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Content
Chapter-1
Properties of Integers And Sequences
Show that every Cauchy sequence in R converges. (2014)
Ifr is an real number, then show that there is a unique integer

m forwhichm<r<m=+1.
f all positive real number does not have an upper bound.

Seto
Prove. (2014)
Letf:x —ybeamap. Let A, B X. Then show that,

() (A, UA,)=f(A)UF(A)
(i) f(A,N A)C f(A)NT(A). (2014)
Define lower bound & greatest lower bound of a set real
numbers. Prove that the greatest number of a set, if it exists,
is the supernum (l.u.b.) of the set. (2015)
Prove, if R and S are two equivalence relation on a sct A,
then R A S is also an equivalence relation. (2014,2017)
Let P be a compound statement which is a tautology. Show
that (P v Q) is also a tautology for any statement Q. (2014)
Define an equivalence relation on a set. (2015)
Let f: X —Y be map let A & B be subsets of Y. Prove : F'(A
uUB)=F'(A)UF'(b). (2015)
Show that every open interval (a, b) in IR contains a rational
numbers.
Between any two distinct real number there exists infinitely
many rational number. (2015,2018)
State & Prove the fundamental theorem of authentic.
‘ (2015,2017,2019)
rlifti:; I:i:z?;i:nr:(lia:on. The' relat‘io'n R or! the ss:t of
: y a R b if a divides b is partially
ordered relation on N.
Prove: Iff: A— Band g: ; ('2016’2019)
. A- g: B — Care each surjective, then got
is also surjective.
State the field axioms of th (2919
¢ real number system. Prove that
for a,be B,'a'b=O:[a=Oorb=0] (2016)
:Z: t:zl(:l::zl:?nalgorithm in integers and prove it. (2016)
g property of N. Prove, if a is non zero

rational numbers & ./} is airrational, then 4./} is irrational.
(2016)
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es such thatu
onvergent sequenc n
Let <u > & <v > arc two ¢ g

.. — <b
1 = limit y = b, theuprovea_ 2
limit u=a& n—->% i

<v ynand o504 .
Let <a > & <b > be convergent sequences on R with limita
&b reépcclively. Ifa <b, foralln, prove thata<b. (2016)

Define a cauchy sequence. Prove that every Cauchy se-
quence is R is bounded. (2017,2019)
Iff: X —» Y be anyarbitrarymapping & BC Y, then (f'(B))
= B, if fis bijective. (2017,2019)

Prove that every bounded monotonic. Sequence in R is a
convergent sequence. (2017,2018)
Show that the sequence {S }, where
S, = ]|+ ]_‘+ ...... +—neN
n+1 n+<24 n
(2017)

is monotonic increasing or convergent.
Prove that every non-cmpty subsct of the set of positive
integer has at lcast an clement. (2018)
Construct a truth table for

-(P= Q)< p A (-Q) where P & Q are mathcmatical state-

ments. (2019)
Prove that An (BuC)=(ANB)U(ANC) where, A, B.C
are sets. (2019)
For x, y € R. Prove that

(2019)

Ix+yl<|xI*Iyl
Let {u }” , be a sequence of rcal numbers such that

im Zntl - lim
”Il"'}L U, =1 where|l| <1, then prove ;75 u =0.

{(2019)
Let R be a relation in the set of integers Z given by -
R=1{(x,y:x=yorx-y=1j. Is R on equivalence relation?
Support.
Give an example of symmetric, transitive relation on the set
10, 1,24, which is not reflexive. (2013)
Let X = { a, b, c}, then show that A= { (x,x), (y,y), (z, 2)} is
an cquivalence relation. (2013)
A relation R in the set of real number Ris given by x Ry ifx

-y+ J3isan irrational number. Is R an equivalence rela-
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tion? (2012)
Find the negative of (pv q) A (p =q). (2012
Let f: R— Rbe amap defined by fix)=sin x, x € R, find 1),
(2013)
Let f: X — Y be an arbitrary mapping and A X, then
()Acf'(f(A))
(i) A=f'(f(A)), if fis injective.
Chapter- 2
Limits & Continuity
If a function f is continuous on a closed interval (a, b) then
show that it attains its bound at least once in (a, b). (2014)

(2012)

PR |
Show that xlf)no ;—Sm;,x¢0does not exist. (2014)
Show that the function f defined by
x if x is rational
f(x)= e
0 ifx is irrational
is continuous only at x = 0. (2014,2019)

If <u > and <v > are two convergent sequences such that

lim lim lim

"_mu"=l|,&"_m v =1, then h—o0 (u.v)=1.1,
(2014,2016)

Let f: R — R beamap show thatif 1M f(x)=1, then M

| £(x)| =|1|. Does the converse hold? (2015)

Prove that' the image of a closed interval, interval [a, b] un-
der a continuous function is a closed interval. (2016, 2018)
Letf:R—>Randg: R — R be continuous functions and let

h(x) = {f(x) : .ifx is rational
g(x) ifx is irrational

Show that h is continuous only at points C in R for which f

(9)=g(c).

(2016)
I
Let 100 f(x)=1,wherel(20) R,
. 1 1
th lim ==
en prove that x>a f(x) 1 (2017)

Letf: R — R be a function. Define limit fas x = . Show
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that
lim =0 (2017)
X—® xz +1 : .
Determine the set of points of continuity of f: R = Ris
defined by
2.1 ifxi i ber
1(x)= {x 1 if x1§ a r?t{ona! num Qo17)
0, if x is irrational
¢ cis rational
x if xis rational 2018)

Let /()= {—x if x is irrational -
If a function is continuous at x = a & f(a) # 0, then 3 a
number & > 0 such that f (x) has same sign as fa) for all

values of in (a - 8, a +3). (2016)
Let f: R = R be a continuous function on a interval [a,b] &
k be any real number between f (a) and f (b), then 3 a real,
number ¢ in (a, b) such that f(c) =k. (2018,2019)

. ] _
Evaluate xl_linox {';j' , where [y] denotes the largest integer
(2019)

less than or equal to'y.

2
1
Prove that the sequence <[1 +;} > v n € N converges.

(2013)
lim 1
Evaluate , .7, - (2012)
P cosn
Evaluate nl_l)mw n (2012)
D lim_ sin —]' exist? If yes, find it (2013)
€S x>0 x ’ ’ '

Letf:R- {0} — R be amap, whee f(x) =|x|", then show that

x‘_i_')no f(x) doesnot exists. (2010)

Show that the function
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f(x)=(1+2x)"forx#0and
f(x) =€ for x=0is continous at x =0. (2010)
Chapter-3

Differentiability
If a function f is derivable on a closed interval [a, b] and f
'(a), f'(b) are of opposite signs, then show that there exists
at least one point ¢ between a & b such that f'(c) = 0. (2014)
State & Prove Cauchy mean value theorem. (2014)
Examine the validity of the hypothesis and conclusion of
Rolle’s theorem:
fix)=1-(x-1on[0,2] (2014)
State and Prove that chain rule for differentiation.(2015, 2017)
Finds the value of ¢ for which cauchy’s mean value theorem

-n
hold for functions sin x and cos on [7,0} ) (2015)

Examine the validity of the hypothesis and conclusion of
Cauchy’s mean value theorem:

f(x)=expx, g (x)=exp(-x) on [0,1]. (2015)
Give an example (with details) of a continuous function f [a,
b] — R, which is differentiable at end points. (2016)
State and prove the Rolle’s theorem. (2016, 2018)
State the Lagrange’s mean value theorem. (2016, 2018,2019)
Show that the function f: R — R defined

N
x*sin— ifx#0

byf(x)= x

0 ifx=0
is differentiable function. ) (2017)
Let f: [a, b] - R be a continuous function such that f is
differentiable over (a, b). If f'(x)> 0 v x € (a, b), then prove

that fis strictly monotonic increasing. (2017)
Show that polynqmial x* - 7x - 2 has exactly one real root.
(2017)

Leta function fis differentiable at point x = x and c € R, then
function cf is also differentiable at x, and prove that (cf") (x,)
=cf (xq). (2018)
Determine values of a, b, ¢ so that function f defined by -
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(2019)
is differcntiable on R. ' ; 0.0,
l: funt‘lion fis continuous in o1& differentiable 11(12(0 9
Provthat 9= T3 Where'c . (tociil;erenliable atx=
Prove or disprove that {(x) =X x| is nof 203)
) hat| f(x) - () < x-Y)*

