatpa tua,t+... +unan+la(pz+u}+ ....... +u)=0
= Ayt + o + H)FHlata + ... +pa =0
= H=0=p =0... =pn =0
and Ay +p tR) R =0
{as {a, 4, ....a } are linearly independent}
= l.0+“l=0 = B=0
ul=pz=0=uj=0 ....... =u,
Hence S,={a, a +Aa,a,+Aa, ... a +Aa} are linearly independent.

%re detail at : www.winsomepublication.in )
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Q.20. LetV be a finitely generated vectors space over a field . Prove lzh(;u \Y
contains a basis over F. , ( y 1.7)
Sol.  LetV be a finitely generated vector space over field F then 3 finite |
subset 1
S=1{a.a, ...} € Vsuchthat

V=[S]orV=L(S)

-+ Sis finite subset of V without loss of generately we can assume that non of |
the vector in S is zero vectors.

Now. if S is linearly independent then S will be a basis of V and then
we are done. Assume that, if S is linearly dependent then 3 a maximal linearly
independent subset of S'of S. .
Le. S'=1{a.a......a | ismaximal linearly independent subset of S contain-

ingrvectors (r<n)of Sandanya € Sbuta; gS'."

Now.since {a.a,, ....... a | are linearly independentand {a, .....,a } is maximal
linearly independent then 3 scalar o, ot , ........ , o, € Fsuch that

gatoa +... toa=0 Ll (1)
where at least one a’s # 0
= a= O,
otherwise if o, = O, then by eq:(i)

(3R R, oa =0

where at least one ¢ 's (.

then §' is linearly independent which is a contradiction to a = 0.

and hence ¢ will be linear combination of {al, .......... ,a } i.e elementof'S'.

= =03 toa,+
V=[5l

Hence S' is a basis of V.

Q.21.  Provethat W= {(x}5x,, XpXpX) € RS X, +x,+x,=0} is a subspace
of R, Determine dim}, and a subspace U of subspace U of R Ssuch that R*=
weu. (2017)
Sol. Given that

V=1(x v ’ '
W XX XXX ) € IRSX,+X1+X4=O}
LetA,Bew c

Le. A=(a,a, a,a,a,) andB:(b,,bz, b,b,, b)e Wand a, f € R-
AeWandBe W

l_h::‘,’) & ta+a =0 apd b2+ b3+b4=0

= ula, + a4 34):'0andﬁ(b2+ b,+b,)=0

(ua_ﬁﬁhlﬂ (0fa )+
(a4 [

4 [3(b3))+(u(a4)+l3(b4))=0
Bb,, va, + Pb,, va, + pb,, oa, 4 Pb,, va, +pb,) e W

U

Vi

Sit us for more deqgj

at : \ﬂvwv.\w'jmlyl\g[)

= uA+fB e W B.Sc., 11" - Math 1 - Unit 1 - 14
le' YABEW o uimpew
Hence, W is a subspace of IR*.
Clearly,
Let X, ==X, - X,
Take xl=(),x1=],x4:_]
Xl= l,Xlz-l,xl‘:]
XZ:-I,ijl’x“:O
X,=-1,x,=0,x,=1
Xzzl, 3:0,X4=-]
Let  S={0.L-1),(1,-1,1),(1,1,0, (1,0, 1),(1,0,.1);
which is linearly dependent because (1,0,-)=-(-1,0, 1
Let S, =10, 1,-1),(1,-1, 1), (-1 1,0),(-1,0, 1)}
No one is scalar multiple of other
Hence,dimW =4
Given, R°=wWaV
= S=4+dimU = dimU=]

Thus, the subspace U is generated by (1, 0, 0, 0, 0).

. Q.22.  Prove that union of two subspaces of a vector spaceisasubspace of
the vector space if and only of one of them is contained in the other. Give an
example to show that the union of two subspaces of a vector space may not be
asubspace of the vector space. : ) (2018)

Sol.
Let W, c w,or

and w, be subspace of vector space V(F) and let w,
W2 © Wy, then we have to show that W, UWw, is subspace.
W, UwW, =w, {If w, cw,}

And  w Uw, =w, {If w, cw,}

Thus W, UWw, is a subspace of vector space V(F).

Conversely -

Let w, Uw, is a subspace of vector space V(F) then we have to
show that W S w,or w, cw,.
Let, if possible W, Zw, orw, Zw .

let a & Wi—w,and bew, —w,

= A€wandagw,andbew,andbg w,
If A€W, = aew Uw,
And bew, = bew, uw,

Visit us for more detail at : www.winsomepublication.in )
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=

abew Uw, = a+bew,Uw, { W, UwW, is subspace} B.Sc. 11 - Math 1 - gnjy 1-20

W’ of IR*such that |R3 =
space 1at R (2018,

Subspace: -

Wew:,

=

= abew, Uw, at+tbew ora+bew,

Let (V,+,.) be a vector Space over filed (F, D,
W of V(F) is called subspace of vector space V(F)if
Example -

© ).Anon empty subset

Case(I) When a+bew, - W aiso forms ya i

atbew,.aew andbew,

(1) Qis subspace of |R Q).

= asw,-ae w,and bew, (2) IR is a subspace of C(IR ),
= -at(@atb)ewand bew, 11 -
= (-a+a)+be woand bew, (associativity) Let A=[0 -1 |

O+bewand bgw, 3 2 -
= bewand bg W, . i
which is self contraduction or which is not possible.

) R, &R, A=[3 2 ]

Case (II) When a+h e w, - 0 -1

atbew,be w,anda ¢ w,
= a~bEw:,-bewzanda(zw2 1 1 -2
= -b*(arb)ewzandaéw2 RZ—)R2—3R, A=[0 -5 5
=> a~(-b*‘b)ewzanda9§w2 0 -1
= a*()@w:andaa?fw2
= aewanda g w, I 1 =2
which is self contraduction or which is not possible which s contracduction R, > _‘le A=|0 1 _]
to on assumption w, ¢ w,and w, & w is wrong. ) 5 0 -1 1
Hence, W, Sw,orw, We
Thus union of two subspace of vector space V(F) is subspace iff one contain 11 =2
= R Al 1
(M) Letw, = {(x,0,0):x e|R}andw2:{(O,y,O):yeJR}besubspaceof[R’(IR). . 00 0 ’

(1.0,0)ew, = (1,0,0) e W, Uw, T}}ls 1san Echelon form,
And  (0,1,0)ew, = (0.]. 0O)ew, uw, glmensmn of W=2,

2 2 . e S '

(1.0,0)+(0,1,0) = (1,1,0 ¢ w, Uw, :”Ce g‘, e wr
Thus, union is not subspace. oK lem,Werlm
2)Let, V(7. )be vector space. = 3=2+dimw
L{:lw}: fc_a; and w, = :C,b} = dimW':3-2:l

wWoandw, sy subspace of V

huw: W, =1e,a, b} is not

Thus uriion js not subspace,

0.23. Deﬁnca\uhspaccul

ated by 4(1, l.-2),(ll,-], 1),(3
— 8t

da

().
a subspace of vV, (Z,).

vector space, If W jg » subspace of R ? gener-

-2,-1)} then find the dimension of another sub-

us f( sdefail o —— - .
rmore detajf g FWWwW.winsome yublication.in

So dimension of W' s 1.

Q.24, Let W be a subspace of a vector space V over a filed F. If V is finite
dimcnsimml, then prove that

dim(V/W) =dimV - dimW, )
Sol, Since W be subspace of vector space V(F). Let §| = (B By ) be
the basis of W then

I T www.wins ication.in
Visit us for more detail af : www.winsomepublication.ir

Scanned by CamScanner



B.Se 11" - Math 1 - Unj | - 21
dimW=m (1)
S, 1s dinearly independent subset of V SicWegvVv = S, c \4

then by extension theorem S, is either basis of V or can be extended to form
basis of V.
Let S,={a.a,.... o By brh: ........ b, | be basis of V then
dmV=mn " 2)

NowLet S={W + b. W+b i< Viw
Claim-
Sis basis of V/W -

(Wb . W+b_. . W

Wb, ...,

*b e V/Wand . Oy € F

a,(W+b )+ o, (W+b)+ ... . +u(\&’*b)=\V ........ 3)
= (W=ab) "'(\\T(xh)' +(W toab)=W
rom scalar multiplication of a cosets!
= W+ uh~un4 ..... tab =W
tbecause of prope rty of a cosets)
— ab +toab +.... + (L“l” e W
1because property W+aesaeW=w f
= ab “ob,+ tab € Wand S, is basis of W.
= ab + b+ Fab e (S,]
= ab +ob,+ i (/‘h =B +p :a_, U Ba,
F -B)a +ab +ab 4. +ob =0
2 m m 11 272 non
-P,,=0, and(xl‘: o0 =a, =0,
ISy b, being basis elements are linearly indepen-
= o, =0, =,,. .. “a, =0,
Hence S is line arly mdgpondun
(2) V/W = 5]
For this
Let W+x e v/w = xeV
¥ € Vand S, is basis of V.
= X=8a +6a +.... + W T, 0, b, +.... t¢,b,
Where 6's and (, § ae unique LlLl]lLl)[\'
WHx=W+(8 at0a+.. 4 0.a +¢b ¢,bt ...+ o.b)
e W
== W + =
- WTX=(W+w) |\\ F(d,b 4 ¢,bt ... i (])“bn))
= \’\'*.\'w\)\wml,u\ b fgb)
_ s n
= W X=(W f(,} e (W (D‘I)"L """"" '(\\/+¢h)
W 4 X V\ |‘, W - nn
] (Wbb b Wt
Hrom defin: mun (,1 ) sc j ! )

alu nmllq)m ation of coser !
ClL{
Visit Situg hn _more di l,nl al 0

W, \\msynlcpuhlu,umn in

B.Sc. 11" - Math 1 - Unit1-2;
- V/IW =[S]

" From(1)and(2)

S is a basis of V/W
then dim V/W =n

‘= dim V/W =(m+n).q

- dim V/W =dim V - dim w

Q.25.

Show that the vector space R over R is the sum of its sub-spaces
, , x_y_z|
W, ={(%Y,2) ER*: x+2y+2=0} anq w, = (x,y,z) E‘RJ:—1=T=TI'

Is this sum a direct sum? Justify your answer, (2019)

Sol. Given that w, ={(x,y,2)} ER’:X+2y+z=0and

W, ={(x,y,z) EIR":%=Ty=]E}

Let(x,y,z) ER*(R)

= (a,b,c)+(a, b, ¢')=(x,y,2)
a+a’=x,b+b'=y,c+c’=z

“at2b+c=0anda'=-b'=-¢
-2b-c+a'=
“2(y-b)-(z-¢')+a'=x
-2y+2b'-z+c¢' +a' =x
a’+2b'+c'=x+2y+z
-b+2b'+b’=x+2y+z
(x+2y+2z)

2
anda'-2a'-a’=x+2y+z

or
since
Then
=
=
=
=
=

b =

(+2y+7) o (x+2y+2)
T amde's T
'a=x-a',b=y-b’,c=z-c'

a'=

Now

2 X+2y+
=x- &+2y+2) | (X+2y42) . (x+2y+2)
i 2 2
+3X+2y+z —(x+2) i -(X+2y-2)
a= 5 b= 5 C*F 5

X,y,2)=(a,b,0) +(@’.b'.¢")

m‘m more detail at : www.winsomepublication.in )
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L}

3X+2y+2) —(x+2) —(X+2y-2z)
"(%fﬁ Ew,

(—(x+2y+2) (X+2y+z7) (X+2y+z
+ L$~\7 T, | ew,

Let(a,b,¢) EW, Nw,

a+2b+c=0and L-2_¢
-1 1 1
Then a-2a-a=(
= a=0

a=-b=.c o b=0andc=0

v N, = {0
Yes sum is the direct sum,

Q.26.  Determine the dimension of subspace of W of R* generatedby S=
(1-19 2’ 0)9(1a'1521 0), (0’ 19 25 ])- (2019)
1 1 29
Sol 1 -1 2 ¢
0 1 2
I 1 29
K—>R, -R, 0 -2 0 ¢
0 1 2

20

R>2R+R, [0 2 0 ¢
0 0 4 2

Rank of this matrix is 3. So the

Q.27.  For the Subspace W = {(x,, Xy Xy, X,) € R*: X, +x,=0, X;+x,=0}
of the vector SPace R*over R, give a basis of the quotient space [R 4/W,
(2019)

dim. of space &enerated by vetor js 3.

X3+X‘1 =

Sol. W:{(xl,xz,xz,x4);x'+x2:0}

So X, =-x,

B.Sc, e Math 1 - yp;, I-24

Therefore basis of W pe

Now this basis of can be extended to besis of R +

1Y 0)(1) /0
-1lolof|o
and || 0 || -1["[0]0 Will form a basis for R+
0)(1

0 )1
V. o
So, the basis of wisgivenby {w+ B} Where B belongs to basis of R*not is
basis of W.
) \%
{w+{1,o,0,o},W+{0,o,o,1}} is form basis for .

{(xl,xz,xj,x4)+(1,0,O,0),{x1,x2,x3,x4}+(O,O,O,O)(x,,x2,x3,)f4) € w.

™
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Q.3. Prove or disapprove -
T:V, = V,islinear transformation c... _ .

Q.1 Let M, denote the vector space of 3x3 matrices over the field of req] | i F. I ormation such thag P(T)=2 and dim V,=5, then

N 3 ' nullity of T' will be 3. (2014)
numbers. Amap T: M- M, is defined byT(A)=A-A'Y AeM_ . Then prove | I Given that TV — v, ic. 1 ‘ .
that T is linear transformation. Find a basis of Ker Tand hence find the ~ °F (T)=2 and dimlv ~ 52 's @ linear transformation such that
nullity of T and rank of T, (2014) —— T\?Lﬂlit theorom szz ;ave
Ans.  LetAandB e Mando, B ¢ F | DYr Y :

, _ . . rank T + nuliity of (T) = gimv
T(aA +BB) - ((’Z\: ﬁ}?) (Xf\ +£(B) _ Let T': V, >V, be linear transformation
= q(A /[:l) ;(E(B_ BB‘) By Rank-Nullity Theorem
= a - -
_ For T' we have
T@A+BB)=aT(A)+pT(B) : | rank(TY + Nullity (T = dimV
Hence T is linear transformation. J 2+ Nulity (T9= 5 2
RerT={A e M,: T(4)=0) o Nullity of (T =5-2=3
9 M,:A-A'=0} Hence it is true.
={Ae M :A'=A} -
- L - S?t ofall sy Strio matrix Of M. \Q;/ If Wis a subspace of R * (IR) spanned by subset
Nullity of T=dimker T $={(2,3,-2,1),4,2,-1, 3),2,-5,4,3),(4,10,-7, 1)}, then dimension
1 3x(3+1)=6 ) of the annihilator of W will be 2. (2014)
=2x3x(3+1)=¢ SOk S={@3.21,(42,-1,3),2,5,4.3),4, 10,7, 1)
Q. Prove or disprove - o v 203 21
i ' R?*> Rand T,:IR*—> R are two linear transformations such that 4 _2 -1 3
Ker T, =Ker T, and IT= I T, then T,=T, (2014) 2 -5 4.3
Sol. IfT,:Ri> Rand T,: R? > R are two linear transformation 4 10 -7 1
such that kerT] = kerT2 and T, = [T, 5 ]
LetT](x,y)=x—y and T,(x,y)=y-x R R, —2R 2 3 -
' x-y=u ' 2T s
Then KerT, ={(x,y) eR? 0} R; >R, -R, 0 -8 6 2
X=yorx=y= _ 8
R, >R, 2R‘l 0 -4 -3
And KerT, = {(x,y) € Rzly_x:“ } | 2 3 -2 |
Y=X0 x=y=( |
KerT,=KerTz | . Ry 5> R;-2R,[0 -4 3 |
foral]aeR,thenthereexist(a,( ) € R? such that T (a;0)=a-0=4 _ Ry>Ry+R, [0 0 0 o0
Similarly for ]l 2 =R 0 0 0 0
T’g_(();a)Z'a-O:a dimw=2
Here T & I2are onto on R. We know that dim W + dim W0 = dim V
I,T,=1,T=R | 2+dimWo=4
So, but T = T, ‘

= dimWo=2
Hence Proved.

—— Vo ' il at : www.winsomepublication.in
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Qs.

Let M, denote the vector space of 2x2 matrices over the

. e _
field of L1 BSe. 11 Math | - Unit 11 - 54
realnumbers.AlincartransformationT:Mz—> MzisdeﬁnedbyT(A)=A,B . . L (1) 10
1R, L 1 -1 ¢
-BA,VAeM andB=i thenﬁndImT,KerTandtraceofT.(2014) ; _01 ;1 : \R)\’O b
Ans.  Standard basis of M, is 0 -1 1
S= \e”, 12 € €y R,R,-R, I 1 9 -1
1021‘21102[01 —RoRgr, O 1 -1
T(e“)=e“B'Be”=[o 0}[1 3]—[1 3}[0 0} -1 0 000 o
T(e“)=0.e“+l.en+(-l)e2]+0.e22 00 o0
Echlon form
Tie=c,B-Be, {o 1J [2 1}[2 1][0 1]{1 1] CoTe
; 0 0] [1 3] 1 3]lo of [0 -1 Basisoflm(T)={[ ][ ]}
—(l)e”+(1)e Y (0)ey + (e, 0 -1]|-1 o
0 0[[2 1] [2 170 o pM=2
T(e21)=eZIB-BCZI=[1 OJ[I 3]‘[1 3:1[1 OJ dlmkerT==4(ilm_Mz-p(T) (- UsingRN.T)
[-1

) .
-1 1:{ ={-Le;, + (0)e,, + (Dee, + (De,,
Similarly T(e,)) =¢,,B - Be,,

I I
£

[a
Let
C

-

-1
0 ] = (O)en i ('l)elz fi (l)ezx ¥ (0)622'

b
d] eKerT

S (RS

el I

[ b][z 1] [2 1][21 b] [o o]
:> - =
0 0

01 -1 0 djit 3] |1 3]jc d

. I 1 0 - 2a+b a+3b
matnxX(T)S’S=_l 0" 1 2td osd

’ 0 -1 ‘1 0 = b= c,d= b+a,a =
HT)=0+1+(1)+0=¢

1,,;:{[0 1,1 Lif-1 070 -
L oflo —1) - 11 o
= Reduced j in Echlon form

Visit us 1o
I more detall at: wwy, wmsomepubhcauon in

KerT_]J|2
c

Basis of Ke T=

BT

-

isit us for more detail at : www.winsomepublication.in )

a+0b 0a+1b 1 0
b+a Oa+lb la+lb 0 I

b
' 1:a,beR
a+b]a E}
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Q6. Find dualbasis to the ordered basis

X={(1,-2,3), (1,-1, 1), 2,4, D} of IR* (IR).
Sol. Giventhat X = {(1,-2.3),(1,-1,1),(2,-4,7)}
Let X* = {f. f,. f,} be the dual basis of X.