Let fbe a function from R — Rsucht

v X,y € R show that it is differentiable and its derivative 1S

0 at all points. Deduce that it is constant. (2011)
2
: X xm——
Show that log (1 + x) lies between x-—z—aﬂ 21+x)’
forallx>-0. (2010)
]f—al+a—l+—a—2—+ ..... +£'li+a,,=05howthat aox“+
n+l n n-l 2
ax™'+...a =0will giveat least one root between 0 & 1.
(2012)
Verify lagrange’s Mean value theorem for function
) 1
o) =x(x-1) (x-2)in | 05 |. (2012)

Chapter- 4

Application of derivative

] . d°y xdy
Ify=sin (m sin"'x), then show that (1 -x?) ——--—= + 2

(I-x%) 2 MY

=0. _ (2014)
Define convexity, concavity nd points of inflexion of a func-
tion. Show that the points of inflexion of the curve
Y =(x-a)’.(x-b)licon the line 3x + a = 4p, (2014)
Show that sin® 0 cos® 0 attains a maximum value when § =

tan”’ ad

9 (2014)
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State and prove leibnitz theorem for differentiation. (2015)

Find maximum and minimum values of the function (1 - x?) e,
(2015)

Define radius of curvature. (2015)
Find the radius of curvature at the point (0, a) of the curve
(x: +y2)2-_-32(y2_x2) (201.5)
State the Taylor’s theorem with Cauchay’s form of remain-

(2016,2018)

der. .
Determine critical points of
fix)=3x*-5x’+l onR. (2016)
X
; 1
Evaluate ;i')"w [l—;} . (2016)

Derive the formula for the curvature of a plane curve.
(2016, 2019)

Ify= etan_lx , then find the value of

(1+x)y, ,+[2(n+Dx-1]y,, +n(n+1)y. (2017,2019)
State & prove Darboux’s theorem on intermediate value prop-
erties of derivatives. (2017,2019)
Find the values of a, b & ¢ such that,
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10 x4~ 23 +2x? log(1 + x)

may be finite .
Find radius of curvature of curve
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(2017)

(2017)
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X
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Evaluate 019
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I ind the curvature of curvey

| valuatc

|

hm
v

() " .“

wn L (2019)
() ) o h»
I xpand tan x by Machaunin’s theorem (2010)
Tind the minimum valucof (1 - x')e (2012)
roA 2
: A (2012)

MHy=ccosh| ™~ i.pﬂwc!hm I"-"“
LeJ
(x-2) (x + 1) has

TMXIME OfF MInIma at x = 2 (2011)

T ind the shrotest distance of (1, 0) from the curve y* = 4x.
(2013)

Prove or disprove that function f(x)

Q1)

Ans.
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Chapter -
Properties of Integers & Sequences

1) Show E;rwdy Cu)c?r—; sequence in R converges.

(2014)

Let <u,~ 1 a Cauchy scquence
ie,fu,-ule, whenn-mépz]
thenu -£<u_ <u *¢
Thus <u_ -~ 1s bounded.
Let N & M be lower & upper bounds of u_
respectively, then

Su <M
So, N>’um'
M<u +e
Consequently, [M-N|<|u +&-u 1]
Hence, M-N=0 ie,M=N
Ix|e=[x]=0)
So,M-g<u <M+e
i,c..lun‘p-M|<c
ic., u,,>M
Hence, < u_ > is convergent.

-t

K ris an real number, then show that there is a unique integer
m for whichm sr<m + 1.

Ans,

—

Ifr is any real number then Im,m, ez
=>m <r<m, .
Letm=max {m,m, +], ..m},m<r
then,m+1>rier<m+1
Som<r<m+1

Hence proved.

)3

—

Set of all positive real number does not have an upper bound.
Prove. (2014)

ns,

Since, set of positive real numbers

R' {x:x>0)

lfpouiblc let R* be bounded above and u be its upper bound
Since | € R', then | < u, which mcans .
u>0sou+ | >0
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Consequently. v 1eR . 3
butu+ | ~u,so0u cannot

an upper bound — T <how that,

Q.4 Lotf:x—oybeamap.LotA,B
DA, UA)=TADUTA,).
(i) (4 N A )gf(A,)n[(A‘,).

{of R". So R’ does not ha,

be upper bound <G yxeS

50, that G is an upper bound of S.
Again no numbers less then G can be an upper bound of S for if y be

2010 ™ number less than G, there exists at least and member of S which is greater
! than y. .
Thus, G is the least of all the upper bounds of S i.e., G is supernum of

Ans. (1) ‘
f(A A TA)UT(A)
ve (A UA)SY f(n) forsomex € A UA,

S.
Wove, if R and S are two equivalence relation on a set A,
then R N S is also an equivalence relation. (2014, 2017)

IfR and S are two equivalence relation on a set A, then R N S is also

ey f(x) forsomex € A OrX € A,

syve f(A)orye(A)
' Ans.
syvefl(A)U(A)

an cquivalence relation.

Hence. (A U A)=T(A)U f(A)
(ii)
f(A UA)CT(A) Nf(A).
ye f(A nA)=y=f(x)forsomex € A NA,
sy (A &xef(A)
>ye f(A)N(A).
N Hence, (A, NA))C f(A)NT(A,).
D.5 Define lower bound & greatest lower bound of a setre
ro\ “~." numbers. Prove that the greatest number of a set, if it exist
is the supernum (l.u.b.) of the set. (201

ADs. Lower bound of a subset of R: - ‘
A subset S or R set of real number is said to be bounded below if the

exists a real number [such that x 2/ y x € S.

The real number /s laid to be lower bound of S.

If there exists no such /. then the set is said to be unbounded belof

Ex.- (1) The set N of natural number is bounded below.

(1) Theset 11,2,3,4, 5} 1s bounded below by 1.

(1) The set 77 of positive integer is bounded below.

Greatest lower bound (infimum) -

A real number [1s said to be a greatest lower bound (g, /, b) of set!
if every member of the set S in smaller or equal tok i.c., if

(1) 118 lower bound of S &

(1) for any other lower sound /' </

In other words, no real number greater than / can be lower bound of

- Let G be the greatest numbers of the set S, clear ly,

|

Proof. By definition
RcAxA,ScAxA=>RNScAxA

= RN Sisrelation in A

Now, we shall show that it is an equivalence relation on A.
Reflexivity- Let a be an arbitrary element of A, then
aeA=(a,a)eRand(a,a) e S

(-~ Rand Sarerelexive)

=(a,a)eRNS

Thus (a,a) e RNS, vae A.SoORN Sisareflexiveon A.
Symmetry : Leta, b € A such that (a, b) e RN S, then
(a,b)e R=S(a,b) e Rand(a, b)eS

=(b,a)e Rand(b,a) e S( -+ Rand S are symmetric)
=(b,a) e RNS

Thus(a,b)e RNS=(b,a) e RN S, v (a,b)e RNS

So, RN S is symmetric on A.

Transitivity: Leta, b, ¢ € A, such that

(a,b) e RNSand (b, c) e R NS, then

(a,b)e RN Sand (b, ¢) e RnS

= [(a,b) € Rand(a, b) € Sland [ (b,¢) € Rand (b, ¢) e S]
>[(a,b) e Rand (b, ¢) e RJand [ (a.b) € Sand (b, ¢) e S]
>(a,¢)e Rand (a, ¢) € S
>(a,¢) e RS

Thus (

(- Rand S are transitive)

: a, b) e RASand (b, ¢) e RNS=(a,c)eRNS
S0, RN\ Sis transitive onA.

l MY e NET N
lence R\ Sisan cquivalence relation on A,
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Q7.

Ans.

Let P be acompound sta
that (P v Q) is also a tautolog

p ~qhacatrue value (T 1t
wruth value false (F) if both are false. /
value false (F) only 1f antedent (p) 1s true (T) and co

y for any statement Q. (2011
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fromeq(1) &(2)
f'(AUB)=f'(A)Uf' (B)

both have true values and p v qhas (} X}
Also conditional statement has the try

nsequent (q) is false (F or

Show that every open interval (a b)inIR co

2 ntains a
um rational
Between any two distinct real number there exists infinitely
many rational number. (2015, 2018)

Thus we have
e | a ppa | pva | kra=20vd .
I T T T T

T F F T T

F T F T T

F F F F T

In the last column all the truth values of T. Hence it is a tautology.

Qs

Define an equivalence relation on a set. (2015)

Ans

svmmetric and transitive.

A relanon is a set A is called an equivalence relation if R is reflexiy

For an equivalence relation R in A, we have
(112aR 2 v a € A (Reflexive relation)
(mjaRb=bRa: v a,beA

(Symmetnic relation)
(myzRbandbRc=aRc, v abceA

(transitsve relation)

nother

Q. 9. Letf:X—>Ybemap letA& B be subsets of Y. Prove : F'
v B)=F 1A) UF1b). (201
Ans. Since, ACA B&BCZAUB.

=F(A)Z F (AUB)

andF (BygF (A_B)

=F (A)F(B)ZF(AUB)
Laxek (AUB)

=f(x)e AB
—f(x)eAaflx)jeB
—xef(Ajax € f(B)
—xef(a)ysf(B)
—f(AUB) (A F(B) Q)

A1)

ns.

3 Lof positi
Product of positive primes, except for

Let x and y be two distinct real numbers such that x <y than y-x<0
So by Archimedian property, there exists n € N, such that

1
;<y-x:>n(y-x)>l:>xy>nx+1

Also for nx € R, there exists a unique integer m such that
m>nx2>m- |
Thusny>nx + 1> m>nx

m
= y>;>»\'neN,m ez

m - .
= isa rational number, which lies between x and y.

Repeating the abo ' z z
g ve argument for x and . and o and y we get

) m m
rational numbers say —L and —=
.n ny

m m m m
X< — —_ 2
such that n < . and —<—=<y

ny

I"l
=X <—<
n

m  ms
—<—=K<vy
n n, -

Continui i infini
Inuing this process, we get infinitely many rational numbers be-

cen two distinct real numbers x andy.

L(11.
: State & Prove the fundamental theorem of authentic.

—

(2015, 2017, 2019)

anl can be expressed as a unit times
the order of their occurrence.

Every positive integer greater th
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ve integer. Fas prime. then 1 G (ii)aRband bRa = ab& ba& bc = a=b.
Pn-iL&:"a“‘/”b‘:apw‘L 1f 215 COMPOsit 1 e
” be product of positive prime: But) ! < Thus anti-symmetric.
expressed 2s unit umes the l‘“ of prime factorization ofa. (i) Let, a, b, c € N, then
possible. let there be two ¥ ) aRb nd bRc = a’b & bic = aic = aRe
a"p.p-P- P. . 2) Thus R is transitive.
anda=q.94-q; qQ .A3) Hence, R is partial ordered relation on N
Hencep .p.p. P74 %% ( J—
Since p divideszie.,p,aorp 152 factor ol 2- Q. 13. Prove: Iff: A—Band g: B —» C are each surjective, then
From (2). we can szy thal p g, Qoo q go[ is also surjective. (2016)
1e.p isafactorof Q.G e q) ADS. Let Z be an arbitrary element of C, then
Thus p d;\ndcsmgq.PdP|q.‘ ZeC=3ayeBsuchthatg(y)=Z
p and q arepositive primes. (-- gis surjective)
P4 &yeB=3Jax e Bsuchthat f(x)=y
Thus from (1). we have (-+ fis subjective)
PP s L T e ql-‘hq"';i;”'tq" Thus for every Z € C, 3 x € A such that
Repezting the same argument, we can show tha 2=g(y) = g (fx)) = gof (x).
p. - q. for some J, therefore, we have Hence gof is a surjective map.
PPy P, TG G q.,9, -4, o 8
This process may be continulcd (i1l then one side of (3) is being| Q. 14. State the field axioms of the real number system. Prove that
duced 101 | for
her sides must also become | a,beR,ab=0=[a=00rb=0] (2016)

Since p's and g's are integers, the ot
3 - exi . o factorization of a and the two factorizal ; - -
Thus. there exists a prime factorization Ans.  Risafield with respect to the binary operations + and ; that is, if a, b,

ofe prvenby (1)and(2) arcidentical, except the order of their oceurrence. |- ¢ ¢ g ' then

factors are unique and non repeated. (A)a+(b+c)=(a+b)+ o o
Hence. every positive integer greater than onc can be expresset (AI) atb= bl ( ) ) (f(Addmon 18 associative)
7 - the product of primes, except for the order of their occurrence | : a (addition is commutative)
untyimes the product o primes, excep . ce. | (A)30 € Rsuchthata + 0= v/ a R
/(0. 12 Define partial order relation. The relation R on the sel - O is called the additive identity.
__  natural numbler deﬂr’:led by a R b if a divides b 21;1;;ar213 (A) v a € Rthereexists-a € R, such that
ordered relation on N. (2016, 20 a+(-a) =0, -a s called additive inverse or negative of a
Ams. A relation R on the set A is said to be a partial order relation By the above axioms A, A, A, A, we say is short th : .
<atisfics the following three condtitions. Abclian group. v e y at (R, +)isan
(iyaRa. v a € Rseflexibivity) (M))a. (b.c) =(a. b). c(multiplication is associative)

(M,)a.b=b. a (multiplication is commutative)

(iiya R band bRa = a = b (anti symmctry) ,
M
(M) 31(20) e R,suchthata.l =a ¥ a € Ris called the multiplication

v a,b€eA.

(iiiy aRb and bRc = aRc (Transtivity),
v ab,ceA. M) v a(#0)32' € Rsuch that a.a" = la )

. .a'=la'al ;
called the multiplicative inverse of a. alsowritten as Va is

B joms
y axioms M,, M, M,, M, we can say in short that (R - {0}) is an

identity,

— (i) Since, ais dsior of afor all a € Nic., aRa
Thus, R is reflexive.




abellian group.
(D)a.(b+c)= 2P

"na
-

Ans.
cxists unique Inte
and r is remainder.

N 1

: -l
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+a.¢
distributive
cn a' cxists

jon | over addition.
Thatis multiplication 1
Lcta.b-‘Oanda:O.lh

Now.a.b 0

—a'.(ab) ~a'.0

—(a'a).b=0

=1 h=0

i nd proveit. (2016) ‘
State the division algorithm in integrals and P =

| i then there |
i —hm - Ifa and b (¢ 0) arc twO integers, .
Division Algorithm et -

gersqandr such thata=bq* 1. wher

Proof. Let X be the st of multiples of (b, which are either less o equal
X be p|bl, then plb| < 2. 1
()]

Let the greatest clement of the set
Thusa=plbl+r,r<0
Also. we have (p+ 1) [b
= pioi + bl pibi 7

= b >rorr<ibl
Thus. from (1) and (2), we have

a=pb|+r,05r<|b|

Puttingg=pifb>0ie. [bj=-b

q=-pifb<0i.e.|b|=-b

Thus pjb| = gb or bq in either case

Hencea=bq+r1,0<r<[b|

Now, we shall show that q and r are unique

Let, if possible, 3 an other pair of integers q, and r, such that
a=bgq, +r,0sr <[l

So,a=bq+r >bqtr=bq +r,

=>bq-g)=r, A r</blr<pbl

Sothatr, -r<|bf

Thus shows that bir, - r, which is impossible because r, - r <|[b|
Hencer,-r=0=r=r

Conscquently q, = q as bz0

Thus q and r are unique.

Hence a = bq + r is unique.

|>a=>plbl +[b|>2

A2 @
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@’S-tate well ordering property of N. Prove, if a is non zero
rational numbers & /b is a irrational, then 4./ Is irrational.

(2016)

a— R
Ans.  Well ordering property of set N -
Every non-empty subset of the set of natural number N has a first

clementi.c., for everyx € N, 3 a number / such that /< x. This is known as well

ordering property of N.
Now, let a be non

let avb berational then avb =
no common factor other than 1.