Let(x.v.z) €R?

xy.2)=a(l,-2,3)+B(1,-1, ) +v(2,-4,7) ... (1)
= a+B+2y=x S (11)
-2a-B-4=y (llll)
SJa-p+7=2z (iv)

Solving eq.(ii), (iii) and (iv) we get
o=-3x-5y-2z
B=2x+y

B.Sc. 11" - Magh |- Unit jy - 30

‘ Paces over the field F and Jet T be a linear
.Supposc that v jg finite dimensional, Then

Q.8. Let Vand W he vecetort g
transformation from V ingq vy,
prove that

rank (T) + nullity (T) = gjp, \%
We have prove that

rank (T)+ nullity (T) = dim v
Proof - Letdimker T = m

- (2015)

(2014) LetS= {80 8,hane a_} be the basis ofker T,

Since S is .1. subse( of v
to form a basis of V.S. V.
LetS ={a,,a,...... »8,,b, b, b, } be basis of V.
dimV=m+np
Since S, generates V. Therefore T(S)) generates ImT.
TS, = {T(a)), T(@a,)..... T T(b,), T(b)....... ,T(b,)}
T(S)={0,, O, 0,.T(b,) T(b)...... T(b )}
LetS,={T(b), T(b,)....... T(b,)} generates [T
Claim - S is basis of [ T-
For this it is sufficient to prove that S is /.I.

cctor space V. Therefore jt can be extended

boyieg Let  a.T(b)+ oT(b)+ ... +,0,T(b)=0_
L | . . + + = -« Tis (. T2
Putting the value a, B, yin eq.(i) we get = T(glli +v;:,2b.,2_ y e + vo;:b") kOWT {~~ Tist.T}
= b+ b+ .. b, € ker
f](x‘y,z)‘:aOfI(l,—2.3)@BOfl(1,*1,])@Y0f}(g,-4,7) = ob, + b+ ........... tab=PBa+ Ba+v..... +vp a
. t}((x, Y, Z)):‘E:';’X;Sy'h = (-B)a, HV(-B,)a, +v......... +v(-B,)am+a b tvab, tv...+vob
milarly £(X,y,2) =B =2x+y =0=0v
4 4 = = ’) A
Loy 2)=y=x+2y+2 o i =-By=0, = =....0, =0,
isiniective Lherefore S is /.1 and S. is basis of I T.
7. Prove thata non-zero linear functional on a vector space V is injectivt .~ 27 T, Com
i?'andonlvifdim\’=l 2014) dllmImT—n—m+n-m—d1mV-dlmkerT
: ’ = dimV=dim]I T+dimker T
Sol.  Let f(#f,):V>F bealinear function and injective. -
S Kerf={0) Q9.

Using rank-nullity theorem for f

< dimIm f+ dim Ker f= dim v
< dimImf=dimVv

Since image fis subspace of ‘{’

dimImf < dimf (-~ dimof field is always 1)

<1
dim Im f= Oorl
If dim Im f=0,
= F=f,  which IS not possible.
y dimImf=|

Visit ug for more det

ail at ; WwWw.winsomepublication.in

Prove that any two finite dimensional vector spaces V and W defined
over the same field are isomorphic if and only if they have the same dimension.

2015
Sol. We have to show that '
; Vaw & dimV =dim W
Proof. Necessary part -
Lel V ~ W
= 3 alinear transformation
T:V — W which is one-one and onto
= KerT={0,}  and I T=W

Using Rank Nullity Theorem
dimKer T+ dim [ T=dimV

Visit us for more detail at: ww “-“i"“""“!’_“_"'54""""""
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B.Sc. 11 - Math 1 - Unit 1 - 3,

e aceof a linear transformation T : v
of Tis a subspace of W

Q.10.  Define ranges Space, null sp
— W. Show that range

and null space of T is a
s subspace of V. (2015)
Let dim V =dim W = n (finite) Ans.  Rangespaceofa linear transformatiop: .
= X= X X \n} o ) . LetT:v — Whbealinear transformation. The range of T
b Lok /% SR v,} are the ordered basis of V and W respectively denoted by R(T) or T(V) is defined as T(V)= {T(x): x vi. 1ge of T,
defineamapT:V —» Was : _ Null Space: -
Tlox +vax, + ... Fax)=ey oy, t, a0y, LetT:V — W be a linear transformation. The kernel of T, denoted
(i) Tislinear transformation - 'by ketT or N(T), is defined as , '
Let A= Xt aX,F o tox eV KerT={xe V:T(x)=0 ¢ W)
b=Bx + BXx +v..... tBx, €V Ker T is also called the null space of T.
And Z2,ne o . Now we prove that range of T is a subspace of W and nul] space of
T(ha+ up)=T(LO o, ®pOB, )x, +, (LOx, DuoB,)x, +, Tis a subspace of V. . .
o ) By definition, range of T is
......... + (AOa, ®pop,)x, R(T)={T(x):x € V)
={(r0a)(nop, v+ {(rou)e (hOB)}y, v QI IfAisareal Symmetric matrix, then prove that there exists a real
symmetric matrix B such that B’=A. (2014)
"""" T (KOX")@(“OB“ )y" - : - Sol. If Ais symmetric overR. .
5 ) Thenitis diogonalizable
= h(oyy; +y 0aYs +y weeneen + + + |
/.(a]yl v Ba¥2ty *aYa ) v H(B]y] wPay2 t By yn) A=PDP-! Such that D is diogonal
=2T(a)+, p(b) ‘ let B = PD,P-' such that D, is a diogonal matrix whose values are third root of
4 - . the matrix so we get .
= T is linear transformation.

(ii) T is one-one -
Let T(a)=T(b)

oy, oy, + w&Yn = Blyl * \\Bgyg W + “‘Bnyn-

= (a —B;)y| E \\(a.’,_Bl)y2+»\ """"" * (a"_B")y"ZO
= (Q]—[il):0|’(az_B1):OF= """""" :(a“—B")zoF
N QI:[}I,Q::B: ............ o, =P,
= a=b
(iii) Tis onto
TV wis one-one.
= kerT= {O\,}
=5 dimkerT=()
By R.:trlk-’\'ul]il_\ Theorem
diml, T =dimV = dimw ‘ (v dim V' = dim W)
I T=w \
s entg
o Tisan i:umm;\.ism,
Therefore Vaw

: “’Ww.winsomcpuhliczllion.in

B=PD;P~'=ppp " =4

Letu; u, eR(T)and o, B,  F. Then U =T(x,), U,=(x, ), forsomex,,

X, eVwe have.

=oT(x)+B(x;)

=T(ax,+Bx,)

- =T(x) wherex=ax|+Bx; eV. '
since T(x) ER(T), so au, + Bu, € R(T). Hence R (T) is a subspace of W.
B}’deﬁntion, kerT={xeV:T(x)=0e W} | .

e know that T (0)=0and so 0 € kev T that is ker T is non - empty.
IX,y € kerT and o,BeF
then T (x)=T (y)=0. since TisaL.T.
Mehave (o + fy) = a T(x) + T(y)
=a.0+p.0=0

ax+ByeKerT
er T'is a subspace of V.

Visit us for more detail at : www.winsomepublication.in
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B.Sc. II™ - Math I - Unit g . 3

Find the dual basis of the basis

et B={(1,-1,3,(0,1,-1),(0,3,-2)} for R *(IR)- (20151
Sl Leta,= (1,-1,3),0,=(0, 1,-1), @,=(0,3,-2) |
Then  B=i{a,. o, a,} .

£ By £} is duel basis of B,

then f(e,)=1,f (OL:) =0, f| (OLJ) =0

(o) = 0.8, (o) = 0,8, (0t ) = 0
£ (e,) = 0,8 () = 0,8, () =1

Now to find explicit expressions for f,f, f,
Let (a,b,c) e R S(IR_)
Let (a.b,c)zx(l,—1,3)+y(0,1,—1)+-z(0,3,—2)

= Xa, +ya, +za,
Then fl(a,b,C)=X, f: (a,b,C):y
fy (a,b,c)zz‘

Now to find the values of X,¥,zfromeq.(1) we have

X=a

—“X+y+3z=b
3X-y-2z=0
Solving there equation
x=a,y=7a-2b-3c,z=b+c~2a
Hence fi(a,b,c)=a
f:(a,b,c)=7a—2b'—3c
fg(a,b,c)=2a+b—c :
therefore B' = {fl f5,

and

£} as a dual basis of g,

0.13. Let Vl’ Vv
Let T' S \'l -V
T:OTI V5 V.i

rank(] I

(Vi -
U8 for more derayy at: WWW.winsomepublication

,and V. be finite dimensiona] v
:a0dT,:y V, belinear ¢
52 Iincartransfo

f
ector spaces over 2 ﬁeid
ransformations. PrOV:’(
mation apqg rank (T oT,) < min {ran l ;

277 (2 01 6,

.in

B.Sc, Math I - Uniy 15 - 34

Sol. Letv,,v, and v, be finite
let T: (Vi) = (Vhy,)  and
T, (vyt,,.)—> (Vy+,.) be (¢
Then  T,oT;:(v,+,) 5 (Vy+,,.) defind ag
(T,0T)(x)=T, (T(x) v x
Claim:- T,o0 T, is a £.t.
leta,b e v anda,BeF

(Tz 0o Tl ) (aa+1 Bb) =T2(T}(aa+| Bb))

€V,

= T,(aT,(a) +, BT, (b)) (- Tisalt)
TOLM@)+BTLML) (o Tisac
= a(T,0T)(@)+, B (T,0T,)(b) -

Now, we have to pi'ove that
rank (T,0 T,) < min {rank (T)), rank (T}
Proof:-(I) p(T,0T)) < p(T,)
TV cv,

: CoTiv, > v, istt)
T,(T,(v) < T,(v)

=
= (T2 oT)) (v) < T, (v,)
=> . ‘Im(Tonl)glmT

Since Im (T,0T,)and Im (T,) are subset of v;and Im (T, o T)<ImT,
Therefore Im (T, 0 T,) isasubset of Im (T)
= dimIm (T,oT) < dimIm T,

rank (T,o T,) < rank (T)

P(TroT)<p(T) (1)
(1) Claim - P(T,0T) < P (T)
Using rank nullity theorem for T, and(T,0T,)

P(T))=dim v,-dimker T, R ({)
and p (T,o T,) = dim V,-dimker(T,oT) . 3)

Claim i~ker T c ker T,oT,

let x ekerTl .

> Tw=0,

~ TT)=T,0,)

= T,0T, (x)=o,

= . KerT, < Ker(T.o0T))

Xe ker(T, oT,) A
- . spaces of vector space v, anc
Ker T, and ker (T,0T,)are subspaces of vector sy :
kerT, < ker(T,oT))

Visit us for more defail at : www.winsomepublication.in
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B.Sc. 1" - Math I - Unit g . 3
Ker T, is subspace of ker (T, 0 T))

5 dimker T, < dimker (T, 0 B, e “4)
fromeq.(3) and eq.(4) we get
P(T,oT)<p(Ty . o (5)

P(T,0T)=p (T) isz 1s one - one
ie. multiplication of a ¢ .t. from left side by an injective
the rank

from (1) and (5)

rank (TIOTI) < min {p (T), p (T,

P(T,0T) < {p(T, ),p(T,)}

( tdoes not change

Q.14.  Stateand prove Fundamental Theorem of Vector space homomo;
phisms. (201¢
Sol. Fundamental theorem of vector space homomorphism:-

Statement - A homomorphic image of'a vector space is homomorphic to/
quotient space of the vector space.
LetT:v, — Vv, be v.s homomorphism

Im(T) =T(vl)
Vl
im- ——~T
Claim o (v))
= "
Letker T=k = ?“_’T(v,)

difine a relation
v
f (?'J = T(v,)

fk+x)=T(x), wvx €v,
(D) fisamap :-

letk+x] and k+x Ei
2k

and k+xl=k+x2

= X -x, ek

= X, =x, ekerT (o k=kerT)
= T(x]—x2)=07

= T(xl)-T(xz);()z

= T(X,):T(xz)

=N

fkebx J= Pk x5

Visit ug for more detail a¢ s

Www.winsomcpublicution.in
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fisa map. Sc. 11" - Math I - Upiy ) _ 36

(I Fisa linear transformati‘on.

=

letk+aandk+p E% and o, e F

Fla(k+a)+B(k+b)} = Ffk + (g + Bb)}

= T(oa, + Bb){" f(k + n) = T(x)}
- 0.T(a) +, BT(b)
of(k+a) +, Bf(k+b)

fis a linear transformation (L)

1]

-(IIT) fis one - one; -

- T(x,- X,)=0,

o uvuvuyyy

letk +x; andk +x, el
. W

f(k+xl)=f(k+x2)

T(x)=T(x)

T(x))+(-T(x,)) =0,

T(x‘)+T(-x2)=O2 (Tea)=-T(a))

("~ Tisar.t)

X, -X, € ker T

Xl -X2 ek

k+x] =k+x2

fis one - one

(V) fis onto: -

=

=

Q.15,

forall T (x) e T(v)
X eVI

\%
k+ L
X € K

£(k +x) = T(x)
f'is an onto map.
fisan isomorphic

\"%
?'2 T(v))

Y~y

kerT

Let V. and V. be finite dimensional vector spaces over a field and T :
: 1 2 - - Y
Visit us for more detail at : www.wmsonnpubhc.mon.m.
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V,— V, bealinear transformation. Defin
rank (T") =rank (T).
Sol. Transponse T'of T :-

Letv, and v, be finite dimensional ve
fand T: v, - v, be a linear transformation.
Then difine a map T': v,* > v, *as

T(f) =fot,vV fe v,
Now. we have to prove that '
rank (T') =rank (T
Since dim w + dim w = dim v
take w=ImT
dim (Im T) + dim (Im T)’=dimyv,

ctor space over a fie|q

(" w is subspace of v)

=

=

dim (Im T) + dim (ker T = dim v, (D)
using rank - nullity Theorem of T
dim (Im T + dim (ker T) = dim v, * = dim V, (2

Fromeq.(1) and (2) we hav
rank (T") =rank T

(S

Q.16.  LetV be a finite dimen
denote the dual of dual space V*
— F defined by V() =0(v) (g
8:V > V** defined by
6(v)=fvis an isomorphism.

Sol.  Ifvevand ¢V, Then ¢ (v)isauni
correspondence fv defined by ‘

sional vector space over a field F. Let V*+
of V. Prove that for each v « V, the map fv: v+
V*),is linear transformation and the'map-

(2016)
que element of f. Therefore the

fv(¢) = Vvev (H
is a fuction from v - into F.
Let . abeF and b, 9ev" Then
fv(ad + bo) = (ad +bo)(v) fromeq.(1)

= @0)(v)+ = (bg)(v)

tby scalar multiplication of linear functionals}

a[f»-(¢)]+b[fv((p)]

fromeq.(1)’

e the transpose T' of T, Prove that
' (2016),

- (ii)

dualgpace of the vector space.

B.Sc. pm . - Uni
0(v) = o(w) Math I - Unit 1 38
= fv=1fw= fv(p) = fw(p)vee
= ¢(V) = (b(W)Vd) ev' from eq.(1)
= (V) =d(w)=0V¢ey
- ¢(v—w)=0v¢ev'
= V—w =0
= V=w
. Bisone - one
(I B isa linear transformation,
leta,b ef and v,wey, Then
0 (av +bw) = f(mhw) (by definition of B)
forevry ¢ e v*, we have
fav +bw(¢) = d(av + bw) {fromeq.(1)}
=ag(v) +bo(w)
= af, (¢)+bf, (¢) {fromeq.(1I)}
= (afv)"® + (bfi)®
= (afv+bfw)®

f(av+bw) = af, +bf, =ab(v)+ bb(w)

6(av+bw) = a0(v) + bd(w)
0 is a linear transfarmation —s

Thue

Erom v* into v** we have dim v'=dim v
Therefore 0 is one - one implies that q must also be onto

Hence 6 is an isomorphism. of v* into v*".

Q.17.

nhon

)

Define the transpose of a linear transformation and annihilator of a
~empty subset of a vector space, and prove tha.t: -

The transpose of a linear transformation is a linear tra'nsformatwn.

The annihilator of a non-empty subset of a vector space is a subspace of the

(iii) kernel of the transposc of a linear transformation is the annihilator of |
¢ ¢image of the linear transformation. . (2012)
hs. Transpose of a linear transform'atmn: -, )
Let a linear transformation T: V, = V,
Then define o map

ww.winsomepublication.in
Visit us for more detail at : www.winsomepub j
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B.Se. 1" - Math I - yy;, I3
TV, 5V, as

T =10T vfe V3 is called a transpose of a linear transformatjo,

Annihilator of a subset of a vector space: - ‘
Let *S”be the subset ofa V.SV’ over field ‘F’ which is non empty they
annihilator of S is denoted by ‘S and is defined as

S° :{fe\" :f(s) :OFVseS}'g A

¢, f eS°
Claim-Ttis a linear transformation

Let f,ge\’;anda,BeF

T(af+Bg) = (af+Bg)oT = (af)oT + (Bg)oT
=a(foT) + B(goT) = aT'(f) +BT(g)
= T'isalinear transformation.
(if) Claim S is a subspace of v* .
Letf.ge S*and o, B € F

f(s) = O, and g(s) = O, VseSand a,f3 e-F

aOf(s)=0; andfoOg(s) =0,
(a-f)(s)= 0O, and (B.g).(s)= O,
(@f+Be)(s)=0, vseg

(of +Bg) S0

S°is subspace of V*,

(iii) We have to prove that

uuu Uy

KerT'= (ImT)°
T:Vi> VyandT! : v; >V
let fe kerT *
= T(f)=1o
= foT=1o
= (foT)(x)= fo(x) =0,
= ﬂT(x)]=or, VT(x) e I, T
= fefl,T
Therefore KerTi=( ImT)e
Q.18

mtion ar:j) \[:/e.hne h"near transformatiop, IfT:V o v isa linear transfor”
Sasubspace ory o =1 20 o Ve
(i)LetT:v _, | ,i d‘u 0”_1’ ",“"p”’"e that T(w) iy bcsubspzlceof\l(
dimV =13 anld dimy’ : 4 surjective, linear transformation. Suppose fm; g
: subspace OV, such that dim W =3. The

B.Sc. 1y Math j . Unit 1 - 49

- (2012)

find the dimension Of'l"'(w)_

Sol. Linear transformatiop,. .
Let(v,, +,.)and (V,,+

Thenamap T:V, » v,

() T(a+,b)=T(a) +,T(b)

(ii) T(oa) = oT(a)

‘ »-) betwo veetor space gyer filed F,
1s called 3 linear transformation iff

Va,be\/,

V.
LétCl, d, € T"'(W) and AueF

T(c,), T(d,) e W (xefr(v) & f(x)=V)

AT(C, )+2 pT(dl) eV (. Wis subspace)
T(he, + pd) e W

Ac, + ud, € T/(W)

T'(W)isa subspace of V.

(i) Since T": T (W) > v,

Loy u gy

is restriction of T over T(W)and T s onto map.