-zero rational number & Jb be irrational, if possible
2 \wherep & q are non-zero integers having

Now. a\/l;=£: b=£
q aq

But p & aq both are rational & aq #0

- 2 isrational = \/Z is rational
aq

Which contradicts the fact that Jb— is irrational.
Hence av/b isirrational.
Let <u > & <v,> are two convergent sequences such thatu,

P

<v,ynand limit y =ag& limit v = p, then prove a <b.
Or  Let<a>&<b > be convergent sequenceson R with limit a
& b respectively. lfa <b_for all n, prove that a <b. (2016)
Ans.  Proof. Let, ifpossible, a>b, Suppose a- b= 3¢, So that nbd ofa and

b are distinct. Since limit y = imi '
e distinct. Since ™! u =aand r{‘j)mag v, =b, therefore for ¢ >0, 3 two

positive integers k and k, respectively, such that
a-e<u <ateyn2k
andb-e<v <b+e vy n2k,
LetK = max (K, K,)
c.a-g<y<atevyn2K
andb-e<v, <b+e vy n2K
Thusu"<v" v nZK,whichiscontrarytou <v vn
Hence our supposition is wrong, soa < b. C

18.) Define a cauch Cauchy sequence
y sequence. Prove that every
) Is R Is bounded. e (2017, 2019)
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quenceora

atics : Paper- L
Japositive integer 1N such Let ¢ be any pre-assigned positive number.
Now since M -¢ is a number less than the supermum M, there exists at

least one member say S_such S >M-e.
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e, | che>0,
fundamental sequence, if for ca

that - . S
lu-u|<e vzl As (S,) is a monotonic increasing sequence,
u-uj<ev pazm §.>S >M-¢ v n2m
Qor e R d P >0 : . .
- ju_-uf<ey nzman Again since M is the supermum,
Every CaucI:y sequence is bounded S,<M<M+g, Vv n
Proo‘f. Let< un>be aC.auch)’ Se(men;kﬂ u Thus M- e<Sn<M +¢, v n>m,
Taking ¢ = 1, psitive integer M SUCH Y = S,-M<e v n2m
lu,-u <1V n2m = (S,) convergesand lim S =M.
ie. u-l<u<uytlynzm We may similarly consider the case of a bounded monotonic decreas-
Letm = min (U, W, -orUpy) ) ing sequence.
and M= max (U Uy =B q21) Show that th
: J e sequence {S }, where
Thenm<u <My neN 9 5 v
Hence the sequence < U > is bounded. ' | S, = —] + I Foeens +i neN.
Q. 19. lff:X-;YbeanyarbitrarymaPPl"g&B_CY,then n+l n+2 2n
f (F'(B)) = B, if fis bijective. (2017, 201 ﬂj, is monotonic increasing or convergent. (2017)
Ans.  Let fbeabijection, then s g - ] ] ]
Foreach y & B, x & f"'(B), wherey={(¥) ABS. T T el 2ne2 mel
=f(x) e f(f"'(B)) | 1
=yef(f'(B). : 3 .
Thusy e B=>y e f(f" (B)). ‘5 Antl)2n+n) SH VD
il
|

ie. Bcf(f'(B) . the sequence (S, ) is monotonic increasing.

Now, letyef(f'(B))::y=f(x)&xef‘(B) 1 ] :

 Again S, =——+

z;zféx)&f(X)EB ‘ n+l n+2+ ...... +n+n
2yeb A e Corollary - Iffuncti(')nfis derivable on a closed interval (a, b) and /*
from (1) & (2). we conclude that, ' /" (b) and k a number lying between f”(a) and f'(b) then 3 at least one
i pointc € ]a, b[ such that /”(c) = k. '

Letg (x)=f(x)-kx, x € [a, b]

P cttine Y
"20_ Prove that every bounded monotonic. Sequence in Ris

Clearly g (x) is derivable on [a, b] and

7, 201 ;
(201 g (@)=f"(a)-k.

convergent sequence.

Ans.

quence is bounded.

tonic increasing. Let S denote its range, which is evidently bounded. By !
completeness property, S has the least upper bound (the supermum), say

4 g'(b)=/'(b)-k
Since k lies between /”(a) and /"(b).
- g'(a) and g’ (b) are of opposite signs.
g .(x) satisfies the conditions of Darboux’s theorem
Thus, there exists at least one point ce Ja, b[ such th:;t
g'(c)=0orf"(c)=k.

The condition is necessary for we know that every convergent s¢

The condition is sufficient. Let a bounded sequence (S,) be mon

We shall show that (S,) converges to M.



Let
teger n such thatnx > Y’

Ans.
positive in
when 'y
statement is not tru¢ t
nx<y.vnE S.
wedefineS={nx:NE€ }.
S is non-empty & bounded above:
since nX < Y.
Therefore by complete
Letl.vbof Sbe X, then
mx<x yneN
+])x<x Y NE N
—px<x-XYNE N
Thus a - X is also an upper bound of S, but & -x <&
which contradicts that sup (S)=a
Hence, assumption nx <y, ynesis false
- nx <« Y. thisimplies nx >y.

< 0. then above is evident, fory~

hem,

ness axiom, S hasl.vb

=(n

0. Let it possible above |

{;\
Q. 23 Constructa truth table for
./ -(P=Q 0 = U (-Q) where P & Q are mathematici
statements. (2019
Ans.
o[ a ] |P=0Q P 1Pr Q[ -P=Q=PACQ
=Q) : ]
T T F T F F T
T F T F T T T
Fl T]|F T F F F
L __/
F F T T F F F

Q. 24. Prove that AN (BuUC)=(AnB)U(ANn C), where ABC
sets. T (20
Ans. Let x bean arbitrary element of
ANn(BY C) then,

X e ANnBUO)< o xeAandxeBuC

B.Sc. I" Year- Mathmatics : Paper - 11
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=>xeA&(xeBorxe()
—=xe(AnB)orxe(ANC).
—=xe(AnB)U(ANC).

~ An(Bu C)=(AnB)U(ANC).
Q.25 Forx,y < R.Prove that
|x+y|s|x+Iy

We know that
[x+yP=(x+yy

= x2+2xy+y
<x+2pyl+y (=)
=[xP+2pxyl+ I (- [x]=%)

(2019)

Ans.

=|x[+2xl. 151 + P
(- |xyl=1xl. yD-
=[x+ P
Since, | x+y| & | x| + | yl| are non ne tive, so i iti
\ , so on taki
root of both sides we get ® nepostnEsE
Ix+yi<[xI+lyl
Q. 26. Let{u } , beasequenceofreal numbers such that '™
n—’
where | 1| < 1, then prove nli_r,‘in u, =0. (2019)
Ans.  Proof: Since|/|<1,s iti
et ee |< 1, so we can choose a positive small number € such
. u
Now, lim Zntl g
n>o U, therefor for € > 0, 3 a positive number m such
that
Upy)
<gyn2m
n
Untl u
or [P —1l- 1|2 -
u, ‘ 11 . ll<e vV n2m
u’l
or [~
u, <|l|+e=k(say), k<1, v n2m

Now, puttingn=m, m + 1

them, we w e n-1 in above inequality and multiplying
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14
Thus xR yand yR z = xRz
Uped| Lom s n2m - R, is transitive.
u, Butit s not reflexive as (0, 0), (1,1), and (2, 2) does not related to R
e\ p2m Hence R is symmetric, transitive but not reflexive. l
ot u|< u| k"™ v ne JE—
Q.29. LetX={a,b,c}, then show thatA={(x, x), (y, y), (z, 2)} is
- k" an equivalence relation. (2013)
<Ju )" e
or lu,.' k ADS. X= {a, b,c}
Agk < 1. Sok" ——)0. thn n— o A= {(x, X),()’, )’), (Z,Z)} = {(x’)’)3x=y}~
lim (x)x (%)= { (2, 2), 3, ), (2, ), (b, a), (b, b,
 poan 8,0 (b, ©), (c,a), (¢, b), (c, ©)}
— i Zgiven by - We have to show that relation A is an equivalence relation, For this
(R be a relation in the set of integers £ . - ,
@ tLae= {(x y): x =y orx-y=1).Is Ron equivalence relation ? (%,%) €A (- x=X) [Reflexive].
e (2012) (x,y) eAx=yy=x&(%X) €A [Symmetric]
Support.
Lo 7 and(x,y)e Aand(y,z) €A
Ans. (1) Letx € =yandy=
xRx=x=xorx-x=0€z z:=zyan y=z
.xRxis rcﬂcxi\:. | oxz)eh [Transitive]
(i) Letx,y € Z, then * Hence, A is an equivalence relation
'R % P
xR(y? :T,\e Reb:t P | Q. 30/ Arelation R in the set of real number R is given by xR y if
as (2. )
2.1=1 ‘ x - y + \[3is an irrational number. Is R an equivalence
butl-2z1 : relation? (2012)
;- Ris not symmetric Ans.  ()Letx eR, then
R is not transitive. : ong. s .
Hence R is not an equivalence relation. xRx C> X-X +.\/_ = J3_ , which is an irrational
Q. 28, Give an example of symmetric, transitive relation on the sel (" )"f:t ’;’ reﬂ:’;‘;;'en
{0, 1, 2}, which is not reflexive. (2013) &4 -
- A 10121 then xRy=>x-y+ /3 isirrational
s- - 1 ’ .
n f =y-x+ 3, may not be irrational

R=A~xA=1(0,0),(0,1),(0,2),(1,0), (L 1)

(1,2),(2,0).(2,1),(2,2)). Example, taking x= /3 ,y=3.

Let R, == 1(0,0),(0,2),(1,0),(1,2),(2,0),(2, )} xRy= {3-3+3 =2./3 -3 (irrational)
::)’j;.;o;’('l;)(z__ﬁ;:ll;TJ) €R, yRx=3-3 + /3 =3 (rational)

2 2o R0 R .'.xB)’-‘.b yRx

Thus xR y = YR x - Ris not symmetric

R is symmetric. ’[(42 X, ¥ Z € R, then

e yandyRz

1) e R:(1,2) € R =(0,2) R =>x-yt \/3 andy-z+ﬁ are irrational
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Q. 31.

: r-0
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:(x-y+ ﬁ)+()"z+ ﬁ)

:>(x-z+2ﬁ)

- xRz
. Ris not transitive

Find the negative of (Pv 9)

A (p =4)- (@

Ans.

g [p=a|PvaVv(E=9 (® v v(P= 9)]

P
F

T

F T
T F
F - T

MMl H |5

| |7m|=lU

v
T
T
T
F

n|a|m|ale

Q 32

Letf : R — R be a map defined by f(x) = sin x, x eR, findf| .

(0). (2013

Letf'(0)=x

=f(x)=0 1
=sinx=0 ) ‘
=sinx=sin0

x=0,whichisinR

Sof'(0)=0. ;.’

Q. 33

Letf: X — Y be an arbitrary mapping and A € X, then

(HAcT'(f(A)
(i) A = f(f (A)), if{ is injective. (2019

Ans.

(i)Letx e A= f(x) € f(A)
=xefl(f(A))
Thus A c fi(f(A)).
(i) x € f'(lA)) = f(x) € f(a)
=f(a) € f(A)for somea € A (- fisinjective)
x=a=f(x)=f(a)
=>XxeA
Thus, f'(f(A))c A
From (1) & (2), we conclude
fi(f(A) =A.

...(l;

2
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Chapter -2
Limits & Continuity

Q.1. [Ifafunctionf is continuous on a closed interval [a, b] then

show that it attains its bound at least once In [a, b]. (2014)

Ans.  Proof. Since the function fis continuous on the closed and bounded
in the interval (a, b), therefore it is bounded.

This implies supermum M and infimum m of fexist in (a, b)

Now, to show, there exist two points x, and x, in the closed interval (a,
b) such that f(x|)=mand f(x,)=M :

By definition of supermum, we have

f(x)<M v x €(a,b)

Let, if possible f (x) # M for any x €(a, b), then

f(x)<M v x €(a, b), therefore

M-f(x)>0 vx€(a,b)
-+ f'is continuous on (a, b) and M is constant, therefore M - f(x) is

continuous on (a, b).
AlsoM - f(x) # 0 for any x €(a, b)

1
m is continous on (a, b)

1
= m is bounded on (a, b)

1
=>3 anumber K such thatm <K v x €(a,b) |
. 1
=>M-f(x)< X Vv x €(a,b)
1

=/ ()< M- v x(a,b)

1. .
> M—yns an upper bound if fon (a, b) such that

1
M _F<M= supermum of

Which iis contradiction.
Thus, 3a point x, €(a, b) such that M =f(x,)
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(x).

Similarly

‘e -u
I* Year- Ml(hﬂl‘w * Wl’

B.Sc.
_inf.(N.3 apointX, such that m S

Iy, we can prove cthatif m =

hm _‘.qnl— x 0 does not exist. (20141

Q.2. Showthat "o

1.1 :
= —sin— xz0. -
AmT007 ST il \/‘2\
\ A P
_ lim l“nl vl
h—0 h
= x x finite value
=x
g lim l—Si“]—doesn‘(exists =
This meansk 0 75117 . |
Q. 3. Show that the function f defined by
, x if x is rational |
f(x)=A+ . L R |
’ {0 if x is irrational |
is continuous only at x = 0. (2014, 2019} |
Ans.  Test for continuity at x =0.
f(0)=0
I:“—T:O ;ilmo -h , ifheQ
= = h—>
RHL. 984 f(O+h)= hy . ifheQ
RHL.=0
Similarly,
lim lim —h if -
LHL= 70 £ )= h—0 ] » ] heQ
h<0 heo |—(h) , if h €Q
LHL=0

Thus RHL.=LHL.=f(0)=0
So, if fis continuous at x = ().

e

If <u > and <v,>are two convergent sequences such that

lim u =18 lim

no® u2s Yo =Ny then (uv,)=I,.

I, (2014, 2016)

Ans.
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Let €> 0 be given, then
Iunvn - IIIZI = unvn - II ‘n t /lvn - [III
=, L)+ (v -1
<lvallu- L+, -

Since < v > is convergent, therefore it is bounded, so there exists a

positive k> 0 such that

<v ><kyneN
Since <u >and <v > both are convergent, so 3 positive integersm ,

and m, such that

lu -/| <e/2k v n2m,
lvn-l,{<c/2k ynxm,
Letm=max[m,m,]

Thus. from above. we have

and

, € €

R R thor vnzm

e,.t_ S
< 5 '_E =€ ynz2m
lim —¢ lim lim

Hence ,_,, (uv)= L1 (n—)oo u). ("_)Oo )
AN\ i.e. Product of two convergent sequence is a convergent sequence.
/Q'j' | Letf:R®Rbe amap show that ' f(x) =1, then lm |f

. x—a x—a

(x)| =|ll. Does the converse hold? (2015)

Ans. lim

Since, ., f(x)=1

Then, by definition for given £> 0, 3 a positive number 5> 0.

Suchthat |f(x)-/|<efor0<|x-a|<& (1)
Also, we have
S)-11Z[|f)-||lvxeR -(2)

From (1) & (2), we'have
VACY T BNVAR BV

lorO<|x-a|]<8

\Il'::, [/(x)| exists
Hence | l'm y @I=111.

Convcrsc of the above theoreim is need not be true.
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1
'7‘ < g whenever 0<|x-a| <8

. F]
5 Provethat '™ closed interval —
at aoonﬁnvo“‘fund'“‘“' (2016, 201y A
—all=[ab) 5 Lo i-se]_Ls@-1
mmmickﬁdln‘m = =
e o continucus func® T ! Now. 7o) 1] [ 1/ | 1/@ I
Mu:luboﬁmdl&m g 3
fonl | 21f(0-1].]
Mmsﬁl)g_\‘vlél (l] < ”,2 '2—“'('.[(1),
—fm.c(mM
Smctfsmnunwsml.fass‘lm“ 2
Emmmwwmm&M- <TEE
..lfmﬁcSMthcnforsomexél- @ 11
ms=csothlt(m.M]Cf(l) -4 <g, whenever 0<|x-a| <8
From eq(1) & (2). we gt )€
M= [m M) —1] taking € =/ m | 3
LdI:R—»Randandg:R—»Rbooona'nuousfuncﬂom
ﬂﬂ~ ; - lim 1 ___l
:'f(x) if x is rational : i xa f(x) 1
7 gt ifxis imaona .9, Letf:R —Rbea function. Define f
. . .9, Letf:R- a function. ne .
ShothiscontinuousonlyatpointCmRforwhlcm | as x - «. Show that
=g (c). (M lim =0
(c)=g(c) 9o 241 - (2017)
Ass RHL xlf,nc’ b(")le—lgic’h(”h) Ans.  Given, x— o, => X is very large.
RHL =f(c).
Sumilarty - =7 is very small & hence is close to zero.
o I’
LHL = im. h(x)= 1T+ hc-h)
LHL =gl Thusasx 50=> 3 -
for h(x) to be continuous at x = ¢ x“+1
if&mlyifLHL=RHL ,
v - . l. —-—
- f(c)=g(c) ..xlf‘m x2+1'0
Qe Letf(x) =1, where | (#0) €R, | R
fin —— ) o g:mlzom.“to'poi"s““"“"""y off:R>Ris
m ———m- [1]
then prove thet sy [(x) | (2017) y
— 2 - .
Ans. l/(l)-ll<cwhwcva0'lx-:l’b ]'(J'):[" | if xis a rational number
So, we have to prove that —_— if x is irrational (2017)
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Q.12 i a function Is continuous at x = 8 & 1 (a) » 0, then 33

numbc"d -Nn -uc‘: ‘0"::. "‘I:’l hae pama clen ae Ha)

valuesofin (a-4 a + §.
Ans.  Proof: /(x) is continuous x - a, then for a given &
positive number & such that
| f(x)=-f(a)|< e whenever  x -a, <6
=/f(a)-e<f(x)<f(a) + . whenevera-6- x- a- 6
Now f(a) 2 0= [f(a)] > 0, Ifwechoome 0« €+ /() .
then we have f(a) - cund f(a) ¢+ € hav ng the same sign as /6

= f(x) has thc same sign as f(a) for all x € (a- 6. a - 6).