(17 (W)= T[T (W)]=w=1,1

Also kerT'=kerTAT™(W)=kerT ... @ (“ker T T (w))

Using Rank-Nullity theorem, we have
dimker T’ + dim ImT’ = dim(T(W))

= dimker T+dim W =dim T/(W) (- usingeq.(1)and (2))
=  dim V. -dimImT +dim W = dim T-/(W) (Using RN.T)

= dimV, - dim V,+dim W=dim T"(W) (- T'isonto < ImT= V)
= 12-8+3=dimT"(W)

=  _dimT'(W)=7

Q.19. Define dual space of a vector space and prove that the dimension of th

dualspace of a finite dimensional vector space is equal to the dimens:oxz :)J ;E;-
Vector space, 2012

Ans.  Dyals ace of vector space: - . o
b A linear transformation f: V — F is called linear function. If

Hom (V, F) = {all linear functional : V — F}
=V
> ‘nice V
and V* i called dual space of vectgor space V.
¢ have (o prove that

dimV =dim V* i P———
P i i "a basis of a dual space from the basis of p
"00f'- Construction of a basis

isi I e detail at : www.winsomepublication.in
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Let ~dimV=nand
let X={X;,X,, eeeeeo. X _} be basis of V
and L] | G PR flcve

Where f:V—Fdefinedas-

T
f‘(wza'-‘z{% if iij}

Claim - X* is a basis of V*,
(I) X* is a linear independent

b oLl Tof=f.
(b ot +as..... tof)x)= fi(x,) ‘
= o, Of; (x)@a, Of, (x,)®...... Do, Of, (x,)=0¢
(+ 6i(x;)=1 ifi=
= 0,.190.00........ @a,.0=0; .
=0 ifi#]j
= a,=0,
Sxmllar])u =0, = =a =0,
Therefore X* is linearly mdepcndent.
(i) V* =[X*]
LetgeV* = g( Xi) =B wherei=1,2,3,....... n
Claim-g= Bf+B ........ +[in1“n
letxe V
= X=X Hrx to, trxo (1) V,eF

fl(x)zfl(ylxl X, +
= fl(x)=Y|@fl(xl)eﬂz@fz(xz)@
= f(x )=7l®1®yzoo® ......... @y, 00

= f(x)= Y
Similarly f(x)= =k LI =f(x)=
Consider R_H. S. %) K

:Bl Oy, @ﬁz Oy, ®

Consider Lyy.g, 27Tz S N O L A— @
g(x)=g('/x VX F +vx)
1198( )63/2 Og(xz)@ Dy, Og(x )

Fromeq.(2)and (3) B.Sc, 11w
g=ﬂ,f,+[32f2+ ............ +p.f

Hence V*=[X*] n

. X* is a basis of V¥ and X* s calleq g basis of X,

Hence dimV=dim V*

Note-  dim(Hom(V,V,))=dimv, dimV,
dim(Hom(V,F))= d'delmF
dim V* =dimV

Q.20.

Let M2 be the set of all 2x2 real matricces. If T ; M,

Math I - Unit 11 - 49

Mz is linear

4 , 2 4 .
transformation defined by T(A)=A.B-B.A, VA € M, andB = [ ) zJ then

find (i) ker T (ii) Im T and (iii) Trace of T,
Sol. Standard basis of M, IS -

S {ell’ 122 21’ 2"}
we have to find matrix (T),,=?
T(e,) = €,B- Be

SRR
ool oM ]

=0.e,+ de,+(-De, + O.e,,
T(e,,) = e,B-Be,

L
Lo oHs s 3

=1le,+0.e,+0.e, +(-1)e,
T(e“) =¢,B-Be,

0 0][2 4] [2 4]0 o]
=[1.0J[1 2}[1 ?-J[‘ 0
0 ol[4 0] [-4 0}
:{2 4}[2 OJ—[O 4
=-de, +0e,+0e, +4e,
T(e,)=e,B-Be,,

(2012)
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: | 0.21. Define kernel of alinear transformatiop, FindaJi
> 410 0 | Q. . . Kind a lmeartransforma-
N 0 0}|2 4| “ } | tion T : R *=> [R *such thatker T anq I, Tare respectively spanned by {a,1,
0 1j{1 2] {1 20 1 1,1,(1,0,0, )} and {(1, 1,0), (1,0, 1)}, (2013)
ADS. Kernel of alinear transformation: - v
l 0 0 B 0 4 _ 0 -4 ' Let U(F) and V(F) be two vector Spaces and let T be a linear
1 2110 2 1 0 ' transformations from U into V. Then the kernel of T or nu] space of T written as
=0.e, +4e,+1e,+0e, ' N(T) is the set of all vectors a in U such that T(o)=0.
o Thus  N(T)={aeU: T(@)=0eV)
0 1 40 : _ . B .
, LetS={e,, ¢, e;,¢,} be the standard basis of R extendingto {(1,1,1,1)(1, 0,
mat(T). = 4 0 0.4 0, 1)} in basis of IR *.
$Sl-1 0 0 1 - ‘ {1, 1,1,1),(1,0,0, 1), €, €,} are linear independent.
0 -1 4 0] - : - T(LL1,1)=(0,0,0)and T(e))=(1, 1, 0)
trace of matrix = 0 | : | T(1,0,0, 1)=(0,0,0)and T(e,)=(1,0, 1)
|Let(x,y,z,4) e R* ‘
0 4]1 o0 . Ly zuw=al, 1,1 D+B(1,0,0,1)+ye, +5e
= = I .. bl bl 9 . bl b b b b b 3 4
m(T) S"a”{[—l OHO —J} pasis oftm(), B TC, %2, W) =aT(L, 1, 1,1)+B(1,0,0, 1)+ yT(e) +5T(e,)
=(0,0,0)+p(0,0,0)+(1,1,0)+85(1,0, 1)
p(T)=2 : | T(x,y,z,w)=(y+8,7,3)
o |
- a b ckerT ) “Q.ZZ. Define transpose of a linear transformation and prove that the rank
c d of the transpose of a linear transformation is equal to the rank of the linear
| transformation, . ' (2013)
12 b -0 = |? b|f2 4 |2 4ffa b (ABs.  Transpose of a linear transformation: - o '
c d c d||1 2 1 2|le d : ‘ Let a linear transformation T : V, = V,. Then define a map

T: Vz*—>Vl*as

T(f)=foT Vf e V, * is called transpose of linear transformation.

=[2a+b 4a+2b} [2a+4c 2b+4d]

|
) 2e+d de+2d a+2c  b+2d Now we have to show that
: - : * Rank (T) =Rank (T),ie. p(T)=p(T)
b-dc 4a-— - , _ .
= [ © fanad |00 Since dim W + dim W° =dim V
d-a 4c-p 0 0 | Take W=ImT
= bede=o, d-a=0, 4(a-d)=0 de-b=0 | dim(ImT)+dim(ImTy=dimV, 4
gollvmg these equations 5= = 4¢ ' I " dim(ImT) +dim(kerT)=dimv, .. (i)
Olet a= hoec= I ' [ mT)O = (kerTl))
a=h,d=), b=4p,c=p ‘ “Usmg Rank Nullity Theorem of T". : .
[ b" ) 4 ' / & dim(ImT)'+ dim(kerT") = dimV *=dimv, ... (ii)
So c d =[ ' }1} ; Meq.(i) and (i) weget
X TR ' Rank (TY) = Rank (T)
basisofkert = |1 00 4 Q. Ifalinear transformation T: IR*— IR *is defined by T[(x,y, 2, u)] =
. 01l 0 ' (x‘"-‘"*z+|!‘_\r+v,_“ X+vy+3z-3u) V (%, Y. 2, 4) € R* then find (i) a basis
dim(ker )= ‘ g:):"“"'l‘umi (i) a basis of I T, (2013)

(x.y,7 W=(x-y+z+u X +2z-u, X +y+3z-3u) the matrix form can
Yoz, =(x - 41, )

| e r—— wavinsomepublication.in
'~ Visit s foir more detail af : WWW.WIR 1 _]

Scanned by CamScanner



ases a4y

B.Sc. qpm . Math I - Unig 11 - 46

ted by ‘S and is defined as -
s°={feV*:f(s)=0, VSeSjcy+

which is non empty, then annihilator of g is deno
be written as

|
bt ' Now weprove that
[t]=(r 0 2 -1 - dim W +dim W° = dim v
\J 1 3 =3 " letdim W =rand
\ X, = 1X)s X,y ceeeee. X } be the basis of W, Since X, is linearly independent
Changing echalon form : . subset of vector space V therefore it can be extended to form a basis of vector
) 1 -1 1 1 1 -1 1 1 - space ‘V’ (By Extension Theorem). Let
— | *
—=|0 VU 2 w0 1 2] Xy = {1 fypesf By ) 2 V%
ii:Ri_Rf 02 2 4 U AL * be the dual basis of X, and basis of V*.
| Consider S={f ,f ... f}
1\(0 , : - Claim-" § c w°
-l - " Letxe W
beda ptiml = L[] 1 = X=X 00X, F o, tox+  whereo e F
VA2 = 0= 0, (x)®@a,0f, (x)6....... Ox, 0f i (x)
Let(x.y.z) € ker T, then ’ = f,(x)=0,
' = £, eWe
X ° _‘ W o
IS U I 0 ~ Similarly £, .......... few
o1 1 2|Y=|o 5 | = ScW°
00 0 ol% 0 - (DSislinearly independent -
) - | Sc X; and X; is linearly independent.
Syrzu=) ' . - Therefore S is also linearly independent.
Y+z-2u=0( .
Let  u=kz=} I we=[s] - |
y=2k-2 : Letg e weo = gx)=0, I<isr
X=y-z-u=2k-L-h-k=k-2), ge v
so the besis, ker T .
( n
1‘.“ —2‘ s g=Yg(x)f,
2112 ‘ i=1 1o
ol f+gx )+ +a(x)f,
il 0 ‘\ 1 g:g(x])fl +g(x2)f2+ .......... +g()?;,) A glx DL,
!( 1){o i : S T A —— +g(x"f A
&isalinéar combination of f s oy
.24, A FLE . nl ¥ We = [S]
Smw ) Peﬂne the annihilator of 4 non-empty subset of a vector spact a"’ * Sis a basis of We.
veetor 51“ fesum of the dimensions ofa sub-space of a finite dimensu:w dimWe=np-r
ac its « i
pecandits sonibiaton is cqua g the grpmenenr o veetor I S dim o~ dim v - dimW
Sol. =

ihils ; : im We + dim W =dim V
Annihilagg, of & subgeq ofaveetor space: - dim We + dim

ﬁcld U vww.winsomepublication.in ﬁ
ctof a veetor space ‘V’ over Ty N

isit us for more detail at @
" —Y 151t us for more de
WWW.winsomepublication.in

1°S" be the subg
more degaj] at :

isit yy for
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| O . - “

'Q.25. Definean isomorphism between two ector spaces over the samg

od. Prov o finite dimensional vector spaces over a field F are isomor.

field. Prove that two finite dm\cns.l : . P o 7){
phicifand only if they have same dimension.

B.Sc. 1pm . Math I - Unit 11

- -48

Im(T)=T(V,) (homomorphic image of v )
I

] field then we sa thqtv‘ i -—‘i——zT(V)--
Ans. LetV and V, be two \S 0\7'cr th.e S'f\me 1€ 1et y that V. Claim: KerT 1)i-
isomorphic to V,if 3 alt. 5y = ¥y which is one-one onto. define a realation -

Q.26.  Define the annihilator of a non-empty subset of a vector space over ai
field. Determine the annihilator of the subset S={(x, y, ) €R": xy =1} of the
real vector space [R* (2017)
Sol.  LetVbeaVsS.overfield Fand f: V — F be linear functional. Let S be,

. OGN 2281 -
a non-empty subset of vector space V. Then the annihilator of S is denoted by{') f”isa map

\
S° and defined as -

So= {feV*: f{s)=0, v seS} . ‘md
where, V* is dual basis of V. - ‘

giventhat S= {(x.y,z)e R xy=1}" ‘:)
1 ’ ‘

Let x=— ‘:>
y =

Take, x=1,y=1,z=0 Ls

x=-l,y=-1,z=0
LetS={(1,1,0),(-1,-1,0)}
then Sis /.d.
wetzkeS={(1,1,0),(0, 1,0),(0,0, 1)}
Le'.a:=(1.1,0).a:=(0,1,0),a3=(0, 0,1)
define f:R*> R

() Y]
f(k+x)— T(x) ‘

Letk+xandk+x, e V, /K

k+xl=k+x2
w+a=w+b
& a-bew

=
=

X,-X, € K

X,-x,€ KerT
T(x,)-T(x,)=0,
fllc+x,) =1k +x,)

T(x,-x,)=0,
©T(x,)=T(x,)

‘herefore “P” is a map.
[li) “P”is a linear transformation -
1

Letk+aandk+beV1/Kanda,B eF

{atk+a)+ B(k+b)}
k(o + B))

(- wtaa=a(w+a))

o l(@a+ pb) (-+ flk+x) = T(x))
&2 L) =0.fay=0 . =GT(@)+, BT(b) = otk +2)+, Btk + b) :
£ R'> RPandf: R*— Ras "isalinear transformation. .

E)=0.0a)=1.£a)=0,£(a) =0, £(a,) =0, f (a) = 1.
Let(x,y,2) e R°and Sisbasisof g3, o

i) “p ¢ one-one -

Let’k+xl andk+x, eV /k and flk +x ) = f{k +x,)

= &; 2:?;, P tBa,=B,(1,1,0)+B(0,1,0)+,(0,0, 1) P T(x)=T(x) _
=> 8 :'X o I,B_]-FBQ’B;) i 'I"()(I)WL(_"[‘(XZ))=()2 = T(XI)H(-X:):OZ
ﬁl=z’ Y S B=y-x. T(X, -X,)=0, (T is a linear transformation)
then {(x,y,2) =x, £,(x,y, )= % X -%,=KerT =  x,-x¢€K
Thenl{f_f f‘iséx-,])’,z)' Y-%1f(x,y,2)=2 5 K+x =K+x (wa-beW & wta=w+b)
7 15118 dual basis of S and ths i annihilator of S. ‘lv) “Pri Ontol- 2 . .
Q27.  Stateang ‘ VT
. prove the f, .| (x) e T(V)
phismg, undamental theorem of vector space lomomo” P xeV ! KixeV
Sol. Fund. (2018)1 -1 = 1
fdamental theorem of 5 y, ' ; fiK+x)=T(x)
A bomomoryp: ' Vector space homomorphism: - > Fis
quatient g morphic image of 4 v " 108 IS an onto map.
Proof: . pace of the vector Space, . ector space is isomorph! fisan isomorphim,
vl Vi ~T(V, )
?zT(V') = KerT (v

Sirwon

Visitus for more detail al ©

www.winsomepublication.in
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ity of linear transformation. Let T be a Iiy, .
Q.28. Define rankand nullity of lmc.\rtl‘n:s il ing 1Y o —
‘opemtor on a finite dimensional vector space V such that rank(T®) =ran

= "SfOrmalio .
. = (20 then p( l) p( I ) n
Prove that range ( NN Kernel ( [) {0} I

B.Sc. 11" - Math 1 - Unit I - 50

Sol Let T:V = V be a linear transformation of finite dimensional veg

space over field F such that
p(T9)=p(T)

Then we have to prove that
Ker T N ImT = {0}

Proof : -

fh e 1 2 &nSf nna“on then b i i
t . v >V I 0 y (R N) Rank r\JU””)’

dimker T+dim Im T=djm v -
|= dimker T+ p(T) = dim v,

& 20 Ty e (i)
Ee T = Whea Bincartranslormatioi “and T': V, >V, isalsoalinear transformation, then by R-N theorem
T*: V= Vbealsoalinear transformation using Rank - Nullity theorem we by dimker T'+ dim ImT'= dim v’
dimkerT+dimImT=dimV ... (1) | _ ‘ N
And  dimkerP+dimImT?=dimV ... (ii) = dimkerT'+p(T)=dimy,
spectively then from eq.(i) and (ii L. . . . o .
T dimker T+ dim l(m)T - d(mz ker T2+ dim Im T2 © o dmVi=dinV, = dimkerT'p(T)=dimy, ... (i)
. : " ~ Since, we know that ImT is a subs ace of V
— < = cer T2 .e T2 = T | ’ . o h p .
_ slm;e_r: -(rhm K ker T2= ker T {_'_ kp ( T)' p( t)>} fK dim ImT +dim[dimT]°=dim Vv, N (iii)
= 'er '— t:r = kerT"=kerT {--kerT isasubspace o eﬂﬁ'omeq.(ii) and (i)
= xekaT' o = xekerT x dim KerT'+ p(T") = dim ImT + dim [ImT]’
= T(x)=0 = Tx)=0 - . (iii) = dimkerT!+ p(TY)=p(T)+ dim{Imt> (iv)
Let.  aekerTNImT = ackerTandaeImT Eu“m' ker T'=[ImT]°
-Letfe ker T
= T - 0 d 3 = | . :
A%)=0200 T <V onchrihat A(P) - < T(H =1 (zero linear function and by definition of Ker T)
= T(a)=0and 3be V suchthat T(T(b)) = T(a = foT=f (from definition of T")
0 ..
= T(a)=0and 3beV such that T (b) = T(a) < (foT)(x)=fo(x) ~ (by definition of equal map x e V)
= T:(b) - T(a) =0 = Tl(b) =0 < f[T(X)] =0 {Vx € \/l }
= T [ T()=0 5 T(x)=0)  ® M@0 (VI(x)einT=T(V,)
- a=0 ) < fe [ImT]0 {by definition of Annihilator}
= ( Using ii)) Hence, kerTi= [ImT]°
Hence KerTNImT = {0} [= dimkerT'=dim{IlmT)” v)
:from €q.(iv) and (v) . ,
-29. . . 2 dim ker T*+ p(T") = p(T) + dim(ImT)
onthe (ral::ﬁ:e thre tr.anspose of alinear transformation. Prove that therf = (T = p(T)
tor space mp erslehoe :allnear tra.nsﬁ)rmatio“ T between finite dimensional )
Sol. Transpose 0';‘: l‘ji:l‘::St:guafl to the.rank of T. @v Q30 e Y, and V, be vector spaces over the same field Fand T: V, -V,
LetV,(F)and v (F) pe "sormation; - b

dual space of v
functiong]
WO lineay map is

) . alsoalj
— Fbe a A ne.
Theorem: . linear functiona),

1and V, respectively.

ar map.

SinCe T!
3 T (W) =W
: WWW.winsomepublication.in_ ~

€ asurjective linear transformation. Suppose that W is a subspace of V', of
WO vetor space and T - V> V, be a linear transfor dimension 2.1f dimV, =7 and dimV, =5, then find dimT"'(W).
S

(2018)
Let us define a map-

T:T'(W)—>V, . o }

T[T'(W)]=W {- Tisasurective map o

is [reslr(iclion of linear transformation T over subspace T*! (W)

Visit us for more detail at ; www.winsnmepublicution@
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ImT' =W = dimImT'=dimW
= dimImT'=2 (- dimW=2)
Sinceker T' =ker TNT (W)
.- we know that,
ker T T'(W) ,V W subspace of V,
kerT' =ker T
-. From Rank-nullity theorem,
dimkerT+dimImT= dimV‘
dimkerT=dimV -dimImT
dimkerT = dimV, - dim[ T=7-5=2
Again by Rank Nullity theorem-
dimkerT'+dim]_T'=dim [T (W)]
2+ 2 =dim[T(W)]
dim [T (W)] = 4

=

1)

I

Q.31.  Define the dual space of vector space. Find the dual basis of the du“
{(1! l, O),(l’ 2’ 0)9 (1’ 19 1)} Ofm

space of R relative to the ordered basis S =
Sol. Dual space: -
Alinear trousformation f: V— F is called linear function if,
Hom (V. f)=(all linear functional : V— F)=v*
and V'is called dual space of vector space V.

Here s={(1,1,0)(1,2,0),(1,1,1)}
X] X2 X3
LetS*= {f]. f, fs} be the dual basis of S.

Let(x,y,z) eR>

(x,_v,z)=a(l,l,0)+B(1,2,0)+y(l,1,1) ........ 1)
= OFfry=x - " 2

Brysy . T 3)

v=z

Nand (e 4
From €q.(2) and (3) we get W

B=y-x

Punting the valye of vand B ip €q.(2) we éet
Ury-x+z = '

=

0=2x-y.,
Now Putting the value of ¢ §
P,

gt vineq. (1)

MYaZ)=uaf () )
flx,y,2)=¢ 1(,1,0)®B®f,(1,2,0)®?’®fl(1’]’])
f(>..._\‘.'/_)=2x-v-z )

Siijarl_\' fax.y. 5 )=

[}‘

f(\_\y)

!

: B.Sc. 11" - Math 1 - Unig gy
mmlul:lloroﬁmn Vi

Q.32.  Define the:
setofa vector space. If Vs a

: . -empty sul
finite dimension Pty

alvector space

| Provethat overafield Fand w js 4 subspace of V, then
‘; dim W+ dimW' = gjp, v,
Where W? jg the annihilator of W, (2019)
Sol. Annihilator of 3 Non-em

Pty subset of a vectar spaceb: -
bset a vector space ‘V’ oy
denoted by ‘S”

s ={fev‘;f(s)='oF VseS)c v’

Let ‘S’ be the sy

. er field F which is
non-empty then annihilator of § is

and is defined as -

#0 f,eS
Claim: S°js sub space of V",
- Letfig eSanda,B e F

= f(s)=OFandg(s)=OF VseSanda,peF
= on@fts)=0F and ﬁ@g(s)=0F
= (of)(s)= 0, and B-g)s)= 0O,
= (on.f+[3.g)(s)=0F VseS
= a.f+B.g g0

f S%is subsace of V*.

J‘ Now we prove that

' - dimW+dimW'=dimV
. Let dimW:ranXm={xl,x,, ...... x} - -

' be the basis of W, _ .
- Since X is linearly independent subset of vetor space V therefore it can be
~ extended to form a basis of V.S.V (By extension theorem).

| Let X, ={f],f2, ....... | S fn} < V' be the dual basis of X, and
| basis of V. '

| Consider § = {0 f )

J] Claim; -

( Sc w’

< Let xeW

| = X=X, FoLX, o +ox where o, € F

| 1 272 rr )

¥ = f.,(x)=0q0f, (x)0a 0f, (x,)®.... +o, Of, (x,)
} r+ )

‘ = t;”(x):or = ful € W

3 Similm‘lyfm, ........ feWw’
| = Sg we

F e of WO
| Now we prove that S is a basis of W

ail at : www.winsomepublication.in .
Visit us for more detail at @ Wwy I !
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R & dent : , *
(1) S is linearly indepen . il |
S X and X, is linear independent. Therefore S is also liney 0 - o031 00
= L) R, >R,/2 =01 021 ofa
independent. (- Asubsetof L.I setinL.L \ 0 0 | 00120 o
Imw=[8] 1 i
. . 0 =
o geW = g(x,)=0;, 1<i<r | O -1 0 oY1 00
| - R, SR, -R, 0 4 —1|= L 0ojjor1 of-21o09
eV o g=‘2g(xi)fi ' ; 0 1 0 1)lo 0 172){0o o 1
= i=1 ‘
: . C,»C,-C
2=(x)f, + 20O, + e +g()f +g(x L, o F 2O i : L
g=g(x_ )+ +g(x)f ! I 0 0 0O -1Y1 0 oY1 00 I -1 0
= gisalinear combinationof f ,......, f. v “' 0 4 -1|=|0 1 o I 0 (-2 1 0(Al0 1 o
S Wes[S] 01 1)100 1){o0owv2)lo o01)l o o i
. Sis a basis of W? .
dimW?=n-r ) R, —>R,/4
i 04 s -
dimW’=dimV-dimW = dim W°+dim W =dim V 10 o 1 0 01 0 1)1 0 o 1 0 0
Q.33.  Define an elementary matrix. Write ' “ 0 1 1/41=10 /4 0000 1 0)0 1 0210
‘ 00 1 0 0 1){lo 0 1){lo 0 1/2){0 o0 1
1 11 1 -1 0
A=|2 2 1|eM | B
) €M ®) | : 0 1 0JA
| .
asa product of elementary matrices. (2019) \0- 0 1

Sol. Elementary Matrix: -

. . ‘ l
A matrix obtained from a unit matrix by a single elementary C; — C; _ZCZ
transformation is called an elementary matrix (or E-matrix). - . -

Given that ‘ 1 00) (1 0 0 0 -1\(1. 0 0Y1 0 o
1o 01 0|=|0 174 0 1 ollo1 ofl-21 o
1. 001) 10 o 1)loo 1)loo12/lo o1
A=12 2 1leM,(g) ‘ | E, E, E, E,
002 1 -1 0)1 0 o0
Now  A=1a 1 0 1 ol[o 1 -1/4]A
L1y (199 : o}(:) 1){o 0E I )
2 -2 ] 1= 0 1 0 %5 6
A _ ; o
W00 2] (oo | So ' A=E]E;'E;'EE;'E
o A =E;'E;'E;'E;'E{'E{’
Py g i
R,«)RZ_QRI 4 -1|=| I 0|a
Tre——

at: www.winsomepublieati
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|
Q.1 If a linear transformation associated with a square matriy is

inear ations associated with th, ] .
nonsingular, then prove that the linear transformatio iy 16)1 Q2 Find theinverse ofthe matele
2 .

B.Sc. 1M - Math 1 - Unit 111 - 56

L20T20L, is non-singular,
L,0T,is non-singular.,

(- L, is non-singular)
(oL, is non-singular)

UV}

T, is non-singular,

matrix will be non singular.

Let T, :V = Vbe another linear transformation associated with matrix A

. 11 3
Sol Let A= [a,] be nxn matrix over a field and T,:V -V be a lmea;h 3 5 4
transformation associated with ‘A’ related to ordered basis - 3 a
I=Iy v SR
=y T OW ’ and hence write A as the product ofelementary matrices. (2014)
> . Sol. Given that
T(x) =2 oy, Vi, (1) |
il . ‘

relative to basis.

|
X'= X', x, R W A

a ' -~ Ry (Ry+R,)-R,
T:(XJ):Z(X”XI- Vi 2) f
2 - | 11 3 1 00
LetT:benon-singuIar. \‘ 2 3 4 0 1'0
Claim-T:isnon-singular , : : 0 0 1 111
= X={x:=12...n0) X={x;i=1,2,..,n} - '
| R, —> R, -2R,
T f
V—l_y 13 A
Lixy=x Y b Leo-x | 01 -2 P
VTV | 00 1 Lo
L& and L, are transitjop map which is one-one ang onto that is non singular. R, >R, +2R,
Now we wi]] show that
LOTOL =T, | SR v 3
‘ 010 b gte
RO =L 1) o | 00 1 =
f
n
. =(L3T3(xj'))=L2 Zauxi' . Ry >R, -3R;
< Uig | / -2 -3 3
. | 1 10 )
i . . 1 : I 0 3 2
& "’wJL:(X.' = 0= J !
. , i1 : ) ;“”X'“T’("J) | 0 0 1 H
- from equaln_\'ofmap ;
he Ljo'rQOLI:»J | Ry 5 R, -R,
erefore, T1 Is non-singya.

ttail at ¢ www.winsomepubNeation.in
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5 1 -2 -6 —75
010 el
001 CE
R3_>\R1+R:)+Rl R, >R, +2R,
[1 1 0 LG
A:IO 1 0 ) 2 1 0
111 0 0 1
R, >R, 2R, R, =R, +3R, R; > R;+R,
Mo 0] 10 3 119
A=l0 1 =2 ¢gl3 oY
00 1 0 0.1 S
R, >R, -R, R, >R, -3R R2 >Ry +2R
1Ry 1 1 3 2 ? ’
!'l i 10 3 I 10
Al=l0 1 =2 010 010
00 1 00 1 001
R:—iR:—le R3_>(R|+R2)—R3
1 00 100
21 0 01 0 |
0 0 1 11— |
?oiT raml\) e::l“e row-rank and determinantial rank of matrix and prove that |
-rank of a matriy j i i
Ans. Row::kr;‘flsequalto he determinantial rank of matrix. (2014)
LetA= [u]_v] be nxn matr ¢ gyer field F.
Ay dy o a,
Uy Ay . a,
Therefore A - ’ . "
tum] Oma e, o

bublication.in

- B.Sc. 1™ - Math 1 - Unit 1] - 58
R, i (- 911 SR 0, ) €

R2=(an, L+ SO 0, ) € Fn

Rm = (aml, [0 "HES U ) € Fn

Si={R,R,, .. R }eFr
LGS, = [S,]= {all possible linear combination of element of S J
[S,]is a subspace of F*and is called as row-space of *A’ and dimension
of row space of ‘A’ is called row rank of A.
Determinantial-Rank of a matrix: -

An mxn matrix over a field F is said to be of determinantial rank ‘d’ iff
there exist a dxd submatrix D of A such that

D] # O and determinants of all submatrices (d+1)x(d+1)iszero.

Let ‘A’ be mxn matrix over a field ‘F’ and ‘d’ be the determinantial rank of A and
‘r’ be rank of matrix. :

Claim:-d=r

Since ‘d’ is determinantial rank of A.

= there exists dxd submatrix (D) of Ai.e. D # O

= D is non singular,

= p(D) = d (Because the rank of non-singular matrix is equal to order of
matrix.)

= all d-rows of D are linear independent.

= Those d-rows of matrix ‘A’ which are contributing the elements of D

will be linear independent.
= d<,

Letrank (A)=r

= row rank of A=r
= There are ‘r’ rows in ‘A’ which are linear independent. Consider a

submatrix ‘B’ having r-rows of ‘A’ which are L.L

= rowrank (B)=r

= Coloumrank of B=r

= 3 B oforder rxr submatrices of B (hence submatrix of A) by those r-
1

colums of B formed by those coloums B which are L.1.

= pB)=r

= B, is non-singular.

= IBII + OF )
............ (it)

= r<d

Fromeq.(i) and (ii)

r=d — __
T at : www.winsomepublication.in j
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Q4.

- provethatadjadj (\A\)“_z A.

Sol.*

Casel-Whenn=2-

a B
Let A =L’ S_X be 2x2

adiA :[: _BB]

tl-a-gay=a

djadiA = |
adjadjA = ;5

Casell-Ifn>2o0orn> 3
(i) IfAis singular: -

uuuu

p(A)Sn—l and

p(adja) <1
padjA)<n-l =
adjadjA=0=0.A=(|0,)*2.A
adjadj A= (|A))"2A

and

(i) IfAis Non-singular: -

uuuu

U

Sol.

Using adjoint theorem for adjA
adjA. adjadjA = jadjA|In
A(adjAadjadjA) =A(ladjAlIn)
Alln(adjadjA) = [adjA|(Aln)
Al(adjadjA) = adjA|.A
Al(adjadj A) = (|A]™1. A
A7Al(adjad] A) = |A|(A ) A
adjadjA = (JAN™2.A

Reduce the matriy
1 4 3 5
a=[1 2 3 4
2675
1432
a=ll 2 3 4
2675

A1=0,

|A|=0,
p(adjadjA)=0

B.Sc. 1™ - Math I - Unit 11 - 59

Define adjoint of a square matrix. If Ais nxn (n 2 2) matrix, thep

(2014)

(2015) .

B.Sc. 11 . Math [~ Unit 111 - 60

1 4 3 2
020 -2 R, R
2

R, - R, —4R,

- s =
() ESN
—_ w
TN

i

S)
|

C, —C,—2C,

-1 C, —C,—3C,

S o =
S
w
S

(=}
(=}

C, —C,+C,

(=)
(e
(=]

c,—C,-C,

(=)
o -
—.
=)

1 0 00
0100
0010

Which is normal form of matrix a.
€nce p(a)=3

Q6. LctV=|R-‘an(lT:V—>V
‘ b’c)=(‘d +¢,-2a+Db,-a+2b+c).

’ l'\""(l . : /ith respect to the basis. .
| Ll l\l/mtnx orfT “llmt dt!t'l“ at : www.winsomepublication.in
isit us for more deti
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20
{1,0,1,¢1, 1,1, (0, 1, D} (201

Sol.  Giventhatv=R" ‘
and T:V — V be a linear frausformat on defined by

T(a,b,c)=(a +c,-2a+b,—a+2b+c) .. Q)]

LetS= {a, =(1L0.Da, =(-LL)a; = (0,1,1)}

fromeq.(1) we have
T(e,) =T(1,0,1) =(2,-2,0)

T(a,) =T(-1,1,1)=(0,3,4)

T(a;) =T(O,L1) =(11,3)
let (2,-2,0) =xo, +yo, +za,
(2,-2,0)=x-y,y+z,x+y+2)

implies X-y=2y+z=-2,x+y+z=0
After solving we get .
Xx=2,y=o0and z=_) - ) i
<. T(,0,1) =(2,-2,0) = 20, - 20, ;
Similarly (0.3,4)=(x-y,y+2z,x+y+z) _ : .
implies x-y=0,y+z=3, x+ty+z=4
Solving we get
x=1, y=landz=2
T(-1,1,1)= (034) a, +a,+ 20,
Slmllarly(l 1,3)= (x-y,y+z x+y+z) |
X-y=I, ytz=1x+y+z=3 ' ‘
Solving we get, y=1, x=2 z=0
T(O,L,1) =(1,1,3) =2a, +ta ‘
Hence the matix of T Wir.t

a, =(~1L11),a,

basic s = {(7., =(1,0,]), =(O,l,l)} : : |
2.0 =2
is 11 2
2.1 9

Q7. Show tha

tx+y+z= ”
and solve the, il 6’x+2y+3l=14,x+4y+7z=30arccon(slli;le.‘
Solve, KbyzeE

X+2y+3,=14

Xy +72=3

: WWW.winsomepul)licali(m.iﬂ

B.Se. 11" - Mah - Unit 111 - 62

J1 11 6.
012 8
0 3 6 24
Rz-—>R3—3R2
1 116
0 218
0000
P(A)=2 p(A’)=2
Hence it is consitant
X+y+z =6 (1)
. y+2z=8
letx=k
then y+tz=6-k
y+2z=8
-z=6-k-8
-z=-k-2 =~ = = z=k+2
Putting the value ofx[zin ..(I)
k+y+k+2=6 =  y=4-2k )
Hence x=k,  y=4-2k z=k+z

Hence there is infinite no. of Solution.

Define the aa j‘oint of a square matrix and prove that
adj (AB)=(adj B)(adjA).

e (2015)

Sol.  Adjoint of a Square matrix -

LetA= (a ) be an n - square matrix, let CJ be tln co-factor of
a; then the transpose of the 'matrix [C] that [C;]'is called the adjoint of the

mamx A and is written as Adj A. LetA and B are non singular. Therefore A.B is

also non-singular
By adjoint theorem for A.B
(A.B)adj(A.B)=|A.BlIn
Consider .
A.B)(adj B. adj
(‘( ! for more detail at: www.winsomepublication.in ﬁ
Visit us for ¢
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= adjB).adj A . . . B.Sc, [y . Math I - Uni fi.
—[:k(g\‘?x‘ﬂ 31dj ,i (by adjoint theorem) ~|or basis ofker T={(1,1,2)) nit 111 - 64
=[Bl(AIn)adi A ‘ ’ .10.  Define rows-space of .
_ \B“‘(A.adi R N | ﬁamx P amatrix. Find a hagjs ofthe row-space of the
= B|(|Alln) (by adjoint theorem)
PR
=(B|® A In : (224 6 o
= (A|®B)In (commututive property of field) 1 1 0 -1
—1.\B] In B — (2) 2 -3 ' _3‘ 1
Fromeg.(1)and (2) 12 2 3
(AB)adj (A.B)= (AB)(aijade) : : i 6 4
(AB)" (AB)adj (A.B)=(A.BY' (A.B)(adj B.adj A) -6
adj(A.B)=adjB.adjA 1 3 4 3
Hence obtain the rank of A. (2012)

Row space of a matrix: -

2 0 -1 . . Sol..
Q9 Let A= L 1 _J €M, (R)- Find the basis of ker T.  (2012) r LetA=[a ] beanmxnmatrix over the filed F. The row vectors of A

Ans.  Given thet » e the vectors Oy v a, €V (F) defined by
o 1 o= (a”,aiz,..-...,ain)’ 1<i<m
A:_l ; —IJ eM, (R) ) The row space of A is the subspace of V (F) spanned by these vectors.
since T: R* — R be the liner transformation ossociated to A with respect | 2 4 6 0 : 2 4 6 0
to the standard bassis of g 3 and R* ! 1 1 0 -1 0 -2 -6 -2
Therefore
] -2 -3 _ 01 3 1
T(1.0,0)=2(1,0)+1(0,1)=(2,1) . o A= 2o Wo 0 2 4
T(0.1.0)=(1,00+1(0,1)=(0,1) . -1 -2 2 2| BIED
TO0.1)=-1(1,0)+ (-1)(0,1) = (-1,-1) _ 4 6 4 -6 ﬁ,iﬁ'f_;ﬁ, 0 -2 -8 -6
T(xx2)=xT (1,0,0)+yT (0,1,0)+ 2T (0,0, n | L1 3 4 3] RPRR o 2 2 6
T(\\ZJ X(2,1)+y(0,1)+2(-1,-1) [ S :
) T(xyz)=(2x2,x+y- z) ' 2.4 6 0
Now  kerT={(xyz) e >, T(x,yz) 0} \ 00 0 0
Ie- 2x-z=0 }
f 01 3 1
X+ty-z=( —_—
, R,>2R+R, |0 0 2 4
- k : R, >R, R,
Letz=k thep X=+_ 0 -2 -8 -6
2
, 2 -6 -I2
K - 0 0 6 -1
—TV-k=
2 7 2 4 6 0
-k 00 00
ROR 4R [0 0 2 4
1o -2 -6 -2
0 0 -6 -2

@ for more detail at: www.winsemepublication.in
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‘clements of A'is called as adjoings of ‘A | .

and it is denoted 45 A adj A oradj A,

M4 6 0 (i) We hav? to.prové that
00 0 0 ‘ adj adj A= (|A|m2A
IfA is an n-square non singular matrix then ys; y aclioiit fheore .
00 2 4 adj Aadj adj A = ladj Alln g adjoint theorem, we pet
TRoWAR, 00 0 0 N A.(adj A.'adj adj A) =A(jadj Al.In)
01 3 1 = |AlIn (adj.adjA) = adj A|(A.In)
00 6 -1 = |AladjadjA)=adj Al
> |Al(adj adj A) = (JA)™ A
= adjadjA=(|A])"2A
’ 246 0_‘ ’(ii) We have to prove that
0000 ' adj (A.B)=adjB.adjA
001 2 Proof -
TRoR2 |0 0 0 0 | Since A and B are non-singular matrix therefore A.B is also non-
Ri=R,/6 singular
0 1.3 1 By adjoint theorem for A.B
yad]
: 001 2] (AB)adj(AB)=|AB|In (1)
. Conside (A.B) (adj B. adj A)=A. (Badj B) adj A
2 4 6 0] l ' =A([B|In) adj A= B|(A.In) adj A
= .adjA)=B|(|Al.In
001 2 [BI(A. adj A) =[BJ (|A|.In)
01 31 | =(|BloA])In = (|A|0|B])In
i;d_i'ri(lé:d'i;’nging 0000 1 :l AB] In (2)
Tows
000 0 |From eq.(1) and (2) we get . "
00 0 0] : ! (A.B)adj (A.B)=(A.B)(adjB.adj A)
- = j(AB)=adjB.adjA
M 23 0 ! adj(A.B) =adj J
01 31 | Q12.  Define trace ofa square matrix. IfA and B are mxn and n><|‘n muttrict‘S.
100 1 2 [ Tespectively, over a filed, then prove that A.B and .B.A have the same ’roalcf).
Lok 0 0 g ‘Hence prove that similar matrices have the same trace. (2012
1 Sol. Trace of a square matrix: -
0000 | Let
: 10000 ] |
RZX]](A:?) ; [_a“ Oy e (O
. [0} 1 aZZ ....... (12,,
Q.11. Define adjointofa s ’ @
. . quare matrix anq : benxn
OIrAs an n-square non singylay matrix thf.-gmve that l A=
(i) If A ”3’ “iA=(ar T
-(ii and B are non-singular matri
it k trices of the s
Sol. ;tzj.(A‘.B):adj B.adjA ¢same order, then ol 0y Opz (lunJ | X i
A Jmnlulusquarc matriy; - J SQuare trix over filed (F ® O). Then element o, Dty Do, D, is
a4 matrix ove B
/

Let- (
Of co-factors of eleryepy. ,(l(fj/]\r)c] "N matrix over a filed F and C. be the mo
. 50 then the trans A . fact®
———— anspose of matrix of the co-1"
!_(_;r r:lol(.",'j;.h'ri',“\,— 3 )‘
TSl YWWawinsomepublication i <
—t |
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called trace of matrix and denoted by “tr(A)’.
Now we have to prove that tr (A.B)=tr (B.A)
Let A=[c, ] be mxnmatrx
and  B=[p,]be nxmmatrix.
where  AB=[v.) .

where  Yik :Z% OBk
=
trace(AB) =7, © Y9 © ... ® Y,

= ;Yii = Z[Z‘li} GBji]

i=1\_j=1
:ZZaijGBji (1)

i=] j=1
B=[B,)....
A=la ] .
BA=[8,,

2
where 6, = zﬁjk Oay,
k=l

)=l k=

t(BA)= Zejj = i(ﬁjk Qakj)

= B'iO(li-
Jznzl’ i - e 7))
fromeq.(i)and (ij) -

r(AB)=tr (B.A)
Wwe have to show that

Similarly matrices

has Co.
B=PpAp- Same trace. Let A and B are similar matrices 11?

trB =1r(PAp-1) =t (PP"A)
=tr(In.A)
trB=traA

Q.13.  Finq the b

: asis of
€quations gyer (pe .

luti
field of onsp

real Numbers:.