1105 2001/0 aeys @3 @) for ah

(2016)

<0, wecan tind g

22
Ans. RHL.= “_',“,,»f(o+h)=(°+h)"'
HL.= Sh™
RHL=K-1
LHL= M- flo-h)= 0
LHL=0
For function f(x)t0 be continuous, |
RHL=LHL !
h:-1=0 |
h=+1. . .
Cforx=+1&-1,f(x)isa constinuous functions ‘
X if x1s rational "
19 Let F=4 o (201y
Ry £o —x ifx is irrational -

Ans.

Case L If a is a non-zero rational number.

|
!
Thenf(a-0)= J T f(a-h)= Jim (@~ ) or h__)o(a -h) |
|
according as (a - h) is rational or irrational E
=aor-ai.e.aisnotunique. |
. f(a-0) does not exist.
Hence hlino f(x) does not exit.
Casell. Ifa=0.
I
then £(0-0)= T £(0-h)= 1T f(-hyor "5 (h)
according as (a - h) is rational or irrational =
S RHL=LHL=0
Hence, xl—i% [(x) exist and is equal to zero.
Case 1. If ais an irrational number.
LHL=f(a-0)= ;"™ f(a-h)
= h!‘—l)n() (a-h)or hl—”:z) -(a-h)
accordingto (a -h) is rational or irrational =a or -a i.e a is not unig¥
-, f(a -0) does not exists.
Hence, ,_,q f(x)cxistsonlywhena=0.

Q. 13. Letf: R — R be a continuous function on a interval [a, b] &
k be any real number between f (a) and f (b), then 3 a real,
number c in (a, b) such thatf (c) = (2018, 2019)

Let us supposc that
J(@)<K</{(b)

N dafina o fivvetionm o lv ) coch thae
INUW ULLIIC @ TUNIC LIV B (A ) SUlh ulas

g(x)=f(x)-K.x e [a.b]

Since fis continuous in [a, b] and K is constant. therefore g is con-
tinuous on [a, b)

Now, since K lies between f (a) and f (b), thereiore either

f(a) <K <f(b)orf(b)<K< f(a)

Again,g(a)=f(a)-K <0

g(b)=f(b)-K>0

=g(a).g(b)<0

Thus, 3 a point ¢ € (a, b) such that

g(c)=0=/(c)-K=0=f(c)=K.

Hence, 3 apoint ¢ such thata<c<band f(c) = K

Ans.

li !
Q. 14. Evaluate xl')’}) X [;J » where [y] denotes the largest integer
less than or equal to . {2019)
Ans.  Let En y
X

X202y

lim I
= -0t x[ r]
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From (2)&(3) we have
’ y The sequence <u > is monotonically i increasing
\ Also from (1), we have
lim Y-V
= oyl T 1 1
' 2<un<]+l+§+ ...... -
lim  {y}
:>l—\—»+°°l— <l+1+l+l+ ..... —]
.‘ 22 2"—1
=1-0 ‘* which is a geometric progression
=5/ - | 1
2 g - 1
1 es. A _1__ 2n _3_
Q. 15. Prove that the sequence <[1+_} > v nINconverg =1 1 . = 3 pr <3
n -
(2013

o0 <u > is bounded
Hence sequence <u > is monotonically increasing and is bounded
T >

bove by 3, so it is convergcnt‘

n -
lim _—
MEvaluate ¥=% 00 x. 7 (2012)
u]=i+T=2 &ns. Given x — o0 = x is very large -
| .
17" I n(n-1) 1 i = = i1s very small and is hence close to zero.
Now, u =1+ =1 gt
¢ Nl n n 1
Thus,x >0 = —=0
“n(n=1)n-2)...1 1 x
n' 'n" lim l—()
. . . . \ . xﬁw X
(Using bionomial expansions).
e
AP Y A I Q. 1 lim cosn
=lls ==+ =[1-—|[1-2 | =+ +— - aluate ''Mm —_
T ,,J‘u[ J[ n] ERR AP IR Fraluate T, = (2012)
AnS.  we have
|+ l\[l~]— 4—!—[1- ] ] 2 I
Similarly, “n+1 = Y AT Y n_+l:,7+ ....... + lim cosn= lim  meos| L
"oy =0 m,
oy, 2
o —[I-——' b '“”hi] ........ L 0 R
R I B B RN B Y Py =
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1
Letfim)="" COS[;)

Now, RHL=f0+0)= Do *h):

1
_ hm 4y cos j
~ ho0 h [h

— 0 x a finite quantity between -land1=0

LHL=f(0-0)= T f(0-h)

1
_ hm f( h) = 11m (h)cos[ }

- 0 x a finite quantity lying between -land
=0
Thus, f(0+0)=(0-0)=0

Hence, 5157 =0

o N

)
e

B.Sc. I" Year- Mathmatics Paper-1
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lim .
Hence | f(x) does not exists.

L
Q. 1'9\,}etf:R-(0} — R be amap, whee f(x)

hm o f (x) doesnot exists.

= xi", then show that

(2010)

P

1
\ns. Wehave ‘f(x) =[x['= m

Now,RH.L=f(0+0)

lim - lim
hl—>0 f(0+h)= hl—>0 [0+h| "

lim 1_
=h0 3=

1
LHL= £(0-0)= ;M) £(0-h)= h—>010 "

_ lim 1_

Tho0 ;7%

= | -

\cys/ Does xli;n() sin| — | exist? If yes, find it.

»~3
b

Thus
RHL =RHL = (not a finite quantity)

Ans. we have

T
f(x) = SIn [;] .
Now  RHL=f(0+0)= i, £(0-+h)

o 1
_ 1 — _ lim 2
= 150 ™ 0eh = k>0 S0y

= not a finite quantity.

Similarly, LHL=£(0-0)= ;1™ £(0-h)

=
= 1M S'"[T]

= not a finite quantity.
Thus RHL and LHL does not exist

Hence, xll% f(x) does not exists.

L 20. Show that the function
f(x)=(1+2x)" for x= 0 and
f(x) =e*forx=0is contlnous at x=0.
T:s. Given f(0) = ¢2
Also, f(0+h)=[1+2(0+h)]"o
=[1+ 2h]i

(2010)

£(0+0)= Jlim (1 4 opyn

= hmO [ +2h)l/2h]2

Milarly, f(O-O)— ]lm lp (1-2hy _hhmO [(1-2h)"2p =g

Thus, f(0+0)=£(0-0)=¢2
Hence, the given function is continous at x = 0.
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Chapter -3
on a closed interval [a, b]a\,,m
how that there ex;
such that 1'(c) x,

If a function { is derivable
1a), f (b) are of opposite signs, thens
at least one point ¢ between a &b
(2014)

Let f'(a) >0 andf'(b)< Oand,

evidently, 36,,6,>0 such that

Slarh) - fla)
n

—
Ans.

f'(a)

<f"(a)

0<h<d =

= f(a).<f(a+h)

\ﬂ’%‘—f@-ﬂb) <-1')

and0<h<o =

=f(b)<f(b-h) ‘

Since fis derivable on [a, b] it is continous on [a, b] and it attainsj

supreme on [a, b). The supreme is not attained at a or b, as f(a) < f (a -h) & f(§

< f(b- h) hence f attains supreme at some points, now we shall show that f'(

0. If possible /' (c) > 0, since fis derivable at c.
Fore=f"(c)>0,36,>0such that,

Sfle+h)=f(c)

0<h<é,= 4

S| <fc).