SU]. We ha\’ sX+z-

ace of the following system of line?

Y= 1
Cgiventhy | OXFY+ez+y=(, @0

{
|

X+Z-u-v=0 B.Sc. 11 - Math 1 - Unit 11y - 68
6x+y+dz+y=

2.0 1 - 17
A=l 0 | -1
6 1 4 1 ¢

1 0 1 =1 |

01 =2 6 5

00 -1 1 -1
Basisof Ker T

={(1.0,1.-1),(0,1,-2,6,5).(0,0,-1, 1,-1)}

Q.14.  Define trace of square mativix. If A is a real matrix such that trace
(A.A")=0, then prove thatA=0. = (2013)
Ans.  Trace of a square matrix: - .

Let A be a square imatrix of order n over a field F. The sum of
clements of A lying along the principal diagonal is called the trace of A, i.e. if A

n
= [au.]nxrn then trace A= Zaij .

i=1
Let A= [aij]mm A
Then At = [bﬂ]m, where bij =a;

Now A'.A is a matrix of the type nxn.
Let A'A=[C] . Then

i

C. = the sum of the products of A’ and the i" column of A.
= I:)ilali T bila.’.i Foee + blll\aml

- b =a.
= all-il“ + a’lali RERRRIEE + amiami [ . bIJ cp]
2
=aj; a5 Feereee +ag,
n
Now 1race(A‘A) = ZC“
i=l
n 2 2
:Z{afi+a§i+ ...... +n,m}
il ) i
= The sum of the squares of all the element ol A.
e ers.
Now the elements of A are real numb
“Hersfore g ‘ of all the elements of A is zero.
i g ares . n ry .
= The sum of the SqUE www.winsomepublication.in J

{ s detail at:
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. [ B.Sc. 1™ . Ma :
element of A is zero. ; o o ) ath I - Unit 11 -
= Eachdcmunt.(‘. -0 Q.17 Findthevalue of k for whjcy, the system of linear eqya LT
=  Aisnullmatixie. A=0. =1,X+k)"+l=k,x+y+kz=k"ovcrlhcﬁcldofr I df:‘lua!mnkx+y+,
. . ealnum vers does not b
. . . . asolution. ithave
Q.15.  Define determinantal rank of al}m.lrlx. lf/l\lsan n-square matrix of Sol. AX =B (2013)
rank n- 1, then prove that the rank of adjoint of A is 1. (2013) '
Ans.  Determinantal rank of matrix: - . kK 1] . I
An mxn matrix over a field F is said to be of determinanta] .
_ Where A*=|1 k || X= yl,B=| k
rank ‘d" 1ff there exists a dxd submatrix D of A such that ‘Dl # O and determ- I 1k . )
. » . k
nants of all submatrix (d + 1)x(d + 1) is zero. .
etp(A)=n-1<n ' ' ko1 1
= Als singular matrix and 3 atleast one co-factor ot element of A differ. | Then A*¥=|1 k 1 k
ent from zerq ' : } 11 k. K
= \A =0 and AdjA #0 [
' : | kK
=  AadjA=0and adjA %0 (= AadjA = [A[In = 0.In = 0) | RioRy |1 k 1 . k
= p(AadjA)=0and p(adjA) =0 ' ,’ k11 .1
p(A.ade)Zp(A)+p(ade)—n ‘) = 1o k. K
- R, -R
= 02p(A)+p(adjA)- ~ ‘ PO kol 1-k L K-k
PA)+p(adjA)=n and p(adja) =0 L RoRe B
= 020-1+p(adiA)-n and p(adjA)#0 A 0 1-k I-k* . 1-k
= P(ade)Sl and p(ade);tO / I | R k . K’
= pladiA)=0orl and p(agja) =g | L
“ 0 1-k I-k* . 1-k*
Q.16 Can we express (1, 4 3 |
2),(2,3,5 and (3, 5. §) ; ( ";5)6 IR*(IR) as a linear combination of (1,1, 3
oL L1, 5) gy R TS inhow many ways (2013) . k . Kk
Then  x+2y3 350 L2+32.3,5)+3,5,3) | SRy Ry—(I-K)R,[0 1 -1 . =k(k+1)
X+3y+ 54 Ny ‘ 0 0 (k+2)(1-k) . (l+k)(l—k3)
ZX’S\"82=5 '
1 2
A*=1|152-11123-| 1k K
fa %% e :J” 01 2 . 3 R"—)ﬁRJ 0 1 -1 . -k(k+1)
8 00 ¢ ) . : A c+ k2
p(A*):z(mﬁmIEme., 0 00 (l\+2) (l+]\)(l+l\+|\ )
Therefure(]_4 5) e “"”)
+ 9, .) ; R (IR )‘canb " ' f()rk:_z

P(A%) =3 4pq p(A)=2
S (). p(a)

Visit us for more detail at : ww w.winsomepublication.in )
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Therefore in this case solution does not exist.

i ix / n-square matrix is .
Q.18.  Define non-singular matrix. Proy c (Vltat ann-sq i 3%‘
singular if and only if the rank of the matrixis n. 1y

Sol. Non-singular Matrix: - o . .
A square matrix over a filed is said to be non-singular ify

linear transformation associated with matrix is non-singular. '
Let *A’be nxn matrix over filed F and TA : F* — F"be a linear transf,

mation associated with matrix A.
A'is a non-singular < TA is non-singular
< TA s one-one
< kerTA={O,}
& dimkerTA=0
< dimImTA+dimker TA =dimF"
< p(TA)+0=n

< p(A)=n

Q.19.  Definean elementary matrix. Write

1 1 1
A=(0 2 3
eM (R).
0 5.3 J(IR) (2017
Sol. The matrix assocj

: ated with elementry linear transformation is know
as elementry matrix.

(1 117
A={0 -2 3
eM
0 0 3J J(R)
A= L I 00
=0 Li=[0o"1 ¢ |
100 3J TR
1 -
R3_,& 0 -2 3 o o
0 0 1/3
R, -’f‘;JRZ 01 39 1 0 0
Yoloo L=[0 -172 o
0 0o 1/3

msomepublication.in

B.Sc. 11 - Math 1 - Unit 117 . 7,
0 572 I 12 g
R, >R, -R, |0 1 =312 =10 -1/2 ¢
00 | 0 0 /3
3
Ry >Ry +2Ry 10 I 172 -5/6
R or S 010 =0 -1/2 1/2
__) —_——
1 1758 0 0 0 1/3
t? A
* Aas the product of elementary matrix. )
L 0 olf1t o o0]1 1 o
A=[0 1 0o 2 oflo 1 o
0 3//0 0 1{/0 0 1

S
S -
|

—_ W
S~
[\

(=l

S =

- o

Q.20.  Find the values of a for which the following system of linear equa-
tions over IR is consistent:

x+3y-z=1,2x+7y+az=3,x+ay-7z=0 (2017)
Sol. Given system

x+3y-z=1,

2x+7y+az=3,

x+ay-7z=0

AX=B

1 3 X 1
Where A=|2 7 a |X=|y|[,B=[3
| a z 0

Agumented matrix

ail at : www.winsomepublication.in
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Rk, |1 3 -1 170 5 3 -1 0
R.—R.-2R, =
—— o 1 a+2 .3 A—01—2; L= 1 ¢
_Eiﬁl_;()a_3 6 .0 0 0 -1 -1 -1
R= (DR,
. . _ 1 0 5 3 -1
[13 -1 > il E A=[0 1 -2, L=[-2 1 o0
RORAIR o a+2 1 ' 00 I I
0 0 6-(a+2)(a=3) . 0 R,—R,-5R;andR,— R, +2 R, we get-
' ‘ 1 0o -2 -6 5
(a+2)a-3)=6 = a’-a-6=6 \ A=[0 10| . L= 0 3 -2
= a-a-12=0 = az-4a-+3a-12=0 ) ‘ 0 01 ’ 1 1 =1
= ala-4)+3(a-4)=0 = a=4,-3 - g
Ifa=4.-3 then system is consistant with infinite solution and if a % 4,-3 the | 3 : B
system 1s consistent with unique solution. ‘ -2 -6 5

Q.21.  Find the inverse of the matrix:

11 -1
(113 B
A=12 3 4 . : A andA™ as product of elementary matrices i.e.
346 . 1 0 0f|L 0 Offt 10]1 00
andwriteA"astheproductofelementarymatrices. (2018) A=(72 1 0|0 1 Ofj0O 1 0{/0 1 O
1 3] ; 0 0 130 1]0 0 1][0 11
Sol. A=i!2 3 .
1346 10 0]t o5t oo
01 0[]|01O0]|0T1-2
1 10 o 00 1]]oo1foo 1
A=123
;342 and 13=(()):)(l) 10 10—5103000
: a T=l0 1 2[(01 001
P~—'R:'/.Pvandk;“’R 3R w get nd A 0 0 00 1]0 0-1f0 =11

S
(=)
o
|
~
(=]

isi [ »detail at 2 Www.winsomepublication.in
Visit us for more detail at: )
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Q.22. Reduce the matrix
2 03 -1 -1
1-1-2 -4
T3 2.3 a2
6 3 0 -7

to normal form and find its rank.

2 3 -1 -1
1 -1 -2 -4
Sol. Az3 2 -3 _2
6 3.0 -7
ROR,
[1 <1 «2 -4
A=2 3 -1 -1
3.2 -3 22
6 3 0 -7

R R-2R.R 5R.-3R R, >R, -6R,

1 -1 -2 _4
0
A0S 3 7
0 4 9 19
09 12 17
C:“’C:‘Cx~C;‘)C;’2C,~C4—>C4+4C,
i;'! 0 0
a0 5 3
04 9 g
09 12 |5

B.Sc. 11" - Math 1 - Unit 111 - 75

(2018)

R Ry-4R, R =5 R o B.Sc. 1y
Lo o
0 .
a=|" 1 -6 -3
00 33 2
_ 00 66 44
Cj—)C3+6C2,C4—)C4+3C2
I 0 o o
0. I
A0 1 0 o
0 0 33 2
0 0 66 44
1
R— 3R
1 0 0 o
A_|O 10 o
0 0 1 2/3
0 0 66 44
R—R,-66R,
1 0 o0 o
01 0 o
A:
00 1 2/3
00 0 o0
a‘)Q-ZCs
10 0
A0 T 0 [ 03,]
0 0 1 0,; 0,

00 0 0

P (A) = order of I
P(A)=3

iv. IfA ¢ e -singular
. Define the adjoint of a square matrix. IfA and ll. zu:. l)l()liln\ g )
Visit us for more detail at : www.winsomepublication,

-Math | - Unit 111 - 7
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. \, then prove that adj(an | . , . BSC 11 - Math 1 - Unig 111
- o of the same order over the same field K, then J(AR, X, Y, +Y, e Xy Y.} is linearly independent gupyget e M
matrices of the s (207 For this we have to shoy, 1014 [inear an o T
dj(B) adj(A)- . ‘ Forifpossi Wihat X is not a linear combination of y y
ad) Adioint of a square matrix:- ' e1d F and [c.] be the e Y, Forifpossible [et X, bealinear combination of Yy y 7
Sk : Let, A=[a ] be nx nmatrix over field Fan [cij] 7? l(. Mag| _ X,= G S to Y L np'
54 i A . -fa np e
of co-factor of element A then the transpose of matrix Ofdcg f;flt?/r\()) 0(; ;?2“ = AX,= 0, (AY )+........ H an_p(Ag(n_p)
will be called as adjoint of the matrix Aand it is denoted by adj || sy AX(, =( ‘
. . : Which is wrong as X is particular solytj f -
Le, , o ' -factor of elements of A : o15P solution of A.X =B
adja dcﬁm_tlon TfanSpO.Sff of matrix Ogcfo?ecr(i)trt(l))eﬁ A Therefore, ourassumption that X is linear combination Of Vo, X oioven ¥ 18
If A and B are non-singular matrix of same orde wrong. So X, is not linear combination of YoY Y 2
" . : e ; np
adj (A.B)=adjB.adjA ‘ . % - {y, Y, , YH_P} is linearly independent subset of F" and X, is not
Proof:- _ : linear combination of Y, Y, v, Yn_p | .
Since;. Aand B are non-singular. So, {X,, Y, | Y Yn_p} isalso linearly independent.
A.B is also non-singular. ' = {Xp X, + ¥ 5onty X, + Yn_p} is also linearly independent.
(AB)(adjAB)=|AB[Il, ... (i) '
Now.  (A.B)(adjB.adjA)=A (B adj B) adj A Q.25.  Define the row reduced Echelon form of a matrix. Let
=A([B]1, )adjA =[B|(A.adjA) 1 -1 20 '
| ' A=12 3 -1 1|eM,, (R)
=[Blo([al1,) =(]a|o[B|)1, | 42 0 2
=|ABI, (ii)

Find a non-singular matrix P e M ,(R) such that PA is in row reduced Echelon

Fromeq.(i) and eq.(ii) form. (2019)

(A.B) (adj A.B) = (A.B) (adj B. adjA) Sol.  Row-Reduced Echelon form of a Matrix: - .
= (A-B)"(A-B)(adi/\-B):(/\.’3)"(A,B)(adj B.adjA) An mxn matrix R is c.alledarow reduced echelon matnxilf.
= adjA.B=adjB. adj A (i) Every row of R which has all its entries O occurs below every row which
has a non-zero entry. -
-homogeneous syst - (ii) The first non-zero entry in.each non-zero row is equaLto l. .
p- I the system s consistent, thesh?  (iii) If the first non-zero entry in row i appear's in ?o<lumn<ik?re zero.
ntsolutions of the systemisn-p +i (iv) If r is the number of non Zero rows., thenk, <k, <.... e

Q.24 Letthe rank of t}
of mlinear equations in
that the number of linear

ie coefficient matrix ofanon
variables he
lyindepende

Sol. Let AX=B . (20 I -1 2 0
LetY be a solution of/\x“ =() Lo (i) ‘ Given that A= 2 3 -1 l|eM,, (R)
AY =() B . =3 " 0 2
LetX, be a perticylar solution of eq.(i) ) LE
AX,=B o | A=IA
Caim:- = (iii) 1 00
X, +Y) will be g sopygic o . 1 -1 2 0
For AKX +y) = ullonolcq_(,) 2 3 —1 1]=|0 1 0]A
So(x +y ‘f )=A (»+Ay:B+():B 3
P )wﬂlbeasolulionof'e (i) -1 2 0 2 00 1
10 293 cennis, Yn le(—drl .
AX=0 ' 4 mdq’“’dtnlsolulmn of homogeneous $¥° (I -1 2 ()] ( . 0] A
0r X+ D =2 1 0
Claim - u Y"X°+Yz' ----- Xty are sol; : . R7 >R, -2R, 0o 5 =51
—— e AIC SOolimtine . o a
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B.Se. 11 - Math 1~ Unit iy,

(1 -120 (100
1l=l-2 1 0]A

0 5 -5
-5k, - 0 0 15 9 7 -15
1 0 0
P={-2 1 0
So 7 15

Q.27.  Define adj(A), the adjoint of a matrix, A € M (F), where Fis a fielg
and prove that A.adj(A) =det(A)I =adj(A).A. v (2019)
Ans.  Adjoint(A): - '

Let A= [a,] be n x n matrix over a field F and [C, ;1 be the
matrix of cofactor of elements of A. The the transpose of the matrix of cofactor

of 1°11~m< of Ais called a adjoint of A’ and is denoted by ‘adjA’.
Now, we prove that

AadjA=adjA.A= [ALL
Proof: LetA= [a]benxn matrix overa field F therefore

aGi[C, ] where Ce=C, - . L (1)
AzdiA = (v, |
Where Vi = Zau OCy = Za” GC =8y O,A’ using eq.(i)
Therefore
-}“ Y12 veres Yin
Ya Yy Y2
AadjA =
LTt Yy e, Yon
I0[Al 0,0l .. 0, oA
O, 0l lola] ... 0, oA
¢
O 04| o, OA .. 10/
=|Al l

Sum[urlyadJA A=
From €q.(ii) and (m

‘ B.Sc, qpm . Math I - Uit 111 - 80

column-rapk of a matrix, p

- Frove that for
(row-rank)(A) =(colum
Sol. Row-rank and Column

Q.28.. Define the row-ranj and the

any field Fand Ae M w(F),

n-rank)(A). (2019)
-rank of matriy: -

‘LetA= [ ;1 be nxn matrix over fi¢ld F

a” a|2 ..... a,"
Q' @y a,,
A=
anll amZ > amn
Rows ofA -
(a”, ....... o, ) €F

Rz (). a:z, ....... , 0, ) € F"

{R],IL ..... R } e
L(S )=[S,]={all p0551b|c linear combination of element of S}

[S]isa subspace of F"and is called as row space of A and dlmenswn
of row-space of A is called row-rank ofA
Column ofA is

= (05 Oy e ,oo )€ F™

ml

—((1,1, s O ) € F

= (aln, ....... ,a, ) € F"
={C,C,, ... ,C} eF"
L(S )= all possnble linear combination of elements of S}
isa subspace ofF"‘ and is called column space of A and dimension of column
Space of A is called column rank of A.
Now - we prove that
(Row-rank) (A) =(Column-rank)(A)

Lo
Oy e e In
I 0 3%
("ZI (1:2 ..... azj n
Let A=
aml Qg weeee a'"j - ik

T www.winsomepublication.in
@ us for more detail at & WWW.WINSOmeg )
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X = TP L,
\ (CL”, & \5, 60, Q). S¢, “nd'Math]
RP_ = (0",’ QlZ’ - 1 ees aln) & o ~Unil[[l ‘ ‘
225 e QL ) ] = B.Se [y
oo e j + - ' -
37 0) & po . ich h ﬁ,,:l’, [5121'Y2+ """" *ByY, vJ o Math 1. iy -5
which are show hat all column of A j linear comp;p,
R ( ‘ . Y, which are elements of Fm. Ombinatiop of elements v
= % ’ nts )
(‘.,,H s - . _ o (Y, Yy oY} generates colymp space of A pY,
s C,= {0 o w0 ) € pn — dimension of column space of A ; '
Jaim - Col 1> 240 eueey @t v e Als always Jess or ¢qu
Let 3 '”mn-rank Of A < nﬁ : i.e. dimension ofcolumn Space of A<r < dim roy qual to
_V,' Mension 0fr0w—l'€ink;\~ OW-rank of o = d_lm of column space of A' < dim of oy Space o?:e A 0
,,,,, N umber of =r . ‘= dim of row space of A < dim of colymp of A _
" N QW rank A=y . fromeq.(i) and (ii) Ch et e (ii)
) umber of elements 8 Bt Column rank of A= Row rank of A.
let S = {Xl 3 X} b as1s of row-space =
’ 29 sseas .Y 4 )
e (_B » & ¢ be the basis of row-space.
1 'l’.Bl2’ ------- ﬁl" ....... Bn)
X2 - (B'y ’ . B : . I
219 Pags weveee g weeeees B,)
2% =10 Boyican BU., cocnees B )
o R, R, ....., R belongs to row-space of A.
, , belong p f )

. ~ ' be unique d li mbination of elements of . » )
-1t can be uniquelly expressed as a linear combi , Students preparing with WINSOME SERIES
get excellent marks in exam

Our Publication

_ + + o FAX)
RI = (U‘I 1 ("12’ ...-alj---, aln) (}\'llxl )\'IZXI +x“x)

= +onee 4
R" — (a"l, azl’ ....(lzj..., (I.Zn) b (}\'21x| + 7"22X2 2r

g =Gt PR WINSOME SERIES
Bop, il B - | for ALLAHABAD STATE UNIVERSITY
Now J" column B @\, OB L P &
- [ OP T . ,, OB . :
“ A OB @Ay, OBZJ """" ok -
o | ” _. WINSOME SERIES
©° o, OBy & @1 O ___ For Allahabad University |
Ami oftt 7 "
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)

i— therefore normalization bagjs jg — fa,0,a,) B.SC. 11 - Magh 1 Unit1y gy
2 Y ‘

. (;ram-SChl“idt orthonormalization Process orthe 1 I
Q1. Usingh 1,0, 1), (1,1,0)} of R(R) N0rmy), =4[ 0,—,—= | [ ] - I V(g \
dered basis {(0, 1, 1, (1, 0, D5 (L1, R)- 4 A V2R LY ’\“’\M‘- 2 1))
o s = (0.1 1. (10,1, (1, 1,0} (2 V22 )12 275 JE’J(I’J(IJJ
o b, bg b3
: Q.2. DeﬁneadjointT*ofalineartransf ati :
8= My (_0:/1”,—]) = [O,L, _I_J space (V, <>) and prove that ermation’T on an inner prouct
oy ll V2 2 N2 Ker (T*0T) =Ker T and hence prove that p(T#0T) :
. P(T*0T)=p(T)=p (ToT*),
, | Sol. Adjoint of a linear trasformation; - R o1 Gota)
c.=b -<ba>a —(1,0,1)“—— Q*,i Let T:(V,<>) > (v, <>) be a linear transformation. Then we
2 2 2 defined a map.

Ny T*: (V,<>) > (V, <>) as
=(1,0,1)‘(0,5’5)=(L—_ ‘j <T(x),y>=<x, THy)>. Vx,y € V

: Then the map T* is called adjoint of T. -
Claim : Ker (T*oT)=Ker T

. (IF%’lJ (1,_1,1) Letx e Ker(T*oT)
y=t=2 22) U 272) | = (T*T)x)=0 = THT(x)=0
HCZH Ly 6 : : = <X, (T*oT)(x)>=0 = < TXT(kx)>=0
I+—+ -
4 4 4 = TEF=0 = T®=0
| = x e kerT .
=(\,ﬂ 172 Ker(T*oT)c KerT ... 0)
V3/2°\3/2° 32 let xeKerT
¢,=b -<b a>n . = T(x)=0 = THT(x))=0
3 31 18> a, <b3, a> a, = (T*oT)(x) =0 = x e Ker (T*oT)
% :(I’LO)*T[O’L’L}( L1 YL -2 ;/2,) . KerTcKer(T*oT)
2UV2' V3/2 24/3/2 i 3/2°3/2 V32| Fromeq.(i)and (i)
Ker(T*oT)=KerT s (ii1)
:(-LLO)-[O 11 _[ 1 ( [ 8y 1 J Using Rank-Nullity Theorem for T and (T*oT) .
272 P S dimKerT+dimImT=dimV iv
2372 3/2°23/2 2\5/2 dim Ker(T*oT) + dimIm(T*oT)=dimV o (v)
(1,1,0){0,1 1) ( 1 ] 1 4 1 J fromeq,(iii),(iv)arf*(v%)
Dl T — — | we get p(A)= 0

iti ix g o4 2014)
Q3 Prove that eign values of a Hermitian Matrix are allreal. (

=(LL0)-[o1 1) ‘ ) ioen value of A and X a
) 0,5’5J~(i"l’l)=(z,i -Z'J Sol. Suppose A is a Hermitian matrix, A an eigen value of A anc
36’6 3’3’3 corresponding eigen vector. Then (i)
2 4 AX=2X /0 we o
a, = (3~3’§) 5 | Pre multiplying both side by Xhweget (ii)
LA =l =X9X B ;
hagu 4\ :[ 2 4 2 I /,/6 XIAX =X . ides of eq.(ii), we get
| == | = T aking coniueate s of both sides ¢
e T T T | kg come g _
9 9 (X"AX)"=( T wwavinsomepublication.in

* WWw.wins

n.in Visit us for more detail |
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or - XAUXY= XX e "
e —o (iii) lA,z 4]
or X“A.\ = )\,\ X . . —
[+ (X=X and A" = A, A being Hermitian] |Aj=0
From eq.(ii) and (iii) we get e o Hence Ais of d
XX =AXX = (-M)XX=0 VEIIGrdER
{ 1S N0t a zero vector, i
e .z v Q7. Define inner product on a vector space V(F). Let V(C) be the vector
Therefore X°X =0 - space of all continuous complex-valued functions on the unit interval 0 <t <1
Hence X - 7.= 0. so that A = 2 and cosequently X is real. Iff(t), g(t) € V, Let us define
l —_—
Q4. Provethat eigen vectors of a Hermitian matrix corresponding to f(t).g(t)= fo f(t)g(t)t
distinct eigen values of the me.)t‘rix are orthogonal. (2014) | Show that (f(t),g(t)) is an inner product on V(C). ‘ (2015)
Sol.  GiventhatA is Hermitian. Sol. Innerproduct space: -
ie. AT=A ' Let V be a vector space over field of complex number (or real
Also, we have no.) Then an inner product in V isa map i.e. <>:V x V — C which assigns each
Ax,=h X and Ax,= 7“:"2 ordered pair (a,b) of V x V to a unique scalar (complex no.)
8. L . . . ..
o ;.lx? (x? ) _ klx?x, l:}"l is real = l? = ;\] _ <a.b.> or a.b satisfying the fallowing conditions
) - . (I)<a+be>=<ac>+<bc>VabceV
or M KRy =AK) Ky = (4-2)xMx, =0 (2)<ra,b>=i<ab>VAe @, Vab eV
Since A, -X, #0, 3)< a,b>=<E;>, Vab, eV
we have x?x2 =0 (4)<a,a>> 0and<aa>=0iffa=0 Vv AeV and (v,<>) is called an inper
— x, and x, are orthogonal with respect to each other. PEO(IOCE SpREE , L
' s g, <1 )
: Given that (f(t).g(t))—j f(t)g(tde O<ts<
Q5. - Provethat the determinant of kew- i ix of odd order | 0> . , :
is zero. ) s. T SiEHC uty ot (2014) We have to show that all the properties of an inner product hold in eq.(i)
.Sol.' Suppose that n is an odd integer and let A be an nxn skew Symmetric (1) Conjugate symmetry: -
fl’_im"“ We have
uswe have  AT=_p . 115 e ‘ fromeq.(1)
Then - L e i) £).f(t)) = | g®Of(t)dt :
det(A) _(d? (A) = detr) T (&) = [, e
=_)"de[(A)=_dt N . d e — e "’;— . 1 tﬁ_ t
;herefore ~ 2det(A)=0anq *(A) . Sincenis od (g(t).f(t))=[ j(:gu)f(t)dt =J,[eof l;
ence det(A)=0 N i T (()]
_— = t Ny
Q6. IAis real skew-symmeri : ' . = [;ef(adt= f,foe0=[f0)8
:la‘A isof even order, yimetric matrix such that A+, = ser %n) (2) Linearity: - .
ns. v X ‘
* G:‘en that Ais real skew Symmetric ; Leta,becandh(t) € V. -
Al+] =g " o matrix such that : af(O)+ bg(t))h(f)d‘
o A=y " Then  [af(t) + bg(t), (D] = Ja
D0, |A]3 =%

Incage of skew Fo— Only if\Al is

. pure ima sinar
IC matrices, Sj ginary.

g
F(Oh(Ddt+ bJ'“ g(Oh(D
il skew-symmetric matrix ©

at @ “'“‘“'.WlllSOlll(‘ ub
& .

{Odd | = a.[ol

Visit us for more

lication.in
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—a(£(1).h(D) +b(g(),h(V))

Non-negativity:-
We have

1 = 1 . 2
(f(l),f(l)) = -[0 f (t)f(l)dt = J.o |f(t)l dt
ince [f(l)]: > for every t lying in the closed interval [0,1] - Therefore eé
nc

5 0. Thus (f(t), (1)) 20
Also (o), f()=0

> jo‘[f(t)]2 =0

)

> [f(t)]: =0 for every t lying in [0,1]
= fit)=0

Hence the product defined eq. (1) is an inner product onV (c).

Q8. Ifa,barevectorsin an inner product spaceV, prove that

) o+ B < o] +[p]

for every t lying in, [0, 1]

) o+ B +a-pl? =2(|]““2+”B"2)'

" Sol @) o+ < o+
Proof:- We have

Joc+ [ <

(2019

IB] (triangle inequality)

(a+p, a+p)
= (@o+p)+ (B0 +p)
= (a,a)+(a,B)+(B,a) +(B,B)
@)+ (o + o

= Jaff +(7+§)+”;3”2  Where y=(P)

= “(x“2 +2Re Y +"B“2
= H““Z +2ly|+ “B“Z - (Rey£[1)

=Jof 2/(ap)|

jity)

=l + 2o , inequ?

Vi
m for More deg;

—on.il
ail at; wWww.winsomepublicatiol

-Math . Uni v 8

B.Sc. 1.

= o +|sf
o+ B < o+
Hence o+ B <l + |

) o+ B+~ = 2+ )

(Paréllelogram law)
Proof:- We have
lo+B] = (@ +p.a+p)
=(o,a+p)+(B,a+p)
=(a,q)+(a,B)+(ﬁ,a)+(ﬁ,ﬁ) .......... (1)
And o=l = (@-p,a-p)

=(o.a=B)-(B,a~p)
(o) =(aB)~[(B.a) - (B.B)]
() (. B)~(B.x) +(B.)

I

......... 2)
Adding eq.(1) and (2) we get
o+ +la =Bl =2(.0)+2(5.p)

o+ B+ eI =z(uau'+uﬁu')

Q.9.
Ans.

State and prove Bessel’s inequality for an inner product space. (2015)
Bassel is inequality:-

If V is an inner product space and if {w,wz ..wn} is an

orthonormal set in V. Then
SV IO orait ve v
Proof:- LetveV lb: arbitrary consider the vector

X= V—Z“:a.w“ whereat, =(V,W;),
= W,

‘ oS, \_za,“,]
g X’X . lication.in J

re detail at £ WWW. winsomepublica
@sn us for more
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-

Since

sobyeq(2)

Hence
Q.10. Define
_th‘d( the ¢j

Angs, i

'V, be
To shoy, tha

\Nh‘ﬁft
We

1 én
have 1 gp,

By dt‘ﬁnill()n of

2€N Veetgrg cor|
carly indepengep,

fgen valyyeg and eigep yq,

€1gen vee

1 lht Vet

de,are co

B.Sc. }l"“ -Maih | - Uni IV g

) ) n 0 n
a 'l 2 Nk e = a.w‘_,vj+ L(x Wi oy
\-_\)—L\.ﬁﬁl i ; T 4 = i g iW

iiaiaj

i=1 jo1

" n
M =X ()= as(wiv)+
il -

(Wi’wj)

n

(v w)(vw )+ Yo

" n —
- )w)-

l: (wiwj)
= ”v” —gl(v.wi )Iz —gl(v, wi‘)l + Zn:’(v, w, )z'

i=]

0 fori:Fjand(wiwi)zl]

L D IRV O
P < - 2w, v

I 20,

“V”l"};](w,,v)’lzo = ”V“ZZZ[(W“V)]Z

§|.(w,,v)]' <|M,

YveVv

eigen vy

responding to (2015)

¢tors of a square matrix matrix:-

TO sh N . |eueS
tor corresponding to distinet eigen v3

OWeigen \ »
Idepender,

1O1S correspy ngin

: jvely:
€ 1o eigen values A, respect!
sy

onsider linear combination

(D)

) ,,V2 are (1. ¢

c, \1+Cg",>~U
”lplcx nu"]bers

ha C=c = ’

ECn veetorg

: WWw.winsomepublication.in

|
;
1
;

|
| -

f

{

i

|

. . ove |

uesand ejgep vectors of a square matrix A l.’rare =
. . . x |

distinct eigen values of a matri

B.Sc, 1y . Math | - Unity .
Av' = Av, and sz = 2,2‘/2

0=A.0=A(c, v,
=cC Ay, + c, Av,
O=c,)¥vl <I-02A2v2
Multiplying by A,ineq. (1) we get
Ozc.l}hlvl +C2A'2V2
Subtracting (1) from (3) we get
Oz(cl}\':vl +Cz)“zvz)'(ct
0=C,()LZ- A’l) vi

* CZ VZ)
-(2)

(3)

AV

Y1 1+C2A'ZV2)

= CI(AZ-A,)=O (Sincev,;sO)
Since A, and A, are distinct we have

c,=0
Putting ¢ineq.(1) we get

c,=0 (since v, #0)

Therefore, the values of ¢, and ¢, are both zero, and hence the eigen
vector v, v, are lirearly independent.

Q.11.  Prove that two cigen vectors of Skew-Hermitian matrix corresponding
to two distinct eigen values of the matrix are orthogonal, (2012)
Sol. Let Ais skew Hermitian matrix. Then iA is Hermitian,
Let u and v be eigen values and 2 and 1 be eigenvectors respectively.
Au=u,Av = nv ‘
(iA)u=(ix)u, (A= (ip)v
Take (iM)u*v = (idu)*y = ((1A)u)*v
=UHIA) Y = u*(-D)A*V = (-i)u*(-A)v {vA*=-A)
=1Uu*Av = ju*py i Av=pv}
= (IM)u*v = iputy

I(A—purv=0 = u*v=0

= uandvare orthogonal to each other.
Q12
V<),

é i oduct space
IfS= {X,s X5 su00.. X } i an orthogonal subset of an inner product sp.

then for x € V prove that

n
2 2
[ =[]
n i=1 :
Mang only if Sis a basis of V.
Sufficient Part; -
Let X ={x, X, ..
‘ (=X, to Xt
XeV = X=X, :'\(“m.\,*‘
<X, X>= <aX, tag, t Bt B

i 4l winsomepublication.in
Visit us for morc detail at : www.insomep
~—— 281t us for more detall af : WWE2

(2012)

1 Yavs \)
) al basis of (V, <>).
. X, } bean orthogonal b
o X
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= @+l Fe +0,00, :
=\GI|2+°‘22+ ............ + oty |

(2
2
'{x.il =|<x'x1>\2 +KX,X2>l . +Kx,xn >l
Necessary Part: -
2 = 2 )
e Kl = Zl(x,xi>l ............ (i)
i=1
Then we will show that x will be basis of IPS (.V’ <>),
.+ X is an orthonormal set which is linearly independent.
Let x eV and ‘ )
V=X K XK, s KXZX (ii)
n 2 .
Mz =“X“2 ‘Z]:KX’Xi)‘ =0 (using eq.(i))
1= A
= y=0 .
= X=KX2K, F e, +<x, X>X,
= XZUX e, + ax
- V=X

Therefore X is basis.

Q13 Define eigen value of asquare matrix. Let A = [a;] be an n-square ™
matrix such that |aﬁ|_<. m,\v, =1,2

n
...... n and A be an eigen value of A. Th¢
prove that
M < mn @01
ADS.  Eigen Valye ofasquare matriy: -
LetA=ra :

i of
(2,1, be any n-ro : indetermind

. Sidnn -rowed g A an Inde

Then the equation e )= quare matrix and

. . n

FOOIS Of this g 01is called the characteristic equation of Ad
quation are cajeq the eigen valyes of the matrix A.

[a)

*Srnnl We know that

Given that A = gm

. a
be an n-square real matrix such that |%i

.
] race 01 matnx = Sum Ofeigen ValueS
] h(.n § ail <

N~time S|mn|

race of magyiy, < lmn] :

or

p [+|<mn. (Hence Proved)

i

’ Q.14.  Define the orthogonal components S*
| inner product space. If {(1,1, 2, 0),
|
4‘

Euclidean space IR * then find an orthogonal basis of W-,

Sol. Orthogonal complement of a non empty setof an inner product space; -

Let S# ¢ be a subset of an IPS (V, < >). Then orthogonal
| complement of “S” in “V”" is collection of all those elements of “V”* which are

f orthogonal elements of “V”* which are orthogonal to every element of “S” and
| it is denoted by “S*”,

ie. Sid_ef{xev:<X,s>=0,VseS}
Since  S={(1,1,2,0),(1,1,0,3)} is linear independent.
.. Sis a basis of W,
dimW=2
Since | dimV=dim W+ dim W+
dimR*=2+dimW+*
4=2+dimW+*
= dimW+=2
Let(x,y,z,u) e W+
: - <(x,%2zu),(1,1,2,0)>=0
and <(x,¥,2zu),(1,1,0,3)>=0

= x+y+2z=0
x+ty+3u=0
AX=0
X
112 0 y
= ,X=
Where A [l 1o 3] :
u

0 0 -2 3

The above equation are equivalent to

1 1 2 0
R, 5 R,-R,

X o
o2 o)lyl_|,
00 -2 3]zl |,

u

X+y+2z2=0

WWW.Wi

n.1il
me )lll)ll(-ltlo mn
v it us '(" more (l('tﬂll at: nso I

B.Sc. [1 - Math 'I -Unitlv- 9

of a non-empty subset S of an
(1,1,0,3)} generates the subspace W of

(2013)

311
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. { @-M[(3-1)-4]=0 '
1
!