= f(c)<f(ct+h)
Therefore f(c) # sup fon [a, b] thus f' (c) 3 0
/Si.milarly,f'(c) + 0,sothatf"(c)=0.
rM State & Prove Cauchy mean value theorem. @

Ans. Cauchy’s Mean Value Theorem ( or Second Mean Value Theoren"
Let fand g be two functions such that

(i) fand g are continuous on [a, b)

(ii) fand g arc derivable on (a, b)

(iii) g’ (x) # 0 for any point of (a, b)

then there exist a real number ¢ € (a, b) such that

g(b) —g(a) g')

B.Sc. I+ Year-M athmatjcy . Paper. )

Proof: Let define a function

F(x)= f(x)+Ag(x)

Where A is constant to be g

F(a)=F (b)

Now, the function F is the sum of
functions, therefore

ctermind such thy

(i) F is continous on [a, b] (ii) F is differ
F(b), then by Rolle’s Theorem, there exist a rea
that
F'(c)=0
F(x)=/(x)+A.g (x)
=>F(@©)=f"(c)+A. g (¢)
=>f'(c)+A.g (c)=0
A
g'(c)
NowF (a)=F(b) = fla) + A. g (a) = f(b) + A. g(b)
—— 4= f(b)-f(a)
g(b)-g(a)

(- F(c)=0)

J®)-f@ _ [
gb)-gla) g'c)

From (3) and (4), we have,

entiable on (a, b) (iii) F(a)=
number c betw

€N aand b sych,

.(3)

.(4)

,Q%Examine the validity of the hypothes and conclusion of

Rolle’s theorem:
f(x) =1-(x-1)*on [0, 2]

(2014)

Ans.  Since the function, (x - 1)?is continuous in [0,2], so

f/(x) = =_T2(""”_m

50, f'(x) exists on [0, 2]
f(0)=0
f(2)=1-2-1y
fQ)=1-1=0

- £(0)=1£(2).

Thus f satisfies all the three condtions of Rolle’s theorem, hence 3 ¢

€(0,2) such that
f' (C) =(



. -
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M
2
X 0
1 (c- 1
< |
Siee o where/'(1) 0
Q 'y ntiation.
that chain rule for differe
Q 4. State and Prove 2015, 2017)
\ne (Chaln Rule): | ot (and ¢ he two functions such that range of f is
continued i the demamof g 1S differentiable atx = X, andg is differentiable

st and cgof) s differentiable at x| dndigoﬂ (x,)= g( fix ) frx )]
Proof. the range of f1s contained in the domain of g

(yof) has the same range at that of £

N ety tegandy 1(x)
i J0-1G)
PR UL BRI N PN IR »ha av; X )
[P OP I HO HaR ID A“, Ve NG X—}XO X = Xq f 0
ati-feo) x| (x,) +A(x))
Where Alv) s0asx - x|
i <0 :_:;'J_;~ s (),
U 2PN 1 Y kk“”‘
orgiy)-gly) (y-y)[gly,) +B(y) -(2)
Where lﬂ))ro()uxy—’y,’
Now. (gof) (x) - (gof) (x,) = g (flx)) - g (f(x,))
(y-y,) gy, By)] (using (2)]
[Feo-fix )] [g'(y,) + Bly))
ST AR (5,) 1 B(y) [using (1))
oo | (gof ¥ x)-(gof xy)
us. If x # x,. then X~ = [g(y) + By)IIf'(x,) +A

3)
Also I'bang differentiable at x = x s continuous at x = x,and
hence. x = x, f(x) > f (x)iey sy,

This gives B(y) »0asx = x andA(x)—;Oasx_,x

Now taking the imit as x = X,» we have from (3)

(gof X x)~(gof Mxq)
X=X

()l

lim
NRYg

=g(y,)f'(x,)
i lence gofis differentiable atx = x, and (gof) (x)=g (F(x ) f'(x)
0 0

- .
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N
‘0.5 Findsthe value of c for which cauchy’s mean value theorem
- |
hold for functions sin x and cos on }(—2‘~0 . (2015)
Ans.  Letf(x)=sinxand g (x) = cosx. It can be easily seen that the functions

: _l _
| sinx and cos x both are continuous on [—0} and differentiable on (a, b).

0]

-%
Also g’ (x) = - sin x # 0 for any point on [_2"

|
|
|
|
i
|
{

-x
Then, by CM.V.T,, Jatleastonec € (‘5‘]

[ such that
i n
f(0
‘ ro-s (2J [
J g(0)- g( n) g'c)
2
. i
sm0+sm2 _ cosc
cosO—cos™ ~SIn¢
2
0+l cosc
l 0 -sinc

n
=-tanc=1= tan=z

n . L .
=>c= —: Sincec=c = " lies in (Tvoj.ﬂmceC.M.V.T. is sat-

isfied for
n
c=——,
4
Q. 6.  Examine the validity of the hypothesis and conclusion of

Cauchy’s mean value theorem:

—___f(x)=expx, g (x)=exp(-x) on [0,1]. (2015)
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32
ns both are continous on [0, 1 4

Ans. It can be easily seen that the functio

differentiable on (0,1).

Let f(x) = sin x and g (x) = cos X. It can be casily seen that the funcﬁ%

_n . .
sinx and cos x both are continuous on {7 -0j\ and differentiable on (a, b)

Then, by CM.V.T,, 3at least one ¢ € (0, 1)
Such that

S(M-f£(0) _ f'(c)

eh-g0) 2@

= C=—

=Since, liesin (0,1). Hence

CM.V.T.is satisfied for ¢ = % ;

G.ive on examplg (with details) of a continuous function
f: [a,b] - R, which is differentiable at end points.  (2016)

Ans. For a radiusr > 0, consider the function

f(x) = m » X € [-r’ 'r]

Its graph is the upper semicircle centered a1 the origin

This function is continuous on the closed interya] f—r ' & di :
tiable at the endpoints -randr. Since f(-r) = f(r), Roje’s theOr’ 1] dnlﬂ”erend
indeed; there is a point where derivative of f jg o0, Nige them applies an
applies even when the function cannot be differentiated g lhat the tbeoreﬂj
cause it only requires the function to be differentiable € enpoints be

the open interval.
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Q. 8. State and prove the Rolle’s theorem. (2016, 2018)

Ans.  Rolle’s Theorem: Ifa function fis

(1) continuous in the closed interval (a, b)

(ii) derivable in the open interval (a, b)

(iii) f(a) = f{b)

then there exist at one value ¢ of x in (a, b) such that f'(c)=0

Proof: Since, function f{x) is continuous on (a, b). So it is bounded as
cvery continuous function is bounded. Also, f{x) attains its bounds, as func-
tion which is continuous on closed bounded interval [a, b}, attains a bound on
[a,b].

Let M and m are least upper bound and greatest upper bound of f (x)
respectively. Now there are two possibilities.

()M=m(ii))M#m

(i) If M = m, then obiously f(x) is a constant function.

soits derivative f' (x)=0 v x € (a, b).

(ii) If M # m, then at least one of members M and m must be different

from the equal values f{a) and f(b).

Let M = f(a)
Since every continuous function on a closed interval attains its l.u.b.

therefore there exist a real number ¢ € [a, b] such that f{c) =M.
Also, f(a) # m # f(b)
Now f(c)is l.u.b. of fon [a, b]
- f(x)<f(c)forallx € [a,b] (1)
(by definition of Lu.b.) » '
In particular flc -h)<f(c),h>0

bi (c-'i)h- G 0
.. f(x) exist at each point of (a, b), Thus f'(c) exist

Hence, L f'(c)>0 (from(2)) 3)
Similarly ficth) <f(c),h>0 (from (1)) (4
Then by the same arguments R f'(c) <0 (5

From (3), (4) and (5), we have, f'(c)=0
* Similarly we can consider the case M= f(a) # m.
Thus we find that f'(c) = 0, where ¢ € (3, b).
Q/). " State the Lagrange’s mean value theorem. (2016, 2018, 2019)

~
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Ans.  Statement:
If a function fis
(i) continuous in the closed in
(ii) derivable in the open interval (a.b)-

terval [a.b]

f(h)_ f(a) - _[ ‘((‘)

then there exist a real number ¢ in (2. b) such that — 7

Proof: Let us define a function g(x) such that

g(x)=f(x)+Ax y x € [ab] (1)
where A is a constant such that

g(a)=g(®)

i.e fla) +Aa=1fib) + Ab

i.e-A(b-a)=f(b)-f(a)

_f®0-f@
R w(2)
. Now (i) Since f is continuous on [a, b] and Ax being polynomial is
continous in [a, b), therefore g is continous in [a,b]
(u) g is differentiable [ - - f(x) and Ax both are differentialbe in (a,b)]
(111) g (a) = g(b)
Hence g satisfies all the conditions of Rolle’s Theorem in [a,b], there-
fore there exists at least one real number c in (a, b) such that g'(c) =0
We have,
g(x)=fix) +Ax
=>gx)=f'(x)~A
=g (c)=f'(c)+A
=>f'(c)=-A (--g)=0) 3)
From (2) and (3), we have
S(b)-f(a)
a

sl

Le. —4

e} Show that the function f: R - R defined

xz sin —]— ifxz0
f(x)= X
by ® 0 ifx=0
is differentiable function.
" —— (5

AnS. We have

B.Sc. I" Year- Mathmatics : Paper - Il 3s

_ lim _ lim oo b gime2g 1o
f(0+0) h—0 f(0+h)—h_)0(0+h)‘ sm0+[,—h—>0h sm;l-_o
and

. . ] : 5 .1
f(0-0)= }5130 f(O-b)= }1111:0 (O-h): Slﬂm: l!lf)‘loh sm;:O

alsof(0)=0
= £(0+0)=£(0)=£(0-0)
Hence the given function is continuous at X = 0
o lim JO=D-fO _ lim f(=h)-f0)
Now Lf'(0)= 550 = —p A0 —

2. (1)
- lim o Sm( h) 0: lim hsin—]—=0
h h

~ ho0 —0
- f(0+h) - f(0)  fim S-S0
andR (0= imy LIS = 0, T

i h? sin ! -0y o
= hm h =M jsin—=0
h—0 ’_—h h

~ Lf'(0)=Rf'(0)
Hence f (x) is differentiable at x =0.