— =7 ) s '
27+3u=0 - 2 = (4-M)O9+A*-6L-u)=0 "~ = (4-7.)(02-6).+5)=0
. (4-2)(h-5)(A-1)=0 :
A T , | = A=1,45
-ly-> A 1 =3 | ] )
[x ) B | Eigen vector corresponding to eigen values 7. = 1. -
lLy+ 0.u | 0 4
.
r=|% 1= 3 = +| - u ! - X
X=l2|loy+2u| | 0 Y319 ,I ' I
2, ' (A-DX=0 . where X =] X,
u 1
0y+lu 1 : ‘ » X3
Therefore linar independent solution is (-1, 1,0, 0) and (-3, 0,3/2, 1) or (-1, 1,0, | 351 2 0] 2 2 0)
0.(4.0.3.2). o , | 2 3-1 0-X=0 ie|-2 2 0[X=0
Therefore S, = {(-1,1,0,0),(-6,0,3,2)} is basis of W™. 0 0 4-I . 00 3
Now orthonormalize above basis by Gram-Schmidt orthonormalization S
process we get. : 2x,-2x,=0
R -2x,+2x,=0
1 1 ‘ 3x,=0 = x,=0
SL’ =\ _131,070 T — _6,0,3,2 3 ) ’
1
Q.IS. Define eigen values and eigen vectors of a linear operator ona vector | <=1
space. Find eigen values and corresponding eigen-vectors of the linear oper Then 5

torTona vector space IR [x] of all real poynomial of degree at most2,g”

. _ ' e s o L=4and =5
by T(a,+ax+a,x)=(3a -2 ) -(2a -3a)x+4a x* v (a,+ax+ax) eR sk | Similarly we find eigen vectors corresponding to eigen values
S s 2 S 0™ o 20 VoS UL : ' = B
ol Eigen value and eigen vectors of a linear operator: - and > ' 1 iv
2 constant scal Foragiven linear operator T : V—V, a non zero g i'(vely ! K[ 1 maX=) L poctioy
nstant g i i 1 :
=t :ci;r % are called an eigen vector and its eigen values resP i 0 4

Let {1, X} be basis ofRz[x].

joi ine: ind the adjoint of the linear
e - __ Define adjoint of a linear operator. Fin e :
) -;((1)‘3-2)(:3'1 i ?[;::fatorT onM (]F) (Set of allnxn matrices over the field F) given by T (X)
matn - 1 \ ixi 2013
T(xg)uij 33;-2+3x+0'x2:'2-1 s =AXVY X;M (F), whereAisa fixed matrix in M (F). (2013)

. 00X+ : =A. i s o line: ator: -
- x Sol Adjoint 0{“12}“(“\; (Lp:)r—‘—t:){V <>)bea lincurlransfonm!ion. Then we

etT:(V, A

[3 20 defined amap T*: (V,<>) = (V: <>)as

=\ < =<x, THy)> VXY € v
ER I

o dioint of T.
L0 ¢ 4 § Then the map T* is called adjointo
Then chy = | Given that '
Tacter . | . .
lA~'/.]llS=mS €quation ig given by '1 T(X)=AX, vx eM,
. | We have W (1

h2 | T(x).y> = <% THY) vayeMa(t)

-2 3.) | = X‘y o i '.'*

0 Ty b= I M

~ 4- .4 el at s W WinSOEEE
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| n
i =x —Z< X, X > X
. nywe QCl - 7 { | i
Fromeq.(1) aﬂ;{ (113:‘\% T T*X)=A*X i1
THY) =

Unit Wogs |

T on the inner Product
tof alinear operator

T*is the adjoin

Q.17. If

Space y=x-Yax, (i) where o, =<x, x>
d of complex numbers, then prove that rank of 7+ = k7
(V,<>)over the field o _ 013 | i
! 2 - ax
2{1{ First we prove that 0 - Now  |ly[P=<y,y > <x Z Hisis X § )
< imT* = (Ker T) v e | | | n n |
T:VoV, V- . X, ) OX,
dimW+dimWr=dimV (W is subspace of V) ={x,x)-(x, Z,: o, X, (x,X,,x + Z} ; /
dimker T+dim (Ker T)*=dim V _ ine (1 i o
= dimkerT+dim(ImT*)=dimV (using (1)) =HXIIZ—Z"J&<x,x1>-Zaa (%) + L o0 (x,.x,)
= dimker T+ p(T*)=dim V S (i) | =1 il )
Using Rank-Nullity theorem for T we have . i T S", o 5 Wiine
- ) . ) (x,%, ) (x,X,
=  dmkeT+p(T)=dimv (iii) = ”y“z ~|x Z,X X, ) (%, ) - 2 Z
Formeq.(if) and (iii) = S
’ p(T*)=p(T) - { o ={x,x;) |
| And (x,x;)=l|x, =1
Q.I8.  IfSisareal skew-symmetric matrix such that S?+1 = 0, the([;013)' |
Prove that Sis an orthogonal matrix of even order. } , , & >Iz
Sol.  Sisreal skew Symmetric matrix then - S = St } = “y" = ”x - Z_;KX, X;
or §8'=.88 = SSt=.§2 | : =
i >0
= SSi=.g= {given $+1=0 = S*=- I} Since “y“ of ) ,: ” ”_
e 1 i n 2 . ,X, <X
= SS'=] = S is orthogonal. { ||x||2 _Z|<x,xi>| 20, o Z}:‘(x )
Since  §24] =0 - 1= [ ar : ‘ is
T n | "
det(S; (-1y ; . jonal inner product space ¥,
L entri¢S | fa finite dimensiona 2018)
;ﬁ frm “d44r€ quantity ang gy be positive because of S have rea(]Prove ' Q20. LetWhbea sublspace ofa (
Ut be even, Prove that V=W ® W-,
Q.19

" tsp Sol. Proof: -
tate apg Prove the Beggep? sinequality for an inner produ¢ o0 )
Sol

ne S IIIPQ(\ <>).
1sa Sllbspace Ofa fnl[e d]n]enbl

u 1

j l q lltv nce, “/ oneé

b]\l\
rthonormal
" W must be a finite dimensional and poslsssszrlsl:t W.
duC[ LEt S, = {8 Ay ceene } bie.8m Ggn G AIEEEE 0] on theorem
. : erpro - 1 1?4 So.by extensio
Space (V. . XX, *X,} isan orthonormal subset of an i . dim W =m ly independent subset of V.
& h‘“ a”}’ X € V, we haye . Since, S, is a linearly} thonormal basis of V- ynal basis of V.
x> TR i x >p<|x|p itcan be extendend to form ¢ mborb b, } is an orthoge
........... x’x SX|F a s FETTTEELY (")
n Let S = {‘ 5 Qyy cenneen L I -+
< . 1 122

Z\X , l < " Le, dimV=m+n .
Proot:. Claim - b, by, b,eW

Let us CUHSidQ

Y=x-<

asis of V.
Since S, is an ()llhonornml b
XX

’X -

XX/X

] jcation.in
t: Wwww.winsome yublic
tail at @

.............. < x>, _—) 4

v
Vicit me for more de
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b.b b are orthonormal to &, Ays.eesees 8

L bob b are orthogonal to every linar combination ofa_,

A ) i -

Hence by, by s 0, 8T8 orthogonal to every element of W(or ). o
— J1

Hence b, by v b eW

Nowfor v=W&W"
We have to show that

HV=WW (i) WOW*={0}
HV=W+W-

LetxeV
= X=<x,a>a, +<X, a2>a2+ cedeviase +<X, am>am
| +<x,b>b, +<X, b b, + +<x,b>b |
X=0,3, 40,2, +o.., ‘
- 12, +0,2, +aga, +Bb +B,b, +. 4B, b, f
ew ew!t X
> Inevery xeV can be wri |
= written as one element of W plus one elementof |

=  V=W+w!
(i) WAW* =03

Hoxewnwt o

_ xeWandx e Wt -
i X1lx > <x,x>=0, . |
> x=0 ‘
thus Vewou: wAwt ={0}

oW (Proved)
Qu1,

LetS=y.1 =
procesS {(]q la 0)$S(la 3, 0), (1’ 1’ 1)} c RJ- USC Gram_schmldt 5

t
0 orthonorma|jze . (2019)

Sol. S|

= ] -
l :.((],1,0)(1,3,0),(1,1,1)}gR3
Le ' ,1,0),\/:=(1,3,0) Vo=(]

1 V;-:(]’],O) - 73 ( ’]al)

sl H).O:l +1 “Wl”.:(wl’wz)

=2
L/
hw;n‘Tzﬂ,LU):(LLO
V2°
Le
1 W7:VZ‘(V)’W|)W]
oV, b (i
from eq (j, * D=( 2’\/‘)\1“*31400 ...........
STU0=143=4

| B.Sc. 11" - Math 1 - Unit [V - 93
| w, =(1,3;0)-— =
| : (1,3,0) 2(1_,1,0)4_(1,3,0)—(2,2,0):(_;,1,0)
= ]]wZHZ:(wz,wz):(-1)+(-l)+J.l+0.0:1+1=2
w, 1 (1 3
2= (1,3,0)=| —,—= 0
RN k)
;(\G’Wl)wl_(\/l’wl)WZ

[w.[f wr 2)

We have (V,,w)=(V,V) =LI+1.1+1.0=2
: (Vyw)=1L(-D+L1+1.0=-1+1=0
Putting in eq.(ii) we get

Let W; =V,

~ 2 0.(1,3,0)
W, _(1,1,1)—5(1,1,0)- =(L1,1)-(1,1,0)=(0,0,1)
= Wyl = (W, w,)=0.0+0.0+1.1=1
L =-——(0’0’l):'(0 0,1)
fwal 1 ’

Hence an orthonormal basis for R*is

()i

Q.22. LetVbea finite dimensional inner product space and T eV". Prove
that there exists a uniquey € V such that T(x)=<x,y> vxeV. (2019)
Sol. Since T is a linear functionalon V.So T:V = F isa homomorphism.
We know that every finite dimensional inner product space has an orthogonal
basis. Let {X, X, ...o- x,} bean orthogonal basis of V, then

<X, X>= 0 for i# j and <x,x>= 1 foreachi e (1)

Any x € V canbe written as ! .
X=X, +ouX, b o X Q€ F s (u)
~ (1)

Let T(xl)=[3ie F, fori=1,2, .. S
Let y—_-[_ilxl+[_32x2+ ......... +ﬁ",\'n eV

We have

<x,)/>=< ) a.k.aiﬁ,x1>:izaﬁ,(\. M)z?:f“'ﬂ' by eq.(i)
i=1 -

1N
J i

Scanned by CamScanner
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. hit1y

1eq.(it)
Fromeq T L o T(x )

Jomomorphism)

t an"l\) B alT(xl) +

(since Tisal

Fromegq.(iv) and (V)
T(x)=(x.y)

Now. we show that
veV satisfying eq.(vi) is unique.

vxeV

Let y, €V besuchthat T(x)=(x,y,) V xeV
fromeg.(vi) and (vii)
(xy)=(xy,) Vx eV
We have (x, )"}’l)z(X,Y)-(X,yl)=0
‘ VxeV -
(Takex=y-y, V)

by eq.(viii)
X,y-y)=0

Inparticulars,  (y- Ypy-y)= 0

>  y-y,=0 =

This proves the uniqueness of y,

Q.23.

eigen val
Sol.

y=y,

Define ei i
e eigen v?l.ues and eigen vectors of a square matrix. Prove -
of a Hermitiap matrix are real.

Eigenv .
gen value and eigen vectors of a square matrix: -

Anej i ‘
I 1een value of square matrix is defined as cigen e
lonassociated with matrix

LetAbeas :
A ) quare matrix of ord )
AMDT :Fry o defined g ernxn over field F.
Ta(x)zAX, v
AX eF"

=5 € an ejy
TS ge val
AN Elgen vq, mu-(r: value of A
K
= ’) e[
Ty P Such lh',_ﬂ -
roy I (x)
€n

@0

Jueof |

Let A be an eigen value of A (Hermitoin matrix )

-
' Proof -
Let ‘A’ be Hermitian matrix overgthen A*=A

= 3x(#0) e ¢" suchthat Ax = Ax

= 3x(#0) € ¢"such that(Ax)‘ =(2x)’

= Ix(#0)e ¢ suchthatx’A" = Ax’ (AB). =
& (LA) =2A"

= 3x(#0) e ¢"suchthatx'A = Ax { A'=A}

= 3x(#0) € ¢"such that x"Ax = Ax"x {muﬁiply byx}

= 3x(#0) € ¢such that x "Ax = Ax"x {byeq.(h’)} '

= Ix(#0)e ¢"such that(k —}_L)(x'x) =0 (x,y)=yx

= Ix ¢0)e@suchthat(l—%)(x,x):o ((x,x):x'x)

= . A-A=0 { <x,x>=”x”2 ¢Oasx¢0}

= A=A = A is purely real number.

Q.24. LetFbeafieldandA € M (F). Define the trace of A. If B € M (F)is

similar to A, then prove that A and B have same trace. Is the converse true?

Justify your answer. (2019)
Sol. Trace of a Matrix: -
Let A be a square matrix of order n over a field F. The sumof

the elements of A lying along the principal diagonal is called the trace of A. i.e.
ifA=[a] . Then

if A,BeM, (F)

. Now we prove that A and B have the same trace. . i
Suppose that A and B are two similar matrices. Then there exists an {nve ible

matrix C such that

B=C'AC
. e =t(BA))
Then trB=t(DC)=tr(CD) (- tr(AB) = tr(B:

= {r(CC'A) = tr(IA) = trA
Hence similar matrices have the same trace.

ation.in

public

WWW.W insome

Visit us for morc detail at:
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1 2

Q.. Provethat the matrix A = |i0 J is not diagonalizable, (2014)
Sol.  The characteristic equation of A is

IA-x]|=0

[l -x 2 0

[0 1-x| = (I-x)*-0x2=0
= (1-x)*=0
= x=11

Since roots are equal. Hence A is not diagonalizable.

)

o

unique symetric bilinear from fsonV given by

v P ] y \ ‘
f,(x,y)= E[q(x+y)—q(x)—q(y):|, Vx,yeV, (2014)

Sol. Let t‘b? abilinear from associated with quadratic from qon V.
q(x)=f(x, x) vx eV i
i f\+ f“ ) )  euriisssy (1)
From (i) and (11) we have Tggs o e .
9= +1 )(x,x) VxeV
:1‘(x,x)+f(x X) )
s W Xs Y
q(x):ﬁ(x,x) VXEX
X e

Ax+y)=f(x+y,x+y)
q(x fy)=((x,x)+ﬁ(x,y)+f(y,x)+f(y y)

= q(x+y):q(X)+2f;(x;y)+q()’)
f(xy)=1 (s
X,y) 2[q(x+y)—q(X)—Q(.‘/)]

()1.3. Redue o o . )
ced the equation 2y3 4+ 27x + 4y +4 =0 to standard form by

byit g2 ngeof variables an identify the conicoid chrcse"wd
Sol Matrix of qu; (2014’ e
quadratic form 2y24 27x relative to standard Bas;s of R’iS

0 0

A=[0 2 0

Visit us for more detail 5¢ -

Www.winsomepublication.in

Prov eal qus ; '
-2 Prove that real quadratic from on a vector space V detremines a

B.Sc. 11" - Math I - Unit V - 102

A 0 1
characteristic equationis | 0 2-A 0 [=0
1 0 -2

A=1,2,-1 .
(i) eigen vectors corresponding to A = 1. Let (4, m, n) be an eigen vector
corresponding to 1.

-1 0.

- m=0,{=n '

1 1
Unit vector (ﬁ’o’ﬁJ

(ii) Eigen vector corresponding to A = 2. Let (¢, m; n) be an eigen vector

(1,0,1) —»

corresponding to A =2.

2 0 1| ¢
0 0 0fmf=0
1 0.-2]n

b ©
S O o
- o ||
e =y
5. 8 ~
]
(=]

R, ©R;
1 0 2| ¢
R, > R, +2R
3 3 1 0 0 -3||n
= (-2n=0
-3n=0 = n=0
then (=0

(¢, m,n)=(0,1,0) _
(iii) eigen vectors corresponding to A = -1

( Visit us for more detail at : www.winsomepublication.in ) |
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—_ O
o W O
o2 T
5 2o~
|—”.—J
(=]

P 0 1][¢
R, >R, -R, 0 3 0f|m|=0
0 0 Ofn
= {+n=0,{=-n
m=0 = m=0

(-1,0.0) or (1.0,-1)
Let orthogonal matrix

1

% U 55
P={0 1 0
i =il
70

Rotating the axis without changing the origin: -

Now axi Y, 7 '
sare X', y', z' where x, y, z and x/, y', z' are related by

transformation -
[x x'
y|=Ply
v4 A

1 1
= X=—m=x't—sz o ogtd a1,
2t Ry BT e
from these transformation the given eq.(i) reduced to
- 12, A 2 A 2
MXT oy 4,2
€q.(i) becomes

2 '
% +2y2—z'2+4y’=—4
X12+2y12+4y._z,2 =4

(x) + 2(y‘1 +2y’)— 2% =4
(x')jf2(y'* 1V -(zy=_4+41
Nt -l(xr—2y:’+(z’)3:2 )
Nature - Thjs is j id of

e o ]yperbolmd of two sheets,
New transformation x'. v, 7'

Final transformtion are -

T -
Visit us for more detail a¢ .

www.winsomepublication.in

B.Sc. 1™ - Math I - Unit v - 104
|

Xx=—=x"+—=7'
V2o 2

y=y-I

z

R
V2o 2
Q4. Reduce the quadratic form
q(x,y,z) =x*-2yz+xz on [R*(IR )to conical form A, x?+ 3.,y +}..2"*
by congruent reduction and find the transformation relation between (x',y’,

z') and (X, Y, z). Also find the index and signature of the quadratic form. (2014)

Sol. qgon R? q(x,y, z) = x*- 2yz + xz matrix of q relative to standard basis

of R3is
(1 0 1/2
A= 0 0 _]
[1/2 -1 0 |
12 -1 0 [0 0 1] [0 01
I 21T 1 0ol oo
) -1 |=| 0 1 0[0 10
R3—)R3——R| 0 0 1
0 -1 -1/4] [-1/2 0 1]l0 0 1
[ 0 O ] B 1 0 0‘ 1 0 _1/2_
L. (o -1 |=| 0 1 0|A]0 0
C,»C,—=C
2T o a1 —wa) 2 0 ] oo 1]
-1 O 0 | r l 0 0‘ '-‘1 0 _1/2_
0 -1 -1/4|=|-1/2 0 L|Al0 1 0
R, &R, o 0 -l o 0 1] 00 I J
:1 o o] [ 1 ©00][t-1/20
o0 —1/4 -1|=|-1/2 0 1]Aj0 0 1
S 0o -1 0 o 1 0] [0 1 0]
:1 o o]l [ 1 00 | -1/2 0
o —1/4 -1|=|-1/2 0 L lalo 0
Ry — R, -4R, | \ N I PR

Vi

J1 i
| \
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1 0 0 1 0 0 1 =1/2 -
: -1/4 0|=[-1/2 0 1 |Alo '
C,>Cy—R, |7 oo
- l 10 0 4 2 1 4 0 1 -4

Normal form of q s

X’: _lyv: +4Z'3
4

1=

D 1| —

when

Rank =3, Index =2 Singneture =]
Q5. Find the matrix of the quadratic form - '
q(x, X, x) = 2x x, + 4x,x,+2x x_on R*(R) relative to
) . the ordered
basis (1. 1,0 (1,0,1), (0,0, 1) of R (). @012)
Sol.  ‘Given that
q(x,, X, X)) =2x]x2 +4x]>% +2x X,
The polar form of the smmetric bilinear form fassociated with q is given by

f(xsy)=%[Q(X+Y)—Q(X)“Q(Y)]

\xherexz(xl,)s, X,), }’=(y[, YpY)
(X")')=(Xl +yl,x: +y2$x3+y1)

f s " 1-
((xle)&_wXB)(}l’YZ’y})):E 2(x, +¥1)(x, +Y2)+4(x; +y, ) (x5 +Y3)

2%+ v, )(x. < v = .

2 ;;)(73+}3) (2x,x2+4x,x3+2x2x3)—(2y1y2+4yly3+2y2y3)]
Basis § :::1-::(’; )"],X: N 2(x]y3 Tyx)+ XY, tyx,
Now ' o 0e=(,01)e=(0,0,])]
fle.e)=fi1,1.9

N +59),(1,1,0)) =2y ¢ e)=4 i

?el,e:)=f((]_1’0):(170’1”:4_ S é))v:;f(fe;’e,)%
(e!,ez)zf((l_1’())!(0.,0’]»:3 » € > (CJ,CJ)=2

. : . €,e)=2 f{ =
€nce matrix of frelative 1g the | A Sz " (e,e)=0

e
r\=442
L320
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Q.6.  Reduce the following equation in standard form by suitaple orthogo-
nalchange of variables ¥

dy*+ 4z} + 4yz - 2x - 14y-222+33=0
and tell the nature of the surface represented by it.
Sol. . Given that '
4y*+4z> +dyz - 2x - 14y-22z+33=(
0 00
A=|0 4 2
0 2 4
Characteristic Equation of A is
-» 0 0
0 4-2 2 |=0
0 2 4-)

Eigen vectors corresponding to A = 2 is 0,-1,1)
Eigen vectors corresponding to A =6 is (0, 1, 1)

Eigen vec tors corresponding to A =0 is (1, 0, 0)
orthogonal matrix

(2012)

= A=2,6,0

0 0 1
IS
P=|-—— — 0
2 2
SLERN B
'V2 V2

Let us rotate the co-ordinate axis to new axis (x, y, z) and (x', y’, z') are related by
transformation _

X x'

¥ [=Bry
z

x=z

1., 1,
z=—Xx"+—=Y
AN
Using these transformation eq.(i) becomes
39 )
, (14 22, ——Ii—:—".—)\"—#(—Z)zE—.%}
R i a1

wwv.winsomepublicat

ion.in

Visit us for more detail at:
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L36 ) o
[ZXVZ_'\_/S",_‘-’]+(6)"——\/§}'j—‘zz —_33

or
2 4. ,2.__ .
O T i
¥ (., 3}
or 2[);'—-—\/: +6 y —E -2z =—33+4+27=-2
or 2X2+6Y?=27"-2 '
or 2X2+6Y2=2(Z'-1)
or 2X2+6Y2=2Z
or X2+3Y*=Z Elliptical Paraboloid
X=x'-2 o
3
Y=y -—
2
Z=7'-1
x=z+1
__ 3
=gl gy g
Z:T(X+J_ ( 3
2 2 3
T i = :
Q Ismatrix A=|2 1 _¢ diagonalizable'.’lfyes,findamilt""P
-1 22 0
such that P1.A Pisa diagonal matrix. (2013)
2 2 3
Sol. Giventhat A = 2 1 ¢
12 0
Characterlstlcs €quation of A ig |A-2I|=
-2-0. 2 3
= 2 1 =0

We get one linear independent solution (1,2, - )t
Thus there are three linear independent eigen vec

B.Sc. 1™ - Math I - Unit V - 108
or  NHA-21A-45=0

A=-3,-3,5
(1) Eigen vectors corresponding to A = - 3.
Let X = (x,, X,, X,) be an eigen vector corresponding to 1. = - 3

[A+30]X=0

I 2 =3 x

2 4 -6x,|=0
-1 -2 3 ||x;

On solving using Echlon form we get homogeneous equation having solution
(-2,1,0)and (3,0, 1).

(i) Eigen vectors corresponding to A = 5.

Let X =(x,, X,, X,) be an eigen vector correspondmg toA=5. Then

(A-5DX=0
-7 2 =3|x
2 -4 6| x,|=0
1 =2 =5||x
. -1 -2 =5(x
RioRy| 2 -4 6| x,]|=
7 2 -3|x
R, 5R,~7R,| L 2 T
RJ—}R3—2R] 8 —16|x,|=0
2R TR g 16 32 | x,
R 1 2 5 |x
Ri=>=Ri 1y g 16 x, [=0
R; > R; +2R, 0 0 0 | xs
1 2 5| x
Rz—)—-—l 0 1 2 Xy =0
O 0 0 X3

On further solving Echlon form whose equation is equivalent to

" x,+2%,+5%,=0
xﬂ+2x =0

ors (-2, 1,0),(3,0, Dand (1,

,-1). Hence given matrix A is diagonalizable.

S0Me ication.in
isit us for more detail at : WWW.WY insomepublication
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-2 3 -l
Lt P={1 02
0o 1 -1
-2 4 6
1
Then P"=§1 2 5
1 2 3
-3 0 0
Therefore P'AP=| 0 -3 0
0 0 5

Q.8.  Reduce the quadratic form q(x, y, z) = x* + 5y* - 42 + 2xy - 4zx on
R*(IR ) to canonical form by ax' + By +yz'* by congruent reduction and find
the transformation relation between (x, y,z) and (X', y',z') and tell the index
and signature of the quadratic form. (2013)
Sol. Given that
q(X,y,2) =x2+5y* - 472 +2xy - 4zx
q(%,y,2)=x*+xy - 2x2 + Xy + 5y* + Oyz - 22x + 0zy - 42>

(R (.
A=ll1 5 0
2 0 -4
1120 1ot oo
L5 o|=l0o 1 olalo 1 0
-2 0 -4 00 1| |0 0 1
R,— R,-R,
=21 11 00]71 oo
04 20=1-1 1 0lalo 1 0
20 4] o 01| oo
Cz_)C:'C,
PO21 T 00l 1o
0 4 20=1-1 1 olalo 1 o
-2 2 -4 00]00,1

Visi - .
1t us for more detail ag : Www.winsomepublication.in

- Q. Prove that every bilinear form

R,—2R +R, B.Sc. 11" - Math I - Unit v - 110

0 2

C,—>2C +C,

L0 0 1 0 0] [1 -1 2

2210 27 1l=[-1 1 olalo 1 o
\ 02 -4 |2 01[]0 0 1
R,—R;-2R,

o
)
—_
Il
|
—
[S)
>
<)
—
o

Normal form of q is
X!2.+ 2Y/2 - 6212

-1 4]x

. X 1
Where |y|=|0 1
z 0 0 1]Z2
x=x’-y'+4z"
y=y-22
z=7'
Rank =3, index =2, signature = 1.

on a real vector space can be uniquely
i cewsymmetric bilinear forms.

eXpressed as the sum of a symmetric and skewsy e

) consider the following bilinear form

Sol. Let fbe a bilinear formon V(R e T

Visit us for more detail at : www.winsom
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11] Q.10.  Reduce the equation

on V(R). _ 22x* - 12xy + 17y - 112x+ 92y + 178 =0
P : : into standard form by suitable orthogonal change of variables and tell the
& (X-Y) B E[f(“">)+f(y’ x)] """"" () Vx,yeR nature of the conic section represented byit. - (2013)
Ans.  Given that -
1 . : 2_ 2 -
and fss(x.y]=;[f(x,)')—f(y,x)] ________ (i) 22x%- 12xy+ 17y?- 112x+ 92y + 178 =0
. " . g 22 -6
Claim: - f, is symmetric and ., is skew symmetric. Hence A= : 7 :
1 1
Since we have f, (y,x)= E[f(y,x)+ f(x,y)] = E[f(x,y) + f(y,x)] Its characteristic equation is
' IA-All=0
=f(xy) | (zz-x -6 1_0

Therefore f(xy)=f(v.x) Vx,yeV : -6 17-1
= f_is symmetric. i A2-39A+338L=0

| , Solving we get2.=13,26
Si f (x.y)==f(y,x)=f(; , i, Eigen vector corresponding to L. = 13

mee o) =g fG)=t()] (A-13DX=0
1 9 -6 x =0
=—E[f()(,)r')—f’(y,x):l=—fSS (x,y) Vx,yeV % 4|yl
: -6y = -6x+4y=0
fxy)=-f (x,y) vx,yeV dx=6y=0 =t bx+dy

Solving we get

Adding eq.(i) and (ii) we get Choose y = k then n = 2k/3

i y) =1, y)+f (x,y)

: x] [2k/3] [2/3
or fix,y)=(f, +f )(x,y) vx,yeV _ then x:{ :[ k }2[ I ]
Uniqueness: - o .
Let if possible f have another representation viz ' x]_[2
f=g + g - i . B
beeo BB (iv) or vl 13
where g is symmetric and gss is skew-symmetric. R i
T0.9) + Ty ) Gt s (a2 Similarly eigen viector corresponding to A =26
=g y)+tg (x,y)+g (v, x)+ g.(y,x) x=|"|= >
L)+ Y) + g (xy)-g (x,y) vl L2

=2g(x,y)

: _ : 2/313 -3/413
6y =S () +f(yx)] wryev L N EREE

» | =f(xy)  wxyev from eq.(i) T i 2y 3 y
i g = : en —’13 _13
FOmeqiivyand (vywe me e (v)

d(v) we get
f+f =g, co

3 ., 2
o ' ) = X +_———y
A ' SN RN T

» £
Hence reprecen: .
~ resents . H : A
e umgue. Therefore eq.(i) becomes ail af : www.winsome ublication.in
i :

Vivii . Visit us for more det
Sit us f > detatl 1 s . ) ]
br more detail at: www.winsomepublication. e, J1
Www.winsomept . : |
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) 3 3 ._2._ ’j] 12
e “ P, f e ) —_X + y +]7y
22x’—|2[7‘-;‘\ m) ][\/13 J13 |

) 3 3 2
—x' - =y [+92| =X+ ==y’ [+178 =
_HZL/ﬁﬁ my} [\/13 VK } :

Solving we get

£+L:]

2 ]

’ ' 2 ! ]4
Where X=X'+—=Y

:y——
iz V13

Nature is ellipse.

Q.11.  Prove that an nxn matrix is dia
n linearly independent eigen vectors.

Ans.  Suppose A is diagonalizable. Then A j
= dia[j.,, % ..... . ]

gonalizable if and only if it possesse

(2013)
s similar to a diagonal matrix D
- Therefore there exists an invertible matrix
gt £ 25— X ] suchthat P'AP =D
Le. AP=PD

. AlX, Xy, oo X | = [x,, Xp o X Jdiaf 2,00, ..., 2]
Le. [Ax,Ax,, ...... Ax =[x, 7'2"2""'"’""",,]

Le. Ax = }.le,/\x2 = Ax =) x
Therefore %2 Xos e X Are eigen vectors of A corresponding to the eigen values
Pejs beys . 1. TESPECtiVEly. Since the matrix P is non-singular, therefore its column

VECOrs X,, X, ..... x_are linearly independent. Hence A posses n linearly inde-
pendent eigen vectors,

Conversely, suppose that A possesses n linearly independent €1gen
YOCAOTS X, X, ..., and let Ppplyy . bethe corresponding eigen values. Then
AX‘:‘/-JXP/\X,:l'x,, ......... Ax =) x '
i n nn
Let AP=[x x,,...... xn]=[Axl,/\xZ, ..... Ax )

=[x, hx. .. Ax]= i 7

= })[J) 1%y X, IXI’XZ‘ """ x"]dld[7-,,7~ """" %]
Since the column v
therefore ¥ 15 inve

Therefore

eclors x , x,, ..... %, of the matrix p are linearly independent
rible and x1 exjsys. '
AP=pp - PIAP=pipp
= PIAP =y

= Aissimilar adiagoy

= Ais diagnnalizahlc.

1al matrix D,

l&lfbclhel'l‘ car {,
f(x..x x ‘ linear form op | 2

() =2xy -3x
SILus for more detail at

defined by
Ay, Xy +2x

EWww.winsomepublication.in

.red basis {(1, 1,0),(
The malrix”o”'Wilh respect to the ordered basis {(
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Find ’
(i) Symmetric and skew symmetric parts of f;
(ii) The matrix of f with respectto ordered hasic
{(1,1,0),(1,-1,0), (1,1, 1)} of IR?,

(2017)
Sol. Given that
y
f ’ 7x s ’ 2 _
%’——f(x' i ]) (,Y, 72 YJ) —2x,-3x2y2+4x3y3+x,y2+2x2y,

X

(i) Symmetric )
fy =21[(y,x)+f(x,y)]

= %[2y,x, =3yXy +4y;3X;5 +Y1X3 +2y,X,
+2¥1X; =3y,%, +4X3Y3 + ¥, +2%,y; |

= %[43'1"1 =6y2X; +8X3y3 +3y,%, +3x,, ]

Skew symmetric

f, =%[f(y,X)-.f(X,.‘/)]

=—;—[2y,x] =3y,X,5 +4X3y3 + Y X, +2Y,X,
‘ —2y1X; +3y,X, —4X3y3 — ¥, X, ‘2’(2)’1]

fos = %[Xsz -x3y]

a,:1(1,1,0),(2,2,0)]=2-3+1+2=2

i a:;:g(l,I,O),(l,-l,o))=2+3'l+2_:6
8,201, 1,0, (1, L D]=2-3+1+2=2
2, 1M(1,1,0),(1,1,0) =243+ 1-2=
a,,:f(2,-1,0),(1,-1,0))=2-3-1-2=-4
(1L 0L (1,1, 1)) =243 +1-24
a”:f((l,;l,o),(l,1,0))=2-3“*;:;
a)l:ﬂ(l,l,l),(l’_l'o)):2+3-]f._~7

2=6 .
a,:f{1,1,1),(1,2,)=2-3+4+1+2=0 L-1,0) (L L, Dis

I 4 J 3 ) .L'aﬁon.in '
L f nore (leulil at: “'“'“’.W‘"ﬁ (""lpllt li
viSil us forrn
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_|
(g=)
(3]

>

I
(ST SN
[= N SN
(ST

Q.13. Provethatevery quadratic forntq on a real vector space V determineg
a unique symmetric bilinear form f on V given by:

1
f(xy)=5[a(x+y)-a(x)-a(¥)], ¥xyeV (2018)
Sol. Let f be bilinear from on V such that
q(x)=fx,x), VEEV e (i)
Also f can be expressed uniquely as
f=t+f .. (ii)

where f,(X-Y)=15(f(xv)’)+f(y’x))

is a symmetrical bilinear form and

f.(x,y) =]§(f(X,y)—f(y,x))

is a skew symmetrical bilinear form.

Hence q(x)=flx,x) fromeq.(i)
=106,%)+f (x,x) fromeq.(ii)
=f(x,x) (£, (x,y)=0)

T"hen q determines the unique symmetrical bilinear form f .

Now q(x¢y)=f‘(x+y,x+y) H
=f(x,x)+ f(x,y)+ f(y,x)+ f.(x,x)
= fs(x, x)+ 2f!(x, y)+ fs(y, y)

=)+ 2{(x,y) + q(y)
Hence  2f(x,y)= 4(x+y)-q(x)-q(y)

(- 1. () =1, (93)

fs(x,y):%(q(xﬂ’)—q x)—q(y))

Q4. ety bea vector
= Vbeal

that T ig dia iz4
Sol. gonalizable, I the converse

o Suppose that T has m distinct ej

1 Vs, V' be th
Claim-S= "y cor\;es
A

s X 1
By induction onm,

in space of limension n € N over a field F. Let T:V
€ar transformation. If I has n distinct eigen values, then prové
true? Justify your answer. (2019)

Jnct eigen values say, C,, C,, ...vo-
ponding €igen vectors,

ws are linearly independent over F.

C . Let

yublication.in
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(SinceV, » 0)
Suppose that the set (Vi Vopema, V..J is linearly independent where K < .

ifm=1ThenS= {V,} islinearly independent.

We shall prove that the set v, Vs imvsas Vo Vi.,) is linearly independent,

Letow V; + ciia ., V., =0 where o, e F ()

= T(a,V, +.... o, V..)=T0)=0 .

= aT(V)+ta, T(V,,)=0 (= T(V,)=CV,)
a(CV)+..ta, (C, V. )=0 .. (ii)

Multiplying eq.(i) by the scalar C,_,, and substracting from eq.(ii), we get

a,(C.-C. )V, ... +“;;(CK'CK,,)VK:0
= a,(C,-C.,)=0,.......... ,0,(C -C,.)=0
Since (V,, Vi V, ) is linearly independent.
= 0,=0,0,=0,........ , a, =0, since G, C;s veviev C,_, are all distinct.
Putting these values in eq.(i) we get
A Ve, =0 = a,,, =0 (Ve #0)

Thus a,=0,... o, =0, a, , =0 implies that the set ViV, ...V, V,  tis
linearly independent. This complete the induction.

Hence S is linearly independent.

SincedimV=m, 3 = {V, Ve ) is an ordered basis of V which consist of
eigen vectors of T. Hence T is diagonalizable. Since A linear operator T on a
finite dimensional vector space V is diagonalizable if and only if there exists a
basis of V consisting of eigen vectors of T.

Q.15. LetAeM (IR) be a symmetric matrix. Prove that there exists an
orthogonal n.atrix PeM (IR) such that P'AP is a diagonal matrix. (2019)

Sol. Let X, X, eene X, be eigen vectors of A corresponding to its eigen
values 1, 12, ... A_respectively. ' )
D, S X_ are linearly independent and orthogonal to each other.

Normalizing the vectors
XI XZ Xn

X, |

Let Y,

, IS '
XXl |
ClearlyY,Y,, ... Y, are also eigen vectors of A corresponding to eigen values

A, A, ... A respectively. v .
AY =MLY AY, =LY AY, =AY e ()

102

LetP=(Y,, Y, ... Y,)

clearly P is orthogonal matrix.

Visit us for more detail at : www.winsomepublication.in
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F\r]‘-
X’t \
2
P =|. A=[A]
Yt
L™ dnx
(YAl [Y.A']
Y, Al | YA
PA=|. |=|.

( A is symmetric j.e. A' = A) .

fromeq.(i)

MY

MY,

: (~(ra) = ra')

A, Y, J

MoOp L0,y

O 2, .. O || Y}

: ) = Diag[kl,)\.z,..‘.?»,,]P—l
Op OF ...... ;"n Y!

M —
or more d Scanned by CamScanner