Q. ,{1/Let f: [a, b] > R be a continuous function such that f is
differentiable over (a, b). If f’(x) >0 v x € (a, b), then prove
that fis strictly monotonic increasing. (2017)

Let f'(x)>0forallx € (a, b)
Letx,,x, €[a, b] such that x, <x,. then, clearly fis continuous on [X,.

x,] and differentiable on (x,, X,) therefore by mean value theorem, 3 a real

Ans.

number ¢ € (X, X,) such that
S(x) - S (%)

f,(C) = Xy — .\’1

-+ f(x)>0, forall x € (a,b) in
particular f'(¢)>0
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X~ |
>(Qwhenx, < X))

>0
Now, f'(c)>0=

={(x,)- f(xl)>0 (XX
= f(x‘) f(x,) forx,>X,
= f(x)<f(x)

Thus x, <X, :f(\)«f(\,) X
Hence f is strictly increasing function o [a,b]

actly one real root.
Q. 12._Show that polynomial x* - Tx - 2 has ex y (2017)
L

1 as derivable on

Ans.  Given function f(x) = x* - 7x - 2 is continous s wel
every interval being a polynomial function

Now,

f'(x)=5x*-7

s (©)=5¢"-17

Now. f'(c)=0

Sct=+7

a
]
w|=

7
1= % +1.183
c=1f5-

c= +1.087, +1.087i
Hence, given function has real roots.

QWLet a function f is differentiable at point x = x,andc e R,

then function cf is also differentiable atx, and prove that
(cf) (x,) =cf’(x,). (2018)

By definition of derivative of a functions fat x = X,, we have

lim S(x)- f(xy)

X=X X = Xq

Ans.
= f'(x)

lim 0~ W)

Now consider y_,x, P x“—rgro w
li M =c_ lim J(x)-f(x
=l’ir’r-l"o [c( xX=Xg = o _TO)-C/(Y )
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Hence function cfis differentiable at x = x, and (cf”) (x,) = cf'(x,).

Q. 14. _Determine values of a, b, ¢ so that function f defined by -

4 xS0 w‘/;/{m#ablg
S =S ax® +bx+c ;if0<x<]I
3-2x ;if x 21 n¢HEN H Wﬂ

is differentiable on R.

(onfTnon 1/*1(/’" Y2019)

Ans.

For differentiablility at x =0.

Lf'(0)= %f (x)= %(4):) =4

Rf'(0)= —f(x)——(ax +bx+c)

% q=0 VW‘WG\

=2ax+b=b
- Lf'(0)=Rf"(0)
=>4=b
[b=4]
For differentiabilityat x=1.

LE(1)= %f(x) =§(ax2 +hr+c)

=2ax+b=2a+4.

—put o=
Rf'(1)= %f(x)=%(3—2x)

=-2

= Lf'(1)=Rf'(1)

=2a+4=-2

=2a=-6

=>a=-3

Iff(x) is differentiable at x = 1, then it is also continuous at x = 1.
- LHL=RHL _

= M @i +bxro= M 3-2x)
=-3(1¢+4(1)+c=3-2(1)
=>l+c=1

=c=0
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»® 14 diffomnt:able in s
\Q. 15. Afunctionfis s continy '50; n[0 e (0.1). (20.’1,
Prove that f'(c) f(1)- ( & differentiable in (0]‘

sontinucus in (0 l]

Ans.  Asthe function f(01s¢
(1) £(0). -
Hencethe mg@on g//
Now, by applnngl ALV, theoreth t

- f(0
UL )T“

Hence. () = fL1) - 0)- . —_|

< Q.16 Proveordisprove thatf(x) =X x| is not differentiable aty;
o . (2013
N

hg‘oﬂ n\ are ‘\l(l‘ ﬁcd =gy
of(@in0<c<l weget

-0 flok where0<¢< !

e —————

Ans. We have,
f(0-h)- £(0)
_ hm J\ :
LF(G)_M———————_" =
Cim SR
~ h0 _h

_lim —hihi0 _ hm

h—0 "y h=0

_tim [0:h-f©)
andRf (0)= , " ;

_ lm S(W-/ O

T h0 h

_lim A -AD
h—0 h

lim
= koP=0

- Lf'(0)=R f(0).
Hence, given function differentiable at x = ()
Q—17. Letfbeafunction from R > R such that
|f(x)-f(y)l <(x-y) vx,yeR
/

show that it is differentiable and i ,
» ts d . . a‘
points. Deduce that itis constant erivative is 0(201
\.—/

Ans.

B.Sc. I' Year- Mathmatics : Paper - I1 3
We have

<x-
X-y SX-y

IfX)-y(WI<(x-y)=

Taking limits of both sidcs as y — x, we have

f(x)- f(\)(

xX=y

lim lim
<y (

yox x-y)=0

=|f'(x)=0
lim' S ¥)-SO) Sy)

B yox xoy

=f'(x)

= f(x) = constant

XZ

2
. x -
how that log (1 + x) lies between x——- and x 2+

’ (2010)

for all x > -0.

Ans.

Let us consider,

X2
f(x)=log(1+x)-{*-7}

1
= (x)= 7551

#l -(1- x)

1+x
which implies function (x)is an increasing function for all x > 0. Also,

—>0,vx>0
l+x

~we have

£(0)=log(1+0)-(0)=log1 =0
Thus,
f(x)>0, v x>0.

Hence,
[
Z

ot

vk
) >N
log(1+x)> X—m,Vx>0

7 ’_/’_”_— .
Further by considering the function
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o(x)= X~ nHﬂ)lob(ln)
It can be shown thal
32
log(1+x)< ¥~ 3, x>0 0
From (1) & (2). we have
~"i<l [+x)< X~ - — v x>0 \
> og ( 7(l+1) | ‘% \}\)‘Hgﬂm
Q. 19 a‘] 4,4 . +1 44, =0showthata Za?
a+l n n-l 2
- (201

- & =0 will give at least one root between 0 & 1

Ans

Letf(x)= —+
eth(x) = n+l n n-~|
nomial, 5o f(x) is continuous and differentiable for all x. So, f(x) is continous in

[0.1) and derivable in (0, 1).

%9 .4, 9 Ity = i
2. +—"2—-+a,, =0 Here, f(x) is poly-

Also, we have

a a -
fil= gL o ©2 ap-1 _
(H= n+l n+n—l+ ..... + +a, =0
and f(0)=0.

Thusf(1)=£(0)=0
Henceall the three condition of Rolle’s theorem are satisfied
Now, |
fx)=ax+ax~+.... ’
S f'(c)=0
>ac"tacracis a=0
Hence, three lies one point¢ ¢ ©,1)

Q. 20.

Verify lagrange’s Mmmo, mncion
[
F)=x(x-1)(x-2)in|%; (2019

Ans.

=

we have
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f'(c)=3c2-6¢c+2

Leta=0and b:%
f(@)=f(0)=0

w5
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FromL.M.V.T,, we have
f(b)=f(a)+(b-1)f'(c)

— f(%)—f(Oh(%—O](Scz ~6c+2)

3
3c-6c+2= =
= 3C C 4

=12c2-24c+8

_ 244421

24

Taking -ve sign, ¢ =1-

fied.

=0

=1t

1

_3(_

2

41

f)=x(x-1)(x-2)=x'-3x2+2x
() =3x2-6x+2

A

12

\/% , which liesin , hence L.M.V.T. is veri-
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